The projective, Mobius, Laguerre, and Minkowski planes over the real 
numbers are just a few examples of a host of fundamental classical topo- 
logical geometries on surfaces that satisfy an axiom of joining. This 
book summarises all known major results and open problems related to 
these classical geometries and their close (non-classical) relatives. 

Topics covered include: classical geometries; methods for constructing 
non-classical geometries; classifications and characterisations of geome- 
tries. This work is related to a host of other fields including interpola- 
tion theory, convexity, differential geometry, topology, the theory of Lie 
groups and many more. The authors detail these connections, some of 
which are well-known, but many much less so. 

Acting both as a referee for experts and as an accessible introduction 
for beginners, this book will interest anyone wishing to know more about 
incidence geometries and the way they interact. 
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Preface 


What This Book Is All About 


‘Geometries on surfaces-—what do you think of when you read such a 
title? Whatever it is will depend to a large extent on your background in 
mathematics. Our background is in incidence geometry, and, even if we 
were not the authors of this book, we would first think of examples such 
as the Euclidean plane and the geometry of circles on a sphere. These 
two geometries have a number of features in common. For example, the 
point sets of both geometries are surfaces, the lines or circles are curves 
that are nicely embedded in these surfaces, and both geometries satisfy 
an ‘axiom of joining’—in the Euclidean plane two points are contained 
in exactly one line and in the geometry on the sphere three points are 
contained in exactly one circle. 

The Euclidean plane and the geometry of circles on a sphere are just 
two examples of a host of classical examples of geometries on surfaces. 
This book is about these classical geometries and their close relatives 
which live on the same surfaces, have the same kinds of lines, and satisfy 
the same axioms as their classical counterparts. 

The history of our geometries on surfaces starts with Hilbert con- 
structing a first example of a nonclassical R?-plane, that is, a close rel- 
ative of the Euclidean plane. Today, one century of research later, our 
book tries to summarize all major results about geometries on surfaces. 
This includes the following topics. 


e Detailed descriptions of the classical geometries. 

e The main methods of constructing nonclassical geometries. 

e Classifications and characterizations of the geometries that are ‘most 
homogeneous’. In particular, classifications of the various kinds of 
geometries with respect to the dimensions of their groups of auto- 
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morphisms which, in most cases, are known to be Lie groups of finite 
dimensions. 

e Descriptions of the various geometries associated with a given geom- 
etry such as subgeometries, fix-geometries of automorphisms, and Lie 
geometries. 

e Connections with other fields such as the theories of interpolation and 
approximation, convexity, differential geometry, topology, Lie groups, 
differential equations, oriented matroids, finite geometries, and higher- 
dimensional topological geometries. 

e Open problems. 


Putting Things into Perspective 


Real Geometries: Most of the ‘classical’ types of geometries investigated 
in incidence geometry, such as affine and projective planes and circle 
planes, can be defined over all fields. The classical examples of geome- 
tries on surfaces are geometries associated with the real numbers. Just 
as the real numbers occupy a central position in the theory of fields, the 
classical geometries on surfaces occupy a central position in incidence 
geometry. 

Topological Geometries: Our geometries on surfaces are topological 
geometries in that both the point and line/circle sets of our geometries 
carry natural topologies such that the geometric operations in the axioms 
that these geometries satisfy are continuous. As a result, the connecting 
line of two points in the Euclidean plane and the connecting circle of 
three points on a sphere depend continuously on the positions of the 
points on the surface. Among the topological incidence geometries, the 
geometries on surfaces are the ones that are most easily described and 
the ones that are best understood. A thorough understanding of these 
geometries is necessary for everybody interested in working in topologi- 
cal geometry. 

Networks of Geometries: One of the most appealing features of ge- 
ometries on surfaces is the tightly knit network of relationships that 
has been established between them. This network of relationships plus 
the wealth of our knowledge about the individual geometries identifies 
this cluster of geometries as one of the most well-charted sectors in in- 
cidence geometry. In other sectors of incidence geometry, in particular 
finite geometry, the most popular branch of incidence geometry today, 
the counterparts of our geometries are tied together into highly complex 
networks, the overall structure of which is very hard to discern because 
of the presence of a lot of ‘noise’, that is, sporadic geometries and links. 
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By stepping back and looking at the network of relationships between 
finite geometries of odd order through our ‘topological filter’, it is pos- 
sible also to discern many of the fundamental links and results in our 
model cluster in the finite setting that would otherwise be very hard to 
see. We only remark that finite geometries of even order behave and 
are linked in ways that are very different from their odd order counter- 
parts. Therefore it is not surprising that the correspondence between 
geometries on surfaces and finite geometries of even order is not very 
strong. 

Geometric Combinatorics: The similarity of results in the finite and 
topological settings establishes a first close link between the theory of 
geometries on surfaces and combinatorics. There are two further strong 
links between these two disciplines. First, once a basic toolbox of tech- 
niques has been developed, these techniques can be employed in a very 
combinatorial manner to construct and derive results about geometries 
on surfaces. Second, finite subsets of circles of rank n geometries corre- 
spond to rank n pseudocircle arrangements that are fundamental objects 
in geometric combinatorics. In particular, finite subsets of lines in flat 
projective planes are pseudoline arrangements that have interpretations 
as important combinatorial structures such as oriented matroids, switch- 
ing sequences, and primitive sorting networks. 

Interpolation: The classical examples of our geometries also corre- 
spond to the classical objects around which other seemingly unrelated 
theories are built. The so-called classical tubular circle plane of rank n, 
for example, corresponds to the set of polynomials of degree at most n—1 
over the reals, and the axiom of joining that this circle plane satisfies 
translates into the fact that this set of polynomials solves the Lagrange 
interpolation problem of order n. Similarly, every tubular circle plane 
of rank n corresponds to a set of continuous functions that solves the 
Lagrange interpolation problem of order n. In developing a theory of 
geometries on surfaces, we and our colleagues have also tried to provide 
a unifying topological foundation for the different kinds of disciplines 
that deal, in whatever guise, with geometries on surfaces. 

Lie Groups: For many of the geometries on surfaces it is known 
that all their automorphisms are homeomorphisms of the surfaces, and 
their groups of automorphisms are finite-dimensional Lie transformation 
groups. This establishes an important connection between the theory of 
geometries on surfaces and the theory of Lie groups. In fact, the clas- 
sification of finite-dimensional Lie groups is one of the most important 
tools used in the classification of geometries on surfaces. 
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Intended Audience 


First and foremost our book is a reference book and people who will be 
interested in every single aspect of the book will most likely be math- 
ematicians specializing in incidence geometry. Nevertheless, given that 
most of the geometries we are dealing with can be described, under- 
stood, visualized, and appreciated with only an advanced undergradu- 
ate’s knowledge of topology and analysis, we have made every effort to 
keep large parts of the book accessible and appealing to as broad an 
audience as possible. Therefore, if you are a student interested in inci- 
dence geometry, try to develop a feeling for the way incidence geometries 
behave and interact by first studying the classical geometries over fields 
and geometries on surfaces. If you are a lecturer looking for new, beau- 
tiful, and easily accessible topics to spice up your introductory course 
on topology, analysis, the theory Lie groups, geometric combinatorics, 
or even interpolation theory, you will find that our book of geometries 
on surfaces has a lot to offer to you. 


Contents and How to Read and Use This Book 


We have tried to make this book as self-contained as possible. However, 
to get the most out of it and to arrive at a full understanding of every 
aspect of the theory of geometries on surfaces and topological geometry 
in general, we recommend that you use it side by side with a number of 
excellent. books and survey articles. In particular, Compact Projective 
Planes, Salzmann et al. {1995], is the most comprehensive collection of 
results on topological projective planes and is a must-read for everybody 
interested in topological geometry. We also recommend the Handbook of 
Incidence Geometry, Buekenhout ed. [1995]. This book is an excellent 
up-to-date survey of modern incidence geometry. In particular, the last 
two chapters of this book deal with topological geometries. For a pic- 
torial guide to geometries on surfaces see A Geometrical Picture Book, 
Polster [1998g]. For information about finite geometries also check out 
Finite Geometries, Dembowski [1968]. 

You should start by reading Chapter 1. In it we define the most 
important terms that we will be using in the rest of the book, describe 
the different kinds of geometries we are dealing with, and list many of 
their most important features in simple language. 

In Chapter 2 we concentrate on flat linear spaces. These include the 
close relatives of the Euclidean plane and the projective plane over the 
real numbers. The results in this chapter have counterparts in the fol- 
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lowing chapters and many of these counterparts are based on the results 
in this chapter. In particular, we show that the line set of a flat linear 
space carries a natural topology, that automorphisms of such a geometry 
are continuous, and that the automorphism group of such a geometry is 
a finite-dimensional Lie transformation group. The logical continuation 
of this is to give an account of the classification of the flat linear spaces 
with respect to the dimensions of their automorphism groups. An ex- 
cellent exposition of the classification of the flat projective planes whose 
automorphism groups have dimension at least 3 can be found in the 
book Salzmann et al. [1995]. Rather than copying all the relevant ma- 
terial in that book, we only summarize the main results derived in that 
book and extend them by many results, constructions, and classifications 
outside its scope. Highlights include the description of all flat projective 
planes whose automorphism groups are at least 2-dimensional, and all 
Mobius strip planes and R?-planes whose automorphism groups are at 
least 3-dimensional. 

In Chapter 3 we focus on the spherical circle planes, that is, the rela- 
tives of the geometry of circles on a sphere. In it we demonstrate how to 
use the results about R?-planes developed in Chapter 2 to prove similar 
results for higher-rank flat circle planes. We also give a more detailed 
account of the group-dimension classification of spherical circle planes 
than we did for flat linear spaces. So, if you are interested in familiar- 
izing yourself with typical arguments that are used in group-dimension 
classifications of topological geometries, here is a good spot to start. 
Some of the highlights in this chapter are the classification of the spher- 
ical circle planes whose automorphism groups are at least 4-dimensional, 
the Hering classification of these planes, and many new constructions of 
flat linear spaces from spherical circle planes. 

In Chapters 4 and 5 we concentrate on the toroidal circle planes and 
the cylindrical circle planes. These include the flat Minkowski and La- 
guerre planes, respectively. Just like the spherical circle planes, the two 
types of circle planes we focus on in these chapters are of rank 3 and 
the results in these chapters are closely related to the results in Chap- 
ter 3. On the other hand, some new considerations enter the scene as 
both toroidal and cylindrical circle planes have nontrivial parallelisms. 
Included in these chapters are the classification of the flat Minkowski 
planes of group dimension at least 4 and the classification of the flat 
Laguerre planes of group dimension at least 5. 

Chapter 6 is devoted to the theory of antiregular 3-dimensional gener- 
alized quadrangles as developed in Topological Circle Planes and Topo- 
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logical Quadrangles, Schroth {1995a]. This theory ties the flat Mdbius, 
Laguerre, and Minkowski planes into a tight knot full of beautiful con- 
nections and unexpected relationships. In this chapter we give a sum- 
mary of Schroth’s theory and state the most important results about 
flat Laguerre, Mobius, and Minkowski planes that are best expressed in 
the language of generalized quadrangles. Also included in this chapter 
are the recently discovered connections between antiregular generalized 
quadrangles, circle planes, and semibiplanes. 

In Chapter 7 we give an account of the connection between classical 
Lagrange and Hermite interpolation and higher-rank circle planes on 
surfaces. 

In two appendices we summarize some basic results from analysis, 
topology, and the theory of Lie transformation groups that are frequently 
used in this book. 
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1 


Geometries for Pedestrians 


1.1 Geometries of Points and Lines 


In this book a geometry will usually consists of a nonempty point set and 
anonempty line set, where a line is a subset of the point set containing at 
least three points and every point is contained in at least three lines. For 
example, the Euclidean plane is a geometry whose points are the points 
of the coordinate plane R? and whose lines are the Euclidean lines. For 
historical reasons, lines are sometimes called blocks or circles. The lines 
of the geometry of circles on a sphere, for example, are really called 
circles. All geometries that we are interested in also satisfy a number 
of structuring arioms. In particular, both the Euclidean plane and the 
geometry of circles satisfy an ‘axiom of joining’—in the Euclidean plane 
any two points are contained in exactly one line, and in the geometry 
of circles any three points are contained in exactly one circle. In fact, 
virtually all the geometries considered in this book satisfy an axiom of 
joining. 

In most textbooks in our subject area lines and the sets of lines 
through points are required to contain only at least two elements. By 
restricting ourselves to thick geometries, it is possible to omit one axiom 
from each of the systems of axioms that we will encounter in this book. 


Geometries Are Thick 


All geometries in this book are thick, that is, every line contains 


at least three points and every point is contained in at least three 
lines. 
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The main disadvantage with our approach is that certain important 
graphs that are usually also regarded as geometries get excluded. In 
particular, the complete graph on four vertices, which is the smallest 
finite counterpart of the Euclidean plane, is not a geometry according 
to our definition. However, since we are concentrating on geometries 
on surfaces, we feel that the advantages of our approach outweigh its 
disadvantages. 

By dealing with such basic geometries as the Euclidean plane, you 
will already have acquired a certain familiarity with many terms used in 
this book that should enable you to understand this chapter. For precise 
definitions of the most important terms used in this chapter and the rest 
of the book see Section 1.3 at the end of this chapter. 

In the following we define some of the most fundamental types of ge- 
ometries incidence geometers are dealing with: linear spaces, in partic- 
ular projective planes and affine planes; the three types of Benz planes, 
that is, Mébius planes, Laguerre planes, and Minkowski planes; and 
orthogonal arrays. The classical examples of these geometries can be 
defined over many fields. The different geometries that correspond to 
the real numbers are the most important classical geometries on sur- 
faces. We will also refer to projective planes, Benz planes, and certain 
maximal orthogonal arrays as circle planes since the lines/circles in the 
classical real examples of these planes are really topological circles. 

A linear space is a geometry in which every two distinct points are 
contained in exactly one line. We start by defining projective and affine 
planes, two special types of linear spaces. 


1.1.1 Projective Planes 


A projective plane is a geometry that satisfies the following two axioms. 


Axioms for Projective Planes 


(P1) Two distinct points are contained in a unique line. 


(P2) Two distinct lines intersect in a unique point. 


The classical examples of projective planes are the projective planes 
over fields. Given a field F’, this projective plane can be constructed 
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as follows. The point set is the set of all 1-dimensional subspaces and 
the line set is the set of all 2-dimensional subspaces of the 3-dimensional 
vector space over F’. In this model the two axioms are easily verified. 
Axiom P1 translates into the fact that two distinct 1-dimensional sub- 
spaces of a 3-dimensional vector space are contained in a uniquely deter- 
mined 2-dimensional subspace. Similarly, Axiom P2 translates into the 
fact that two distinct 2-dimensional subspaces of a 3-dimensional vec- 
tor space intersect in a 1-dimensional subspace. The classical projective 
plane over F is denoted by PG(2, F). 


Fig. 1.1. The Fano plane 


Figure 1.1 is a picture of the projective plane over the field with two 
elements. It has seven points and seven lines, every line contains three 
points and every point is contained in three lines. This projective plane 
is called the Fano plane. It is the unique smallest projective plane. A 
finite projective plane is of order n if and only if every one of its lines 
contains n + 1 points and every one of its points is contained inn +1 
lines. For example, the Fano plane is of order 2 and, in general, the 
classical projective plane over the field with g elements is of order g+1. 

There are many ways in which the classical projective planes are char- 
acterized among the projective planes. One of the most famous such 
characterizations is via Pappus’ configuration. Pappus’ configuration is 
a geometry with nine points and nine lines, every line of which con- 
tains three points and every point of which is contained in three lines. 
Figure 1.2 is a picture of this configuration. Note that this diagram 
does not capture all the symmetries of this configuration. In fact, con- 
trary to what the diagram suggests, none of the points and lines of the 
configuration is distinguished in any way. 

It turns out that a projective plane is classical if and only if Pappus’ 


4 Geometries for Pedestrians 


Fig. 1.2. Pappus’ configuration 


configuration closes in the projective plane; see p. 22 for a precise def- 
inition of the term ‘closes’. In particular, for Pappus’ configuration to 
close means that no matter how one draws the solid black parts of the 
configuration in Figure 1.2 using points and lines of the geometry, the 
three points that are contained in only two black lines each are always 
contained in a line of the geometry (the grey line). We only remark 
that the term ‘Pappus’ configuration closes’ also encompasses some de- 
generate cases that arise when certain points of the configuration get 
identified. 

Note that projective planes can also be defined over skewfields and 
that the projective planes constructed like this are precisely the ones in 
which Desargues’ configuration closes; see Figure 1.3. 


Fig. 1.3. Desargues’ configuration 
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A projective plane is called a Pappian or Desarguesian projective plane 
if and only if Pappus’ configuration or Desargues’ configuration closes 
in it, respectively. Since every field is also a skewfield this implies that 
every Pappian projective plane is also Desarguesian. The converse is not 
true. However, for the projective planes that we are concentrating on 
in this book, namely the close relatives of the classical projective plane 
over the real numbers, the two notions coincide. 


1.1.2 Affine Planes 


By removing a line and all the points contained in it from a projective 
plane with at least four points on a line, we arrive at a geometry that 
satisfies the following axioms. 


Axioms for Affine Planes 


(A1) Two distinct points are contained in a unique line. 


(A2) Given a line and a point not on this line, there is a unique 
line through the point that does not intersect the given line. 


Every geometry that satisfies these axioms is called an affine plane. 
Two lines in an affine plane are called parallel if they coincide or do 
not intersect in a point. Axiom A2 implies that being parallel defines 
an equivalence relation on the line set. The equivalence classes of this 
equivalence relation are called parallel classes. 

The affine plane we arrive at by removing a line from the classical 
projective plane associated with the real numbers is the Euclidean plane. 
All affine planes obtained from a classical projective plane by removing a 
line are isomorphic. Every affine plane has a unique projective extension 
to a projective plane. Starting with an affine plane, this projective plane 
can be constructed as follows. The points of the projective plane are the 
points of the affine plane plus its parallel classes of lines. The set of 
parallel classes is one of the lines of the projective plane. We construct 
the remaining lines by extending every line in the affine plane by the 
parallel class it is contained in. 

A finite affine plane is of order n if its projective extension is of or- 
der n. Note that by removing a line and all its points from the projective 
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plane of order 2, we arrive at the complete graph on four vertices. For 
completeness’ sake, we call this graph the affine plane of order 2. 

The affine plane associated with the classical projective plane over 
the field F’ can also be constructed as follows. The point set is F' x F’, 
the lines are the verticals in the point set plus the graphs of all linear 
functions F' —+ F’. In this plane the lines of a given slope form a parallel 
class. The verticals also form a parallel class. 


Fig. 1.4. The affine plane of order 3 


Figure 1.4 shows a picture of the affine plane of order 3. In this plane 
every line contains three points and every point is contained in four lines. 
There are four parallel classes consisting of three lines each. 

For comprehensive introductions to projective planes and their as- 
sociated affine planes see Hughes-Piper [1973], Dembowski [1968], and 
Salzmann et al. [1995]. 


1.1.8 Benz Planes—the Original Circle Planes 


When geometers talk about circle planes, they usually have the three 
different types of Benz planes in mind. In this book the term circle 
plane comprises infinitely many different types of geometries, not only 
the Benz planes. The following definition of Benz planes can be found 
in Steinke [1995]. 

A Benz plane is a geometry whose point set is equipped with one or 
two equivalence relations called parallelisms. Two points of a Benz plane 
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are parallel if they are in relation with respect to one of the parallelisms. 
A parallelism is called trivial if two points are parallel if and only if they 
coincide. Furthermore, Benz planes satisfy the following axioms. 


Axioms for Benz Planes 


(B1) Three pairwise nonparallel points are contained in a 
uniquely determined circle. 

(B2) Given a point p on a circle C' and a point q not parallel 
to p, there is a uniquely determined circle that contains both 


points and touches C’ geometrically, that is, intersects C 
only in p or coincides with C. 


Parallel classes with respect to a nontrivial parallelism and 
circles intersect in a unique point. 
Parallel classes with respect to different nontrivial paral- 
lelisms intersect in a unique point. 


If a Benz plane has two different nontrivial parallelisms, it is a Min- 
kowski plane. If it has only one nontrivial parallelism, it is a Laguerre 
plane. In this case Axiom B4 does not apply. If it has only a trivial par- 
allelism, both Axioms B3 and B4 do not apply, ‘nonparallel’ translates 
into ‘distinct’, and the Benz plane is a Mébius plane. 

The classical examples of Mobius, Laguerre, and Minkowski planes 
arise as the geometries of nontrivial plane sections of elliptic quadrics, 
elliptic cones, and hyperbolic quadrics, respectively, in the 3-dimensional 
projective spaces over fields. 

In the real case that we are most interested in two of the classical 
geometries live in a real Euclidean 3-space. The classical real MGbius 
plane is just the geometry of circles on a sphere, and the classical real 
Laguerre plane is the geometry of nontrivial plane sections of a cylinder. 
The set of generator lines on this cylinder are the parallel classes of 
points. The classical real Minkowski plane minus one of its circles and 
all points on this circle is the geometry of nontrivial plane sections of a 
(one-sheeted) hyperboloid. The two sets of parallel classes correspond to 
the disjoint partitions of the hyperboloid into Euclidean lines embedded 
in the hyperboloid. 

The derived plane at a point p of a geometry G whose point set carries 
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one or more parallelisms has all the points of G not parallel to p as points. 
Its lines are all lines of G through p that have been punctured at p plus 
all nontrivial parallel classes not containing p that have been punctured 
at all points parallel to p. It turns out that a geometry having one or 
two parallelisms and satisfying Axioms B3 and B4 is a Benz plane if and 
only if the derived planes at all its points are affine planes. 

A finite Benz plane is of order n if all its circles contain n + 1 points. 
The derived planes of a Benz plane of order 7 are affine planes of order n. 
A derived plane of a classical Benz plane over the field F' is isomorphic 
to the classical affine plane over F’. The derived planes of the geometry 
of circles on a sphere are isomorphic to the Euclidean plane. 

The picture of the affine plane of order 3 in Figure 1.4 is also a picture 
of the unique Minkowski plane of order 2. Here the parallel classes are 
the verticals and horizontals in the grid and the circles are the remaining 
six lines in the affine plane. 


1.1.4 Orthogonal Arrays 


An orthogonal array of rank n is a geometry whose point set carries 
one nontrivial parallelism. Its point set is of the form C' x E, where C’ 
and E are disjoint sets, with |C| > and |E| > 2. Furthermore, two of 
its points (a, b), (c,d) € C x E are parallel if and only if a = ¢, and it 
satisfies the following axioms. 


Axioms for Orthogonal Arrays 


(O1) Any 7n pairwise nonparallel points are contained in a 
uniquely determined circle. 


(O2) A parallel class and a circle intersect in a unique point. 


Given an orthogonal array O of rank n, we can identify C and E with 
a circle and a parallel class, respectively. Because of Axiom O2, circles 
are graphs of functions C > E. 

Starting with the polynomials of degree at most n — 1 over a field F 
with at least n > 3 elements, we define a geometry Poly(n, F) whose 
point set is F x F and whose circles are the graphs of the polynomials. 
Keeping in mind the interpolating property of the set of polynomials 
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under consideration, it is clear that this geometry is an orthogonal array 
of rank n. The parallel classes are the verticals in the point set. For 
example, the geometry Poly(2,R) is the Euclidean plane in which the 
verticals lines have been turned into parallel classes. 

By removing one parallel class together with all the points contained 
in it from an orthogonal array of rank n, we are left with an orthog- 
onal array of the same rank as long as |C| > max{4,n + 1}. An or- 
thogonal array of rank n is called mazimal if it does not arise from an 
orthogonal array of the same rank in this manner. The polynomial ge- 
ometry Poly(n, F’) is not maximal since it can be extended by a parallel 
class at infinity {oo} x F to a larger orthogonal array Poly(n, F). Here 
the point (00,a) extends the circles that correspond to polynomials in 
which a is the coefficient of z”~1. 

The geometries Poly(n, F) and Poly(n, F) are the classical orthogonal 
arrays. For example, the geometry Poly(3, R) is isomorphic to the La- 
guerre plane over the real numbers. Clearly, every Laguerre plane is an 
orthogonal array of rank 3. 

We remark that some of the terminology in the literature on finite 
orthogonal arrays differs from ours. For example, the word ‘strength’ 
is used instead of ‘rank’ and the orthogonal arrays we defined here are 
further said to be of index 1; see Rao [1947], Bush [1952], and Colbourn— 
Dinitz [1996] Part 2. 


1.2 Geometries on Surfaces 


In this section we first have a quick look at flat linear spaces, that is, 
geometries that are closely related to the Euclidean plane. Following 
this, we give an overview of the most important geometries on surfaces. 
These are geometries whose lines or circles are topological circles. We 
call these geometries flat circle planes. They form the backbone of the 
theory of geometries on surfaces, and most other types of geometries 
that we will come across in this book have representatives that can be 
easily derived from flat circle planes. 

We also try to give you a feel for what geometries on surfaces are 
all about by describing some of their basic features, connections with 
the theories of interpolation and convexity, and parts of the network of 
relationships that turns the different types of geometries on surfaces into 
a larger whole. 
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1.2.1 (Ideal) Flat Linear Spaces 


Ideally, we would like to develop a general theory of the linear spaces on 
surfaces, that is, linear spaces whose point sets are surfaces and all of 
whose lines are R-lines and/or S-lines, that is, closed subsets of the point 
sets homeomorphic to R and/or the circle S!, respectively. All known 
linear spaces on surfaces are flat linear spaces, that is, linear spaces on 
surfaces whose line sets can be equipped with topologies such that the 
operations of joining two points by a line and intersecting two lines in 
a point are continuous on their domains of definition. Furthermore, 
in a flat linear space the set of pairs of distinct intersecting lines is 
required to be open; see Section 2.5. Flat linear spaces live on surfaces 
homeomorphic to R?, the real projective plane, and the Mdébius strip 
and are referred to as R?-planes, flat projective planes, and Mébius 
strip planes, respectively. We suspect that the flat linear spaces may 
well encompass all linear spaces on surfaces. However, it has not even 
been proved that the three surfaces mentioned above are the only point 
sets that a linear space on a surface can live on; see Problem 2.11.2. 

We do know that the R?-planes and flat projective planes are precisely 
the linear spaces on surfaces that are homeomorphic to R? and the real 
projective plane, respectively. In R?-planes all lines are R-lines and 
in flat projective planes all lines are S-lines. Mobius strip planes are 
of mixed type, that is, have both R- and S-lines. We do not know 
whether the Mobius strip planes are the only linear spaces on surfaces 
homeomorphic to the Mobius strip; see Problem 2.11.1. 

Given a flat projective plane with point set P, examples of R?-planes 
and Mobius strip planes arise as the restrictions of this flat projective 
plane to certain open subsets of P. However, not all R*-planes and 
Mobius strip planes arise in this manner. The restriction to the com- 
plement of a line is called a flat affine plane and the restriction to the 
complement of a point is called a point Mobius strip plane. Both flat 
affine planes and point Mobius strip planes can be considered as special 
representations of the flat projective plane they are associated with since 
this flat projective plane can be reconstructed from both geometries in 
a unique manner. 

Apart from being models of flat projective planes, point Mobius strip 
planes also play an important role in the general theory of tubular circle 
planes as they are in one-to-one correspondence with the tubular circle 
planes of rank 2; see Subsection 1.2.2 and Chapter 7. 

We do not want to start our investigations with the above abstract 
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definition of flat linear spaces as is usually done, and rather develop the 
theory as far as possible starting with the simple concept of linear spaces 
on surfaces. In view of the results mentioned above, we will therefore 
first develop the theory of R?-planes and flat projective planes. We will 
also include point Mobius strip planes in our considerations because of 
their importance for the general theory of geometries on surfaces and 
because they are just special representations of flat projective planes 
and the most well-behaved Mobius strip planes. We will jointly refer to 
these three ‘ideal’ types of linear spaces as ideal flat linear spaces. We 
formally introduce general flat linear spaces in Section 2.5. 

In the following we have a closer look at the three different types of 
ideal flat linear spaces. 


1.2.1.1 R?-Planes 


We define an R?-plane to be a linear space on a surface homeomorphic 
to R?. Any R- or S-line in R? separates R? into two connected compo- 
nents. Clearly, given an R- or S-line L and an S-line K in R? such that L 
contains points in the two different connected components of R? \ K, L 
and K have at least two points in common. Since two lines in a linear 
space intersect in at most one point, we see that an R?-plane cannot 
contain S-lines. 


Fig. 1.5. More than one parallel line 


The Euclidean plane is the classical example of an R?-plane. In fact, 
the Euclidean plane is a flat affine plane, that is, an R?-plane that also 
satisfies Axiom A2. It is easy to construct R?-planes that are not flat 
affine planes. Consider, for example, the restriction of the Euclidean 
plane to an open strictly convex region. Then we are still dealing with 
an R?-plane. Nevertheless, unless this region is the whole plane, Ax- 
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iom A2 will never be satisfied. As an example, let us have a look at 
the restriction of the Euclidean plane to the open unit disk. Figure 1.5 
shows two lines through a point that are both parallel to a third line, 
that is, do not intersect this third line. 

Important R?-planes that are embedded in the Euclidean plane are 
the restrictions of the Euclidean plane to the open upper half-plane and 
the open unit disk. These two geometries are also called the real cylinder 
plane C(R) and the real hyperbolic plane H(R), respectively. 


1.2.1.2 Flat Projective Planes 


A flat projective plane is a linear space on a surface homeomorphic to the 
real projective plane. The classical flat projective plane is the projective 
plane over the real numbers. The surface it lives on is a compact surface 
which, just like the Klein bottle, cannot be embedded in Euclidean 3- 
dimensional space without self-intersections. We arrive at a visually 
appealing model of the classical flat projective plane from the geometry 
of great circles on a 2-dimensional sphere by topologically identifying 
antipodal points on this sphere. Under this identification the sphere 
turns into the real projective plane and every single one of the great 
circles into an S-line on this surface. Based on this model it is easy to 
deduce many topological properties of this flat projective plane such as 
the fact that the point set is compact and that circles are nonseparating. 

Since there are no R-lines in the real projective plane, all lines of a 
flat projective plane are S-lines. We remark that flat projective planes 
are really projective planes as we defined them above. In particular, two 
distinct lines in such a plane automatically intersect in a unique point; 
see Theorem 2.2.7. 

The restriction of any flat projective plane to the complement of a 
line is a flat affine plane and every flat affine plane arises like this from 
a flat projective plane. 


1.2.1.8 Point Mobius Strip Planes 


Remember that after removing a point from the real projective plane we 
are left with a Mébius strip. A linear space on a surface homeomorphic to 
the Mobius strip is called a point Mobius strip plane if it is the restriction 
of a flat projective plane to the complement of a point p. 

A line in such a plane is an R- or S-line depending on whether it 
arises from a line in the projective plane through p or not through p, 
respectively. From the remarks we made about flat projective planes it 
is clear that two R-lines never intersect and, more strongly, that'the set 
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of R-lines of a point Mobius strip plane forms a partition of its point 
set. Furthermore, since two lines in a flat projective plane intersect in 
exactly one point, every line in a point Mobius strip plane intersects 
an S-line in exactly one point. 

Conversely, any linear space on a Mobius strip whose R-lines form a 
partition of the Mdébius strip is a point Mobius strip plane. The point 
set of the corresponding flat projective plane is the one-point compact- 
ification of the Mébius strip by an additional point oo. Its lines are 
the S-lines of the linear space plus the R-lines that have been extended 
by oo. 

The classical example of a point Mobius strip plane is the restriction 
of the classical flat projective plane to the complement of a point. 


1.2.2 Flat Circle Planes 


The flat circle planes are geometries living on surfaces whose circles are 
topological circles, that is, closed subsets of the point sets homeomorphic 
to S!. In Figure 1.6 the known types of flat circle planes are represented 
by one icon each. You have to think of this diagram as being continued 
to the right as indicated. This means that we are really dealing with an 
infinite number of different types of geometries. 

As you can see, the surfaces these geometries live on are the M6ébius 
strip, the cylinder, the sphere, the torus, and the real projective plane. 
Depending on the type of surface the geometry lives on, it only has 
the trivial, one nontrival, or two nontrivial parallelisms of points. We 
describe these parallelisms by specifying their parallel classes. 


e A flat circle plane living on the real projective plane or the sphere has 
only the trivial parallelism. 


e A flat circle plane living on the Mobius strip or the cylinder has one 
nontrivial parallelism whose parallel classes are the verticals on this 
surface. 


e A flat circle plane living on the torus has two parallelisms. The parallel 
classes are the horizontal and vertical circles on the torus. 


The number n of solid black dots in one of the icons signifies that the 
corresponding geometry satisfies the following axiom of joining. 
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Axiom of Joining for Flat Circle Planes 


(J) Every n pairwise nonparallel points are contained in a 


unique circle. 


We call n the rank of the geometry. Note that parallel points are 
never contained in a circle, whereas points that are not parallel are 
always connected by a circle. 
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Fig. 1.6. The different types of flat circle planes 


The different types of geometries are grouped around the following 
classical eramples. 


e Flat projective planes: The classical projective plane over the real 
numbers; see Subsection 1.2.1. 

e Spherical circle planes: The classical flat M6bius plane, that is, the 
geometry of Euclidean circles on a sphere. 

e Toroidal circle planes: The classical flat Minkowski plane, that is, the 
geometry of nontrivial plane sections of a hyperbolic quadric in real 
projective 3-space. Remember that a (projective) plane intersects a 
hyperbolic quadric in either a circle or a pair of intersecting projec- 
tive lines. In the second case we say that the plane intersects the 
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quadric trivially, otherwise nontrivially. The set of lines on the hyper- 
bolic quadric that correspond to trivial plane sections is the disjoint 
union of two reguli, that. is, sets of lines that partition the set of points 
of the quadric. If you have problems visualizing all this, remember 
that a hyperbolic quadric minus one of the nontrivial plane sections 
corresponds to a hyperboloid in Euclidean 3-space. Also, as a topo- 
logical space a hyperbolic quadric is a torus, that is, homeomorphic 
to S! x S!, and we can identify the two spaces via a homeomorphism 
in such a way that the two reguli correspond to the horizontals and 
verticals on the torus. Under this identification nontrivial plane sec- 
tions correspond to graphs of homeomorphisms S! — S! considered 
as subsets of the torus S! x S!. 


e Tubular circle planes of rank n: The (topological) projective extension 
of the geometry that corresponds to the set of polynomials of degree at 
most n — 1 over the real numbers. As an abstract. geometry (without 
any topology) this is the geometry Poly(n,R) that we introduced 
in the section on orthogonal arrays; see p. 8. The point set of this 
(topological) geometry is the Mobius strip or the cylinder, depending 
on whether the rank n is even or odd. For example, Poly(2, R) is the 
projective plane over the reals from which a point and all lines through 
this point have been removed. In fact, considered as a surface only, 
the real projective plane minus a point is a Mobius strip. On the other 
hand, Poly(3,R) is the classical flat Laguerre plane and really lives 
on the cylinder, as it can be represented as the geometry of nontrivial 
plane sections of a cylinder over a circle in the xy-plane. Similarly, 
the classical tubular circle plane of rank 1 can be considered as the 
geometry of horizontal plane sections of a vertical cylinder. 


It is the three different types of circle planes of rank 3 that are usually 
referred to as the flat circle planes. Their classical examples arise as 
the geometries of nontrivial plane sections of the three different kinds of 
nondegenerate quadrics in real projective 3-space and are representatives 
of the three different kinds of Benz planes. 


1.2.3 A Network of Relationships 


We already mentioned that there exists a tightly knit network of rela- 
tionships between the different types of geometries on surfaces. Let us 
have a look at some of these relationships. 
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1.2.3.1 Nested Flat Circle Planes 


It is possible that a flat circle plane has a much richer local structure 
than implied by Axiom J. To every point of one of the classical circle 
planes of rank n > 2, for example, there is associated a classical circle 
plane of rank n — 1. The single arrows in Figure 1.6 indicate what type 
of circle plane this associated plane is. Consider, as a concrete example, 
the geometry of circles on the sphere. The derived plane at one of its 
points is the Euclidean plane and the flat circle plane associated with 
the point is the projective extension of the Euclidean plane, that is, the 
classical flat projective plane. 

All this means that the classical flat circle planes have a nested struc- 
ture. If a flat circle plane has a local structure that is similar to that of 
its classical counterpart, we call it nested. All flat circle planes of rank 
at most 2 turn out to be nested. Not all flat circle planes of higher rank 
are nested and the ones of rank 3 that are have special names. Nested 
toroidal circle planes are called flat Minkowski planes, nested spherical 
circle planes are called flat Mébius planes, and nested cylindrical circle 
planes are called flat Laguerre planes. These geometries are really Benz 
planes as we defined them in Subsection 1.1.3. 


1.2.8.2 Other Connections 


Apart from the connections that we just described, there exist a mul- 
titude of other connections between flat circle planes and between flat 
circle planes and other topological geometries. For example, the de- 
rived plane of a spherical circle plane at a point is an R?-plane and 
the geometry of great circles on the unit sphere is the ‘double cover’ of 
the classical flat projective plane and a subgeometry of the geometry of 
circles on the unit sphere. Further geometries associated with spherical 
circle planes include certain generalized quadrangles, semibiplanes, flat 
Laguerre planes, and flat Minkowski planes. 


1.2.4 Interpolation and the Axiom of Joining 


Clearly, Axiom J has a lot to do with Lagrange interpolation. Depend- 
ing on whether n is odd or even, the circle set of a tubular circle plane 
of rank n can be interpreted as a system of continuous periodic or half- 
periodic functions defined over some interval that solves the Lagrange 
interpolation problem of order n over the interval. For example, after 
identifying the unit circle with the interval [0,27) in the usual man- 
ner, the classical tubular circle plane of rank 3 can be easily seen to 
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correspond to the set of periodic trigonometric polynomials 
(0,27) > R: x a+bsinz + ccosz, 


where a,b,c € R. Also, for a tubular circle plane to be nested just means 
that it solves a topological version of the Hermite interpolation problem. 
In particular, a system of n—1 times continuously differentiable periodic 
or half-periodic functions that solves the Hermite interpolation problem 
of order n corresponds to a nested tubular circle plane of rank n; see 
Theorem 7.2.7. 


1.2.5 Convesxity 


There are a number of equivalent definitions of convexity in the Eu- 
clidean plane. For example, define a set to be convex if the connecting 
line segment of any two of its points is completely contained in the set. 
The whole theory of convexity in the Euclidean plane can be derived 
from this definition. 

Starting with the same definition of convex sets in any R?-plane, it is 
possible to derive a theory of convexity that is basically the same as the 
one that has been derived for the classical geometry. 


Fig. 1.7. Touching curves and curves that intersect transversally 


One of the results that follow in the course of developing such a theory 
is that two lines in an R?-plane intersect transversally just like lines in 
the Euclidean plane. They never just touch topologically; see Figure 1.7 
for the picture to keep in mind and p. 22 for the precise definitions of 
the two terms. 

Remember also that the axiom of joining satisfied by R?-planes im- 
plies that two lines never intersect in more than one point. More gen- 
erally, in one of our rank n geometries two lines or circles intersect in 
at most n — 1 points, and, if they intersect in this maximal number of 
points, then they intersect transversally in every single one of the points. 
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If they intersect in less than the maximal number of points, they may 
also touch topologically in some of these points. For example, the rank 
of the geometry of circles on the sphere is 3. Therefore, if two circles 
intersect in two points, they intersect as shown in Figure 1.8 on the left. 
If two circles intersect in only one point, then they touch topologically 
at this point. 


Fig. 1.8. Two circles that intersect in the maximal number of points intersect 
transversally. If they intersect in less than the maximal number of points, 
they may touch topologically. 


Various notions of convexity with respect to polynomials have been 
explored that generalize the notion of convexity with respect to the 
linear functions, or equivalently, the Euclidean plane. These notions of 
convexity can be generalized even further to provide notions of convexity 
for higher-rank circle planes. Useful results that can be derived in this 
context include the above result about the ways lines intersect in such 
planes, and important cut-and-paste construction principles that allow 
combining two or more planes of the same type into new planes. 


1.2.6 Topological Geometries on Surfaces 


The interplay between geometry and topology is one of the most attrac- 
tive and important features of the theory of the geometries on surfaces 
that we focus on in this book. 


1.2.6.1 Continuity of the Geometric Operations 


All our geometries are topological geometries in that the geometric oper- 
ations in the axioms that they satisfy are continuous. For example, in a 
flat circle plane of rank n the connecting circle of n pairwise nonparallel 
points changes its shape and position continuously as the n points are 
moved about continuously. 
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1.2.6.2 Line Sets Are Line Spaces 


Our geometries are also topological in the sense that it is possible to turn 
the line or circle sets of a given geometry into a topological space in a 
natural way using the notion of convergence in the sense of Hausdorff. 
The spaces we arrive at in this manner from geometries of the same type 
can often be shown to be homeomorphic. For example, when provided 
with the natural topology, the line set of any flat projective plane is 
homeomorphic to the real projective plane and the circle set of a tubular 
circle plane of rank n is homeomorphic to R”. 

Remember that the classical geometries of the classes of geometries 
we are dealing with in this book can be defined over many fields. Of 
course, the classical examples over the complex numbers are also ‘topo- 
logical’ geometries, and it makes sense to investigate close relatives of 
these geometries. We also know a lot about these kinds of topological 
geometries. See Salzmann et al. [1995] for exhaustive information about 
compact projective planes, that is, the topological projective planes that 
are close relatives of the projective planes defined over the real num- 
bers, the complex numbers, the quaternions, and the octonions. See 
Steinke [1995] and Grundhéfer-Léwen [1995] for surveys dealing with 
different types of topological geometries. 


1.2.7 Classification with Respect to the Group Dimension 


It is natural to try to classify the ‘most homogeneous’ geometries of a 
certain type. Of course, we first have to make up our minds what we 
mean by ‘most homogeneous’. When we are dealing with finite geome- 
tries it is natural to classify the geometries with large automorphism 
groups, that is, geometries that admit a large number of symmetries. 
In the case of our geometries something similar is possible. For many 
of our geometries it has been shown that automorphisms are homeo- 
morphisms of the point spaces and that the groups of automorphisms of 
the geometries are Lie transformation groups of finite dimensions. We 
call the dimension of the automorphism group of a geometry its group 
dimension. Both the Euclidean plane and the geometry of circles on a 
sphere have group dimension 6. For example, the automorphisms of the 
Euclidean plane are the maps of the form 


R? > R?: 2% Act+t, 


where A is an invertible 2 x 2 matrix with real entries and t € R?. 
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It has also been shown for many of the different types of geometries 
that the classical geometries are characterized among their close relatives 
by the fact that they have maximal group dimension. Furthermore, since 
all relevant Lie groups of finite dimensions are classified, it is possible to 
classify all geometries of the same type having a large group dimension 
by first figuring out how the higher-dimensional Lie groups can act as 
automorphism groups of the given type of geometry, and then recon- 
structing all possible geometries from the possible group actions. 


1.3 Definitions of Frequently Used Terms 


In the following we define the most important geometrical terms that we 
will use in this book. Frequently used terms and results from topology, 
analysis, and the theory of Lie groups are summarized in the appendices. 

Two or more points of a geometry are collinear or concircular if they 
are all contained in some line or circle, respectively. A flag or antiflag 
of a geometry is a pair (p, L) consisting of a point p and a line LZ such 
that p € L or p ¢ L, respectively. 

The point or line sets of a geometry may be equipped with some special 
equivalence relations, called parallelisms. Two points or lines are parallel 
if they are in relation for such an equivalence relation. A parallelism is 
called trivial if two points or lines are parallel with respect to it if and 
only if they coincide. A nontrivial parallelism on the point set has the 
property that two distinct points that are parallel with respect to it are 
not connected by a line. A nontrivial parallelism on the line set has the 
property that two distinct lines that are parallel with respect to it do not 
intersect in a point. The equivalence classes of a parallelism are called 
parallel classes. The usual parallelism of lines in the Euclidean plane is 
an example of a nontrivial parallelism on the line set of a geometry. Its 
parallel classes are the usual parallel classes of Euclidean lines. 

A pencil of lines associated with a set of one or more points of a 
geometry is the set of all lines containing all the points in the given set. 
The points in the set are called the carriers of the pencil. Pencils of 
circles are usually referred to as bundles of circles. 

Given a point p in a geometry G, the derived geometry of G at the 
point p has a point set that consists of all points of G that are not 
parallel to p or different from p depending on whether the point set of G 
is equipped with a parallelism or not. The lines of the derived geometry 
are the lines in G through p that have been punctured at p. If the point 
set of G is not equipped with a parallelism, the derived plane of G at the 
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point p coincides with the derived geometry at this point. If the point set 
of G is equipped with a parallelism, the derived plane of G at the point p 
is the derived geometry at p whose line set has been augmented by the 
nontrivial parallel classes not containing p that have been punctured at 
all points parallel to p. 

A map from the point set of one geometry to the point set of a second 
geometry is collineation-preserving if it maps sets of collinear points to 
sets of collinear points. It is an isomorphism if, in addition, it is bijective, 
maps lines to lines, and induces a bijection between the line sets. An 
isomorphism between two geometries with parallelisms is also required to 
map parallel classes to parallel classes. An automorphism of a geometry 
is an isomorphism from the geometry to itself. Automorphisms are also 
called collineations. The set of automorphisms of a geometry is a group. 
It is called the automorphism or collineation group of the geometry. 
Most of the geometries in this book have point sets that are topological 
spaces. We call two such geometries topologically isomorphic if there is 
a homeomorphism between the point sets of the two geometries that is 
an isomorphism of the geometries. 

Sometimes geometries will be given in a more abstract form, where 
the point and line sets are disjoint sets, together with an incidence re- 
lation, that is, a rule which defines when a point is incident with, or 
equivalently, contained in a line. Of course, in a geometry that is given 
as above, with lines being subsets of the point set, this incidence re- 
lation is just containment. Usually, a geometry given in the abstract 
form can be turned into the more elementary form by replacing every 
abstract line with the set of points incident with it. When we execute 
this replacement, we only have to make sure that there are no repeated 
lines, that is, two or more lines that are incident with exactly the same 
points. Clearly, if there are repeated lines, then we will have lost. some 
information about the geometry after having turned it into the elemen- 
tary form. However, there will not be any repeated lines in any of our 
geometries, so let us not worry about this any longer. 

Given a geometry, we construct its dual by exchanging the roles of 
points and lines, that is, the points and lines of the dual geometry are 
the lines and points of the original geometry with (new) points and lines 
being incident if they were incident in the original geometry. A geometry 
is self-dual if it is isomorphic to its dual and an isomorphism between a 
geometry and its dual is called a duality. A duality of a geometry with 
point set P and line set £ can be described as a bijection 7 of the disjoint 
union of P and £ to itself that exchanges P and CL. If 7 is an involution, 
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that is, if 7? is the identity, then the duality that corresponds to 7 is 
called a polarity. 

A geometry is called finite or infinite depending on whether its point 
set contains a finite or infinite number of points. The geometries we 
are focusing on in this book are probably the most well-behaved infi- 
nite geometries. Their point sets are well-known surfaces such as the 
Euclidean plane, the real projective plane, the sphere, the torus, the 
Mobius strip, and the cylinder. Their lines, blocks, or circles are curves 
homeomorphic to the 1-sphere or some interval and are nicely embedded 
in these surfaces. 

Often we will simultaneously introduce a geometry G, its point set P, 
and its line set £ by saying: ‘Let G = (P,L) be....’ Also, if in G 
incidence I between points and lines is not just containment, then we 
will often introduce G by saying: ‘Let G = (P,L,I) be....’ 

Let G be a geometry with a point- and line-transitive collineation 
group. This just means that none of its points or lines plays a distin- 
guished role. Let G’ be the geometry that shares all points and lines 
with G except for one line. We say that G closes in a geometry H if 
and only if all collineation-preserving maps from the point set of G’ to 
the point set of H extend to collineation-preserving maps from G to H. 
Note that this may also involve maps that are not injective. Many of 
the classical geometries are characterized by the fact that certain small 
geometries close in them. For example, the classical projective planes 
are characterized by the fact that Pappus’ configuration closes in them; 
see Subsection 1.1.1. 

Here are some more definitions that we will need in the following. 
A topological circle or topological line on a surface is a closed subset 
of the surface homeomorphic to S! or R, respectively. We also refer to 
topological circles and lines as S- and R-lines, respectively. A topological 
sphere and a topological disk are topological spaces homeomorphic to a 2- 
sphere and R?, respectively. 

Let C1, C2 be two Jordan curves on a surface that have the point p 
in common. We say that the curves touch each other topologically at 
the point p if there are a neighbourhood U of p and a homeomorphism 
between U and R? that maps C, NU to the z-axis and (C2 NU) \ {p} 
to a subset of the upper half-plane. We say that the curves intersect 
each other transversally at p if there are a neighbourhood U of p and 
a homeomorphism between U and R? that maps C1 NU to the z-axis 
and C2 MU to the y-axis. 
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Flat Linear Spaces 


We start this chapter by deriving the most important results about the 
ideal flat linear spaces, that is, the flat projective planes, R?-planes, and 
point Mobius strip planes. In Section 2.5 we then describe how these 
results generalize to general flat linear spaces. 

To provide full proofs of all results listed below is beyond the scope 
of an Encyclopedia volume such as this. Also, Salzmann et al. [1995] 
is an excellent source for many of these results and proofs. Therefore, 
it was very tempting to restrict ourselves to just listing results and to 
referring the reader to that book and the literature about flat linear 
spaces for proofs. However, to make our book as self-contained as pos- 
sible and to give the reader a good feel for why flat linear spaces behave 
in the way they do, we have included sketches of proofs for some of 
the most important results that illustrate the main arguments used to 
prove them. In particular, we show that the line set of an ideal flat 
linear space carries a natural topology, that automorphisms of such a 
geometry are continuous, and that the automorphism group of such a 
geometry is a finite-dimensional Lie transformation group. On the other 
hand, our exposition of the group-dimension classification of the flat 
linear spaces is purely descriptive and we do refer to the relevant liter- 
ature for proofs. Highlights include the description of all flat projective 
planes whose automorphism groups are at least 2-dimensional, and all 
Mobius strip planes and R?-planes whose automorphism groups are at 
least 3-dimensional. 

In the last part of this chapter we deal with flat linear spaces that 
are special in one way or another, the Lenz—Barlotti classification of flat 
projective planes, and geometries closely related to flat linear spaces. 

Very good books and articles dealing with various aspects of flat linear 
spaces are available. In particular, Salzmann et al. [1995] is a must- 
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read for everybody interested in flat affine and projective planes and 
their higher-dimensional relatives. We also recommend Grundhéfer- 
Lowen {1995} for an overview and Salzmann [1967b] for the most im- 
portant results about R2-planes. Many of the proofs in this chapter are 
adapted from Salzmann [1967b] and Salzmann et al. [1995]. 


Conventions: Unless specified otherwise, throughout this chapter we 
will assume that all R?-planes live on R?, that all flat projective planes 
live on the real projective plane, and that all point Mdébius strip planes 
live on a punctured real projective plane. 

If A is a flat affine plane, A denotes the projective extension of A. Note 
that by Theorem 2.3.8 this projective plane is isomorphic to a uniquely 
determined flat projective plane. 

When we speak about the real projective plane we have the topological 
space in mind. On the other hand, the classical flat projective plane 
refers to the point-line geometry PG(2, R). 

Given two points p and q in a linear space, the line connecting p and q 
is denoted by pq. If K and L are two lines that intersect, their point of 
intersection is denoted by K A L. 


2.1 Models of the Classical Flat Projective Plane 


All classical ideal flat linear spaces are subgeometries of the classical flat 
projective plane PG(2,R). The Euclidean plane arises by restricting the 
flat projective plane PG(2, R) to the complement of one of its lines and 
the classical point Mébius strip plane is the restriction of PG(2,R) to 
the complement of a point. 

The R?-planes, point Mébius strip planes, and flat projective planes 
have point sets that are homeomorphic to R?, the Mdbius strip, and the 
real projective plane, respectively. While the first two surfaces are em- 
beddable in R® without self-intersections, the third is not. This means 
that it is relatively easy to visualize R?-planes and point Mobius strip 
planes, whereas visualizing flat projective planes requires a little bit more 
effort. 

We start this chapter by introducing a number of simple models 
of PG(2,R) that are easy to visualize. We also indicate some ways 
in which these models can be modified to give models of nonclassical 
flat projective planes. 

In Subsection 1.1.1 we encountered a first model of the classical flat 
projective plane. The points and lines in this model are the Euclidean 
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lines and Euclidean planes of the 3-dimensional Euclidean space con- 
taining the origin. This model is equivalent to the usual description of 
this projective plane in terms of homogeneous coordinates. 

Given a surface S in R® that does not contain the origin, we define 
two geometries. The points and lines of the first geometry are the points 
of S and the intersections of S with the Euclidean planes containing the 
origin, respectively. If some of the Euclidean lines through the origin 
intersect S in more than one point, we define a second geometry by 
identifying all points on S that are contained in the same Euclidean line 
through the origin. 

The most popular representations of the classical flat projective plane 
arise in this manner and are described in the following three subsections. 
We begin every subsection by specifying which surface S we want to 
consider. 


2.1.1 The Euclidean Plane Plus Its Line at Infinity 


The surface 9 is a plane in R* that does not contain the origin. 

The points and lines of the first geometry associated with S are the 
points of S and the Euclidean lines contained in S, respectively. 

Of course, this is just a copy of the Euclidean plane. Its line at infinity 
corresponds to the plane through the origin of R® that is parallel to S 
and the points at infinity correspond to the lines through the origin in 
this plane. 

On the other hand, by restricting a flat projective plane to the com- 
plement of one of its lines, we arrive at a flat affine plane. It turns out 
that two flat projective planes that yield topologically isomorphic flat 
affine planes in this manner are topologically isomorphic themselves; see 
Theorem 2.3.8. Furthermore, all flat affine planes arise from flat projec- 
tive planes and contain all the information about these flat projective 
planes necessary to reconstruct them. 


2.1.2 The Geometry of Great Circles and the Disk Model 


The surface S is the unit sphere S? centred at the origin. 

The points and lines of the first geometry are the points of S and the 
great circles. Two points on S are contained in the same line through 
the origin if and only if they are antipodal. 

We construct the second geometry by identifying antipodal points. Of 
course, this geometry is isomorphic to the classical flat projective plane. 
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A model of this geometry lives on the upper closed hemisphere of S$?. 
Topologically speaking this hemisphere is a closed disk. The points of 
the model are the points of the upper open hemisphere plus pairs of 
antipodal points on the equator. 

We stereographically project the upper hemisphere of S? from its 
south pole onto the unit disk in the zy-plane to arrive at a represen- 
tation of the classical flat projective plane on the closed unit disk. Its 
points are the interior points of the disk plus all pairs of antipodal points 
on the unit circle S!. Its lines are the unit circle plus the Euclidean line 
and circle segments that connect antipodal points of the unit circle. 

The restriction of this geometry to the interior of the disk is a repre- 
sentation of the Euclidean plane. The line at infinity of this Euclidean 
plane is the unit circle. A parallel class of lines corresponds to the set of 
Euclidean line and circle segments through two antipodal points on the 
unit circle. Figure 2.1 shows an embedding of Desargues’ configuration 
in this ‘disk’ model of PG(2, R). 


Fig. 2.1. The disk model 


In general, a disk model of a flat projective plane is a geometry on 
a closed topological disk D together with a fixed-point-free involutory 
homeomorphism - of the boundary of D to itself. Its points are the 
interior points of the disk together with the set of pairs of boundary 
points that get exchanged by y. Its line set consists of the boundary 
of D and a collection of Jordan curves in D every single one of which has 
two endpoints which get exchanged by y. Furthermore, the geometry 
satisfies Axiom P1. The topological space we arrive at by identifying 
the boundary of the topological disk via y is a surface homeomorphic 
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to the real projective plane. The line set of our geometry turns into a 
set of topological circles on this surface which is the line set of a flat 
projective plane. In this way a disk model is a special representation 
of this particular flat projective plane. Also, every flat projective plane 
has a disk model. See Subsection 3.8.1 for more information about disk 
models. 

If we replace the antipodal map in the construction of the disk model 
of the classical plane by an arbitrary fixed-point-free involutory homeo- 
morphism of the unit circle to itself, then the constructed geometry is the 
disk model of a flat projective plane; see Subsection 3.8.1. In general, 
projective planes constructed like this will not be classical. Consider 
again Desargues’ configuration in Figure 2.1. It is easy to construct an 
involutory fixed-point-free homeomorphism 7’ of the unit circle to it- 
self which, just like the antipodal map, exchanges the ends of the solid 
black segments in the diagram but does not exchange the end points 
of the grey segment. As before, the lines in the disk model associated 
with 7’ are the restrictions to the unit disk of all those Euclidean lines 
and circles that contain pairs of points that get exchanged by y’. This 
means that the associated flat projective plane still contains the solid 
black part of the configuration, but does not contain the grey segment. 
Since the three grey points are contained in exactly one Euclidean line or 
circle, Desargues’ configuration does not close in the new flat projective 
plane. Hence this plane is not classical. 


2.1.3 The Classical Point Mébius Strip Plane 


The surface S is the vertical cylinder over the unit circle S! in the ry- 
plane. 

The points of the first geometry are the points of the cylinder. Its 
lines are pairs of (vertical) Euclidean lines contained in the cylinder 
plus a selection of ellipses on the cylinder. This geometry is naturally 
isomorphic to the restriction of the geometry of great circles on the unit 
sphere S? to the complement of the set consisting of the north and south 
poles. 

If we parametrize S! by (0,27) in the usual way, then the ellipses on 
the cylinder are the graphs of the periodic functions 


(0,27) +> R: t+ asint + bcost, 


where a,b € R. Two points on the cylinder are antipodal if their con- 
necting line contains the origin. By identifying antipodal points on the 
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cylinder, we arrive at a model of the classical point M6bius strip plane. 
Its point set is the Mébius strip M, which is the strip [0,7] x R, whose 
left and right boundaries have been identified via the (antipodal) map 


{0} x R — {x} x R: (0,y) & (x, -y). 


The lines of the point Mobius strip plane are the verticals and the graphs 
of the functions 


(0,7) > R:tr asint + bcost, 


where a,beE R. 

The set of continuous half-periodic functions above solves the La- 
grange interpolation problem of order 2. We will see in Chapter 7 that 
any such set of functions gives rise to a point Mobius strip plane whose 
point set is M and whose lines are the verticals in M plus all graphs of 
functions in the interpolating set. 

Note also that, in general, sets of continuous functions that solve the 
Lagrange interpolation problem of some order correspond to geometries 
that we are focusing on in this book. 


2.2 Convexity Theory 


In this section we summarize the basics of a general theory of convexity 
for R?-planes and related results for ideal flat linear spaces. 

We first note that lines in an R?-plane are embedded in R? just like a 
Euclidean line, that is, there are no ‘wild’ embeddings. More precisely, 
given a line in an R?-plane, there is a homeomorphism of R? to itself 
that maps this line to a Euclidean line. This is an easy corollary of the 
Jordan—Schoenflies Theorem; see Theorem A1.2.4. 

The complement of every line L in an R?-plane R has two open com- 
ponents. These components are called the open half-planes defined by 
the line and the topological closure H = H U L of such a half-plane H 
is called a closed half-plane. 

For distinct points a and b in the plane R, the closed interval [a, b| 
is the intersection of all connected subsets of the line ab in the plane R 
containing a and b. Open intervals are defined by (a,b) = [a,b] \ {a, b}. 

A subset S of R? is convex (with respect to R) if [a,b] C S for any 
two distinct points a,b € S. The convex hull H(D) (with respect to R) 
of a subset D of R? is the intersection of all convex sets containing D. 

Let pi, p2, p3 be three noncollinear points and let H; be the open half- 
plane defined by the line p;p; such that {i,j,k} = {1,2,3} and p,; € Hj. 
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Then the open convex triangle T(p1, p2, p3) is the intersection of the three 
half-planes H;, 2 = 1,2,3, and the closed convex triangle T(p1, D2, 3) is 
the intersection of the three closed half-planes H;, i = 1,2,3. It can be 
shown that T(p;,p2,p3) is the convex hull of the set consisting of the 
three points p,,p2,p3, that the boundary of this triangle is the union 
of the intervals [p1,p2], [p2,p3], [p1,p3], and that the convex open tri- 
angle T'(p1, p2, p3) is the set of topological interior points of T(p1, po, p3). 

In general, if the boundary of the convex hull of n points contains all n 
points and no three among the n points are collinear, then this convex 
hull is called a closed convex n-gon. The set of interior points of a closed 
convex n-gon is a open conver n-gon. 

Given a point in a flat projective plane, the affine plane associated with 
any line not through this point is an R?-plane that coincides with the flat 
projective plane ‘close to’ the point. This means that locally every flat 
projective plane behaves like an R?-plane. Similarly, given a point in a 
point Mobius strip plane, the restriction of this plane to the complement 
of an R-line in its point set is an R?-plane that contains the point p. 
Also, we want to stress again that point Mobius strip planes are really 
just flat projective planes minus a point. Keeping these observations 
in mind, it is easy to translate the various facts about R?-planes listed 
below into local results about flat projective planes and point Mobius 
strip planes. 

We say that a set of points in an ideal flat linear space R has a 
convexity-related property, such as being convex or being a convex tri- 
angle, if it has this property with respect to a certain sub-R?-plane 
of R, that is, the restriction of R to an open subset of its point set that 
is an R?-plane. 


Fig. 2.2. Lines in an R?-plane intersect transversally as in the left diagram. 
They never touch as on the right. 


We now list a number of important properties of R?-planes that 
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illustrate that R?-planes are really very closely related to the Euclidean 
plane. Perhaps the most important such property is the fact that lines 
intersect ‘transversally’ and never ‘touch’; see p. 22 for precise definitions 
of these terms. 


THEOREM 2.2.1 (Lines Intersect Transversally) Let K and L be 
two distinct lines in an R?-plane that intersect in the point p. Then K 
and L intersect transversally. 


Note that this implies that lines in point M6bius strip planes and flat 
projective planes also intersect transversally. 


Proof of theorem. Assume that K and L do not intersect transversally. 
Then the two lines touch. If HK is the open half-plane determined by L 
that contains K \p and H z is the open half-plane determined by K that 
contains L\p, let r,s, and t be three noncollinear points in H Hs NHE such 
that not all three points are contained in the same connected component 
of Hf N HE as in Figure 2.2. Then the connecting line of r and s has to 
be contained in the set (Hf N HE) u {p}, that is, the shaded region in 
the diagram (otherwise it would intersect either K or L in at least two 
points, which is impossible). Since the same has to be true for the line 
connecting r and t, we conclude that the lines rs and rt have the two 
points r and p in common, which is a contradiction. O 


THEOREM 2.2.2 (Further Basic Results about Convexity) If R 
is an R2-plane, then the following hold. 


(i) Intervals and half-planes are convez sets. 

(ii) Convex sets are connected. The closed intervals contained in a 
line are exactly the compact, connected subsets of the line. 

(iii) A line L and a closed interval [p,q] with p,q ¢ L are disjoint if 
and only if p and q lie on the same side of L. 

(iv) (The Pasch Axiom) Let p,q,r be three noncollinear points. Every 
line L meeting the set [p, g|U[g,r]U|p, r] intersects at least two of 
the intervals in this union. A line L # pq,qr,pr meets the open 
convex triangle T(p,q,r) if and only if L meets one of the open 
intervals (p,q), (q,7), or (p,r). 

(v) Every point has a neighbourhood basis consisting of finite inter- 
sections of open half-planes. 

(vi) Every point has a neighbourhood basis consisting of open conver 
triangles (quadrangles). 
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For proofs of these simple results see Salzmann et al. [1995] Proposi- 
tion 31.5, Corollary 31.7, Proposition 31.10, and Corollary 31.11. 


2.2.1 Convex Curves, Arcs, and Ovals 


Let S be a set of points in a linear space. A line is an exterior line, a 
tangent, or a secant of S if it intersects the set in no, 1, or at least two 
points, respectively. A point not contained in S is a geometrical interior 
point of S if every line containing it is a secant of S. A point not in S is 
a geometrical exterior point if it is contained in an exterior line. An arc 
in a linear space is a nonempty set of points such that no three points in 
the set are collinear. An arc is called mazimal if it is not contained in a 
larger arc. An arc is called an oval if every one of its points is contained 
in exactly one tangent line. 

A Jordan curve in an ideal flat linear space is called a conver curve if 
every line intersects the curve in no, 1, or two points, or in an interval. 
A convex curve is closed if it is a simply closed Jordan curve. A convex 
curve is strictly convex or a topological arc if none of the lines intersect it 
in an interval that contains more than one point. A closed topological arc 
is a topological oval if it is an oval. In the Euclidean plane a topological 
arc is just a strictly convex Jordan curve and a topological oval is just 
a differentiable, strictly convex, simply closed Jordan curve. 

Let A be a topological arc in an ideal flat linear space that is closed 
or homeomorphic to R. and let p be a point on this arc. Then a line 
through p is called a supporting line of A if it is a tangent of this arc 
that touches A topologically at p. 

Judging from the available results, topological arcs and ovals in ideal 
flat linear spaces seem to behave exactly like their Euclidean counter- 
parts. We summarize some important results in the following theorem. 


THEOREM 2.2.3 (Boundaries of Compact Convex Sets) 
Let R = (R?,L) be an R?-plane, let C be a closed topological arc, 
and let D be a compact conver set in R? whose topological interior is 
nonempty (this implies that D is not fully contained in a line of R). 
Then the following hold. 


(i) The convex hull H(C) of C is the compact convex set consisting 
of the points of C and the geometrical interior points of C. The 
topological boundary of H(C) is C. 

(ii) The topological boundary of D is a closed topological arc B. Fur- 
thermore, H(B) = D. 
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(iii) The topological interior and exterior points of D are exactly the 


(iv 


(vi 


— 


a 


geometrical interior and exterior points of B, respectively. Every 
exterior point 1s contained in exactly two tangent lines. 

The arc B has secant lines and exterior lines, and every point 
in B is contained in a tangent line. Apart from its point of inter- 
section with B every point of such a tangent is an exterior point 
of B. Every tangent touches B topologically at its point of inter- 
section with the curve. A secant intersects B transversally in its 
two points of intersection. 

The arc B is, and, in general, every closed topological arc is, a 
maximal arc. 

Let K and L be secant lines of C. Let ki, kg be the points in 
which K intersects C' and let l1,lo be the points in which L inter- 
sects C'. Assume that the four points of intersection are distinct. 
Then K intersects L in an interior point of C if and only if ky 
and ka are contained in different connected components of the 
set C'\ {ly,l2}. Furthermore, K and L do not intersect or inter- 
sect in an exterior point if and only if ky and kz are contained in 
the same connected components of C \ {lx,l2}. 


All these results are proved in Drandell [1952] or are easy corollaries 
of the theorems in that paper. 


THEOREM 2.2.4 (Topological Ovals) An ideal flat linear space R 
has the following properties. 


(i) It contains topological ovals. 
(ii) The complement of a topological oval in R has two connected 
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components, one of which 1s homeomorphic to an open disk. The 
points of the open disk are the geometrical interior points of the 
oval and the points of the second component are the geometrical 
exterior points of the oval. Except for their point of intersection 
with the oval, tangents are made up of exterior points. Every 
exterior point is contained in two tangents. If R is a flat projec- 
tive plane, the second connected component is homeomorphic to 
a Mobius strip. 

If R is a flat projective plane, the set of tangents of a topological 
oval is a topological oval in the dual of R (the dual of R is also 
a flat projective plane; see Corollary 2.8.7 below). The exterior 
lines of the oval are the interior points of the dual oval and the 
secant lines are the exterior points. 
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Proof. (i) Let T be a closed convex triangle in a flat projective plane, or, 
more precisely, in one of the sub-R?-planes of this flat projective plane. 
Then the main result in Polster-Rosehr-Steinke [1997] guarantees the 
existence of a topological oval in the projective plane that is contained 
in T. As a consequence of Proposition 2.7.13, given any closed con- 
vex triangle T in an ideal flat linear space R, there is a flat projective 
plane Ry that also contains T such that the restrictions of R;, i = 1,2, 
to T coincide. Now it is easy to see that any topological oval in Rz that 
is contained in T is also a topological oval in Ry. 

Part (ii) is a corollary of Theorem 2.2.3. For a proof of (iii) see 
Buchanan-Hahl-Léwen [1980]. O 


Topological ovals play an important role in the study of flat rank 3 
circle planes. Consider, for example, the derived affine plane of a flat 
Mobius plane at a point p. Every circle in the Mobius plane not passing 
through this point induces a topological oval in the derived plane. This 
means that a flat Mobius plane has a representation in terms of a special 
flat affine plane plus a set of topological ovals in this affine plane. In 
the classical case this is the geometry of Euclidean lines and circles 
in R?. See Chapter 3 for more details about this kind of representation. 
Note also that most of the facts about topological ovals listed above 
have counterparts for ovals in finite projective planes of odd order; see 
Dembowski [1968]. 

How many arcs can two different ideal flat linear spaces share? 


THEOREM 2.2.5 (Many Arcs Determine a Flat Linear Space) 
Let R = (P,L) be an ideal flat linear space and let K be a set of arcs 
of R. If every three distinct points of P that are not contained in a line 
of R are contained in one of the arcs in K, then R is the only ideal flat 
linear space on P in which all elements of K are arcs. 


Proof. Let E be some line in £ and let p and gq be two points on L. 
The arcs in K that contain these two points cover all the points of the 
set P \ (LZ \ {p,q}). Hence L has to be contained in any ideal flat linear 
space with point set P in which every element of K is an arc. Hence 
any such ideal flat linear space on P contains all the lines of £, which 
of course implies that 7? is the only such plane. O 


Here are two examples for sets of arcs having the property stated in 
this theorem. 
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e The set of all topological ovals in a flat projective plane (this is a 
corollary of the main result in Polster-Rosehr-Steinke [1997]). 

e The set of all those circles in the affine part of a spherical circle plane 
that are topological circles; see Chapter 3. 


We conclude this subsection by exhibiting three examples of maximal 
arcs in the Euclidean plane that are not topological ovals; see Figure 2.3. 


CO 


Fig. 2.3. Maximal arcs that are not ovals 


Note that the first set is a topological circle and no three of its points 
are collinear. However, it is not an oval since there are many lines that 
only contain the distinguished corner. The set on the right is homeo- 
morphic to a closed interval and the connecting line of its two endpoints 
touches the curve in both points in the analytical sense. The example in 
the middle consists of two topological arcs that are both homeomorphic 
to a closed interval. 

For more information about convexity in R?-planes see the refer- 
ences mentioned above, as well as Cantwell [1974], [1978], and Cantwell— 
Kay [1978]. 


2.2.2 Dependence of the Axioms of Joining and Intersection 
In our definition of flat projective planes we only required that these 
geometries satisfy Axiom P1; see p. 2. We now show that Axiom P2 
is automatically satisfied in a flat projective plane. This means that 


flat projective planes are really projective planes as we defined them in 
Chapter 1. 


LEMMA 2.2.6 (Complements of Lines) Let P = (P,L) be a flat 
projective plane. If L is a line of P, then P\ L is homeomorphic to R?. 
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Proof. The set P\L is connected because, otherwise, the connecting line 
of two points contained in different components would intersect L in at 
least two points, which is impossible. Let « : S? — P be the map that 
identifies antipodal points on S? with the corresponding point of P and 
let Z = «71(L). Then LF is either the union of two disjoint topological 
circles or a topological circle. In the first case, as a consequence of 
Theorem A1.2.4, the set S? \ Z has three connected components, two 
homeomorphic to R? and one homeomorphic to a cylinder. This implies 
that P \ L is not connected, which is contradiction. In the second case 
the set S*\ Z has two connected components homeomorphic to R? and « 
defines a homeomorphism between one of them and P \ L. Ey 


THEOREM 2.2.7 (Joining Implies Intersection) Let P = (P,L) 
be a flat projective plane. Then P satisfies Atiom P2, that is, any two 
lines in P intersect in exactly one point. 


See also Salzmann [1967b] 2.5. 


Proof of theorem. Let K and L be two lines in P. Since P satisfies 
Axiom P1, the two lines intersect in at most one point. Assume they do 
not intersect. Then L is completely contained in the set P \ K which, 
by Lemma 2.2.6, is homeomorphic to R?. We conclude that P \ L has 
two connected components, which is a contradiction to Lemma 2.2.6. 


A geometry of topological circles on the real projective plane that sat- 
isfies Axiom P2 is not automatically a flat projective plane (just consider 
a flat projective plane from which some lines have been removed). 


THEOREM 2.2.8 (Local Implies Global) Let G = (P,L) be a 
geometry whose point set P is the real projective plane and whose lines 
are topological circles in P. Then G is a flat projective plane if and only 
if it satisfies the following two conditions. 


(i) Two distinct lines intersect in exactly one point. 
(ii) Every point has an open neighbourhood such that G restricted to 
that neighbourhood is an R?-plane. 


Proof. If G is a flat projective plane, then (i) and (ii) are clearly satisfied. 

To prove the converse we need to use some terminology and results 
that will only be introduced and proved in the following sections. Since P 
is compact, there are finitely many sub-R?-planes whose point sets form 
a cover of the point set P. Let p be a point. We have to show that every 
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point q different from p is contained in exactly one of the lines through p. 
Let R be one of the R?-planes in the finite cover that contains p and 
let r be a point in R with r # p. Then there is a unique connecting 
line K € Lf p and r. Repeated application of Theorem 2.3.4 yields 
that this unique connecting line and its point of intersection with a 
fixed line L, with p ¢ L and q € L, depend continuously on r (in the 
sense of Hausdorff; see the next section for a definition). Equipped with 
its natural topology the pencil £, of lines through p is homeomorphic 
to S!. Hence the function y : £, + L which maps a line through p to 
its unique point of intersection with L is injective and continuous. In 
fact, since both Lp and L are homeomorphic to S!, the function ¥ is 
a homeomorphism. Since g € L, there is a line through p and q. As 
a consequence of (i), this line is unique. We conclude that G is a flat 
projective plane. O 


An ideal flat linear space R is locally classical if all its points have 
open neighbourhoods such that 7 restricted to such a neighbourhood is 
an R?-plane isomorphic to a sub-R?-plane of the Euclidean plane. 


THEOREM 2.2.9 (Locally Classical Equals Classical) Let R be 
a locally classical ideal flat linear space. Then R is isomorphic to the 
restriction of the classical flat projective plane to one of its subsets. 


See Polley [1968] for a proof of this result. 


2.3 Continuity of Geometric Operations and the Line Space 


In this section we show that in an ideal flat linear space the shape and 
position of the connecting line of two distinct points depend continuously 
on the positions of the two points. Furthermore, the line space of an 
ideal flat linear space carries a natural topology that makes the ideal 
flat linear space into a topological geometry in which the operations of 
joining and intersection are continuous. 

In the proofs we will focus on the case of R?-planes and sometimes 
only sketch how the proofs have to be modified or used to arrive at 
the respective results for point Mobius strip planes and flat projective 
planes. In many cases results about such linear spaces can be derived by 
restricting to suitable R?-planes and then applying the respective result 
for R?-planes. Also, since, by definition, point Mobius strip planes are 
really just ‘punctured’ flat projective planes, results about point Mébius 
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strip planes are usually straightforward corollaries of the respective re- 
sults for flat projective planes. 

Most of the proofs of the results in this section are modelled after the 
proofs of the respective results in Salzmann [1967b] and Salzmann et 
al. [1995]. 


LEMMA 2.3.1 (Collinearity Is Preserved under Limits) In an 
ideal flat linear space R collinearity and the order of collinear point 
triples are preserved under limits as follows. 


(i) If the sequences of points (a;), (bi), (ci) have mutually distinct 
limits a, b,c, respectively, and if a;, b;,c; are collinear for infinitely 
many 1 € N, then a,b,c are also collinear. 

(ii) If R is an R?-plane and b; € (ai, c:) for infinitely many i € N, 
then also b € (a,c). 


Proof. Without loss of generality, we may assume that the ideal flat 
linear space under consideration is an R?-plane and that b; € (aj, c;) 
for 7 € N. Now we can follow Salzmann et al. [1995] Proposition 31.12 
to prove this result. 

(i) Assume that a,b,c are not collinear and choose a line L that in- 
tersects the intervals (a,b) and (b,c). Then for sufficiently large i the 
point b; and the interval (a;,c¢;) lie on different sides of L, which is a 
contradiction to Theorem 2.2.2(iii). 

(ii) Assume that b ¢ (a,c). Then we may also assume that c € (a, b). 
If L # ac is a line that intersects (b,c), then for sufficiently large 7 the 
point b; and the interval (a,;,c;) lie on different sides of L, which is again 
a contradiction to Theorem 2.2.2(iii). 


Let (Z;) be a sequence of lines in an ideal flat linear space. Further- 
more, let liminf; L; be the set of all limits of convergent sequences (p;) 
with p; € L;, and let limsup, L; be the set of all accumulation points of 
sequences (q;) with gq; € L;. We say that (L;) converges to L in the sense 
of Hausdorff if L = liminf; L; = limsup, L;. This means that, roughly 
speaking, the points of L; approximate precisely the points of L, and 
that no parts of LD; stay away from L as 7 tends to infinity. 


LEMMA 2.3.2 (Hausdorff Limits of Lines) In an ideal flat linear 
space let (a;) and (b;) be two convergent sequences of points with limits a 
and b such that a; # b; and such that a # b. Then the sequence of 
lines (Li) with L; = a;b; converges to L = ab in the sense of Hausdorff. 
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Proof. We prove this result for R?-planes. The proof for flat projective 
planes is a variation of the following proof in Salzmann et al. [1995] 
Proposition 31.14. 

Clearly, liminf; L; C limsup, L;. It remains to show that 


lim sup £L,¢ 2 C liminf L;. 


If 2 is an accumulation point of a sequence of points (z;) with x; € L,, 
then Lemma 2.3.1(i) guarantees that x € L. 

We proceed to prove the second inclusion. Let c € L. We distinguish 
three cases depending on the position of c on L relative to a and b. First, 
if c € {a,b}, then, clearly, c € lim inf; L;. 

Second, let c € (a,b), let K # L be a line through c, and let D 
be a compact convex set that contains (a,b) in its interior. Then, for 
sufficiently large 7, the points a; and 0; lie on different sides of K and are 
interior points of D. Hence for sufficiently large i the points t; = a,b; AK 
exist and are contained in D. We conclude that the sequence (t;) has 
an accumulation point and that, by Lemma 2.3.1(i), this accumulation 
point has to be c. Hence c € liminf; L,. 


Fig. 2.4. 


Third, let c € ab \ [a,b]. This final case is dealt with using a con- 
figuration of points and lines as in Figure 2.4. Here we may assume, 
without loss of generality, that b € (a,c), L; # L for allie N, q ¢ L; 
for all i € N. If for large enough 7 the intersection points t; = L; A [r, s] 
exist, we conclude, as above, that (t;) converges to c. Now assume 
that for large i the line L; does not intersect [r, s]. For large 7 the inter- 
val (a;, b;) is contained in the open convex triangle T(r, s,q) and, by The- 
orem 2.2.2(iv), L; intersects the two sides [q, r] and [q, s] of this triangle. 
Hence we can choose points t; € [g,r] U [g, s] such that b; € (a;,t;) (note 
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that t; 4 q, since q ¢ L;). The sequence (¢;) accumulates at a point ¢ 
of the compact set [g,7] U [¢,s], and Lemma 2.3.1(i) implies that the 
points t,a,b are collinear. Consequently, t = g and Lemma 2.3.1(ii) 
implies that b € (a,q), which is a contradiction. O 


The natural topology H defined on the line set. £ of a given ideal flat 
linear space is defined as follows. A set A of lines in £ is H-closed if 
and only if A contains the Hausdorff limit of any convergent sequence 
in A. The open sets of the topology H are just the complements of the 
H-closed subsets of L. 

Here are a number of other ways to define ‘natural’ topologies on the 
line set £ of an ideal flat linear space (P, £). All these topologies can be 
shown to coincide with the topology H. 

The final topology F on CL is the finest topology F on £ such that the 
join map 


{(p,q)€ PxP|p4#aq}—L: (p,q) pq 


is continuous. The open join topology OJ is generated by the subbasis 
elements 0102 = {pq | p € Oi,q € Oz}, where O; and Og are disjoint 
open subsets of the point set P. The interval join topology IJ has a 
subbasis consisting of the sets I,J2, where I; and I, are disjoint open 
intervals in a sub-R?-plane that span a convex quadrangle. Finally, the 
open meet topology OM is defined by the subbasis whose elements are 
the sets Mo = {L € L£| LNO #9}, where O is an open set in P. 


THEOREM 2.3.3 (Topology of the Line Space) Let (P,£) be an 
ideal flat linear space. Then the following hold. 


(i) The topologies H, F, OJ, 1J, OM for £ coincide. 
(ii) Equipped with its natural topology L is a Hausdorff space. 


(iii) Convergence in L is equivalent to convergence in the sense of 
Hausdorff. 


See Salzmann et al. [1995] Proposition 31.19 for a proof of this result 
for R?-planes that. easily generalizes to flat projective planes. 

We mention one more way of generating the natural topology on the 
line set £ of an R*-plane; see Busemann [1955] Section 3. See also 
Section Al.l. For K,L € CL let 


d(K,L) = sup {\6(2, K) - 6(x,L)|e“*! | a € R?} 
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where 
6(x, L) =inf { jc—y| | ye L}. 


Then d is a metric on £ whose associated topology is the natural topol- 
ogy on £. 


THEOREM 2.3.4 (Continuity of Joining and Intersection) 
Let (P,L) be an ideal flat linear space and let L be endowed with the 
natural topology. Then the following hold. 


(i) The join map 
{(p,q)€PxP|pA#q}—-L: (p,q) pg 


as continuous. 
(ii) The pairs of distinct intersecting lines form an open subset I 
of L?, and the intersection map 


A:loP:(K,L)6KAL 


is continuous. 


Proof. The following proof is a combination of the proofs of Salzmann 
et al. [1995] Propositions 31.16 and 31.21. 

(i) Assume that the join map is not continuous. Let p and gq be distinct 
points with connecting line L, let O be an open neighbourhood of L, and 
let {P; |i € N} and {Q, | 7 € N} be neighbourhood bases of p and q, 
respectively. Without loss of generality, we may assume that P; and Q; 
are disjoint sets for all i € N and that the set of lines P,Q; is not con- 
tained in O for alli € N. Then there are points p; € P; and g; € Q; such 
that the line p;q; is not contained in O. By Lemma 2.3.2, the sequence 
of lines (p:q;) converges to L in the sense of Hausdorff. Consequently, L 
belongs to the H-closed set £\ O, which is a contradiction. 

(ii) To prove that the pairs of distinct intersecting lines form an open 
subset of C? it suffices to show that any two intersecting lines K and L 
have open neighbourhoods N and M such that every line in M inter- 
sects every line in N. Choose a convex quadrangle (p,q, 7, s) such that K 
intersects the disjoint open intervals K, = (p,q) and K2 = (r,s) and L 
intersects the disjoint open intervals L, = (p,s) and Lz = (q,r). Us- 
ing the description of the natural topology on £ as the interval join 
topology IJ it is clear that the sets N = K,K2 and M = IyLz2 are 
open neighbourhoods of K and L with the desired property. By The- 
orem 2.2.2(vi), the open convex quadrangles containing a point form a 
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neighbourhood basis for this point. This implies that the intersection 
map is continuous on its domain of definition. 0 


Let R = (P, CL) be an ideal flat linear space whose line set is equipped 
with some topology, and let I be the set of pairs of distinct intersecting 
lines. We say that intersection is stable if I is an open subset of £? and 
the intersection map is continuous on this subset. 


THEOREM 2.3.5 (Characterization of the Natural Topology) 
Let R = (P,L) be an ideal flat linear space. Then the natural topology H 
on £L is the only topology such that the join map is continuous and the 
intersection map is stable. 


For a proof see Salzmann et al. [1995] Theorem 31.22. 


THEOREM 2.3.6 (Line Space and Flag Space) Let R = (P,L) be 
an ideal flat linear space, let L be a line, and let p be a point that is not 
contained in L. Then R has the following properties. 


(i) The pencil of lines through p is homeomorphic to S?. 

(ii) The set of all lines through p that do not intersect L is homeo- 
morphic to a nonempty closed interval if L is an R-line, and 
empty if L is an S-line. 

(iii) If R is a flat affine plane, then the set of lines parallel to L is a 
closed subset of L homeomorphic to R. 

(iv) If R is a point Mobius strip plane, then the set of all R-lines is 
homeomorphic to S}. 

(v) If R is a point Mobius strip plane, or a flat projective plane, 
then L is homeomorphic to the real projective plane. If it is a 
point Mobius strip plane, the set of all S-lines is homeomorphic 
to R?. 

(vi) The set of lines in an R?-plane is homeomorphic to a Mébius 
strip. 

(vii) If R is a flat projective plane, then the space of all flags of R 
is homeomorphic to the flag space of the classical flat projective 
plane. 


Note that (ii) implies that R?-planes and point Mébius strip planes 
cannot be projective planes. 
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Proof of theorem. (i) Consider an open convex triangle T(a, b,c) that 
contains the point p and let B = [a, b]U[b, c]U[a, c] be its boundary. Note 
that B is homeomorphic to S!. Then every line through p intersects B 
in exactly two points. We define an involutory permutation + of B that 
exchanges the two points of intersection of lines through p with B. This 
involution is a homeomorphism that is topologically equivalent to the 
antipodal map of S!. We identify points that get exchanged by y and 
arrive at a topological space B’ homeomorphic to S'. The map that 
assigns to every line through p the unique point in B’ that corresponds 
to its points of intersection with B defines a homeomorphism. 

(ii) Using the same setup as in (i), we define a map that assigns to 
every point g of the line L the unique point in B’ that corresponds 
to the points of intersection of pg with B. This map is injective and 
continuous. Hence the complement of its image is homeomorphic to a 
nonempty closed interval if L is homeomorphic to R. The map is a 
homeomorphism if L is a topological circle. 

(iii) Let K be a line not in the parallel class E under consideration. 
Then the function E — K that maps elements of EF to their respec- 
tive points of intersection with K is a homeomorphism. Using the IJ 
description of the natural topology on C it is easy to construct a neigh- 
bourhood of K that does not contain any line in the parallel class. This 
shows that E is a closed subset of L. 

(iv) A similar argument as under (iii) yields the homeomorphism be- 
tween the set of R-lines and the circle S?. 

The following arguments are adapted from Salzmann et al. [1995] 
Proposition 31.23, Lemma 31.24, and Proposition 32.3. 

(v) We start by showing that £ is a compact surface. To begin with 
let a and b be two distinct points of L. By Theorem 2.3.3(i), the sets JJ, 
where J and J are disjoint open intervals containing a and b, respectively, 
and I,J ¢ L, form a neighbourhood basis of L. This together with 
the continuity of joining points and intersecting lines implies that £ 
is locally homeomorphic to R?. Since R? has a countable basis, it is 
possible, using the OM-description of the natural topology, to construct 
a countable basis for £. Since, by Theorem 2.3.3, the line set £ is a 
Hausdorff space, it is a surface. 

To show that this surface is compact, let (L;) be a sequence of lines 
and assume that LD is an S-line and different from all L;s. Then the 
sequence of points of intersection (L; A L) has an accumulation point c 
and we may assume that this sequence tends to c as i tends to infinity. 
Let K be an S-line whose point of intersection with L is distinct from c 
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and which is different from all L,;s. Then the sequence (LZ; A K) has an 
accumulation point d. This implies that the sequence of lines we started 
with has a subsequence that converges to the line cd. Hence the surface 
under consideration is compact. 

Let K,L,M be three distinct S-lines. Let a,b,c,d be distinct points 
of K such that @ and b separate c and d, and such that c = K AL 
and d = K AM. We proceed to show that L’ = £\ {K} is a Mobius 
strip. The line K is the union of two closed intervals J and J whose 
common boundary points are a and b. Let c € I andd € J. This 
implies that L’ is the union of the set Z of all those lines that meet I 
and the set 7 of all lines that meet J in exactly one point. We identify 
the sets L \ {c} and M \ {d} with R, J with the closed interval (0, 1], 
and J with the closed interval [2,3] such that 0 and 3 correspond to a 
and 1 and 2 to b. Now the function that maps a line N in Z to the 
point (N A K,N A M) is a homeomorphism Z — [0,1] x R. Likewise, 
the function that assigns a line N in J the point (NA K,N AL) isa 
homeomorphism 7 — [2,3] x R. This means that £’ can be represented 
as a quotient space 


((0, 1] x RU [2,3] x R)/ ~, 


where (1,t) ~ (2, f(t)) and (3,¢) ~ (0,9(t)) for all ¢ € R with two 
homeomorphisms f,g: R — R. If f and g have the same orientation, 
then £’ is a cylinder, otherwise it is a Moébius strip. Since £ is the 
one-point compactification of L’, we can exclude the first possibility 
(the one-point compactification of a cylinder is a sphere with two points 
identified, and the compactifying point does not have a neighbourhood 
homeomorphic to R?). We conclude that L’ is a Mobius strip and La 
real projective plane. 

(vi) The proof of this fact is harder than that of (v) and requires deeper 
topological results; see Lowen [1995] 3.2. In the special case that the R?- 
plane R under consideration is the restriction of a flat projective plane 
to one of its convex open disks D, we may argue as follows. Let B be the 
boundary of D. Then every line of R arises from a line in the projective 
plane that intersects B in exactly two points. On the other hand every 
two points on B determine one such line. Since B is homeomorphic to S!, 
this means that the line set of R is homeomorphic to the topological 
space of unordered pairs of distinct points on S!, which can easily be 
shown to be isomorphic to the Mobius strip. 

(vii) See Breitsprecher [1972] and Salzmann et al. [1995] Proposi- 
tion 32.3. O 
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COROLLARY 2.3.7 (The Dual of a Flat Projective Plane) The 
dual of a flat projective plane P is a flat projective plane and the dual 
of the dual of P is (topologically isomorphic to) P. 


Proof. This follows immediately from Theorem 2.3.6 (i), (v) and Theo- 
rem 2.3.5. O 


The duals of R?-planes and point Mobius strip planes are not linear 
spaces. However, these duals are very close to being point Mobius strip 
planes and flat projective planes, respectively. See also Section 2.5 for 
information about ‘opposite planes’ of flat linear spaces. 

Let M = (M,C) be a point Mobius strip plane. We call the flat 
projective plane it arises from the projective extension of M. To recon- 
struct this flat projective plane, simply one-point-compactify the Mobius 
strip M this geometry is living on by a point oo, and extend all lines 
that correspond to R-lines of £ by oo. 

Let A be a flat affine plane. As a consequence of Theorem 2.3.6 (i), 
(ili), and (vi), the dual of A whose line set has been augmented by the 
parallel classes of lines in A is a point Mobius strip plane. It is clear that 
the dual of the projective extension of this geometry is a flat projective 
plane that is isomorphic to the (geometric) projective extension of A 
and we will refer to this flat projective plane as the (geometric and 
topological) projective extension of A. 


THEOREM 2.3.8 (Projective Extension) Let R be a flat affine 
plane or a point Mobius strip plane. Let P be a flat projective plane 
whose restriction to the complement of a line or point, respectively, 1s 
topologically isomorphic to R. Then P is isomorphic to the projective 
extension of R. 


See Salzmann et al. [1995] Section 32, for a detailed discussion of this 
result. 

These considerations also show that flat projective planes, flat affine 
planes, and point Mobius strip planes are basically identical geometrical 
objects. 


2.4 Isomorphisms, Automorphism Groups, and Polarities 


In this section we prove that isomorphisms between ideal flat linear 
spaces are automatically topological isomorphisms and that the auto- 
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morphism group of an ideal flat linear space carries a natural topology 
that makes it into a Lie group of dimension at most 8. 

Let R be an ideal flat linear space and let A be a set of its points. We 
define the subplane (A) generated by A to be the smallest subgeometry 
of R that is closed under the operations of joining and intersection. Its 
point set F and line set G can also be defined inductively as follows. 


(i) Fo = A. 
(ii) Fri = FrU{pipeApspa | pi € Fn, Pi # 2, P3 # Pa, PiP2 F PsPa}- 
(iii) F =U, Fi. 
(iv) G is the set of all intersections of F with all those lines in R that 
have at least two points in common with F. 


Note that every automorphism of R that leaves the set A pointwise 
fixed also fixes every element of the subplane generated by A. 

We call the set consisting of the vertices and one interior point of a 
closed convex triangle a tripod. 


THEOREM 2.4.1 (Tripods Generate Dense Subplanes) Jn an 
ideal flat linear space R = (P,L) a tripod generates a dense subplane 
of R. 


Proof. We prove this result only for R?-planes with P = R? following 
the exposition in Salzmann [1967b] Theorem 3.4. Given a tripod in a flat 
projective plane or point Mobius strip plane S, just observe that there 
is a certain S- or R-line, respectively, such that the tripod is contained 
in the sub-R?-plane that is the restriction of S to the complement of 
this line in the point set. The tripod then generates a dense subplane of 
this sub-R?-plane that is also dense in S. 

Let A consist of the vertices of a convex triangle T = T(a1, a2, a3) and 
one of its interior points ao (together these four points form a tripod). 
We want to show that the set of points F of (A) is a dense subset of R?. 
Each point in R? is the point of intersection of two lines intersecting the 
boundary [a1, @9] U [a2, a3] U [a1, ag] of T nontrivially. Hence it suffices 
to show that the intersection of F with this boundary is dense in the 
boundary. 

Without loss of generality, we only show that the set F/M [a1, a9] 
is dense in [a, a2], or equivalently, that [a1, a2] \ FM [a1, a2] is empty. 
Assume that this is not the case. Then this set contains a nonempty 
open interval (bi, 62) C (a1,@2) whose boundary points are contained 
in F. 
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a3 


| C3 ee b by a 
Fig. 2.5. 


Let cy = aja; A agag and d = byc, A b2¢2; see Figure 2.5. Then d is 
contained in the open convex triangle T(b;,62,a3). By continuity and 
because b; and bz are contained in F, there exist points bi and 4 in F 
such that d’ = bic; A b4c2 is also contained in the triangle T(d;, ba, a3). 
But then the point a3d’ A [a1, a2] is contained in both F and (by, b2), 
which is a contradiction. 


THEOREM 2.4.2 (Isomorphisms Are Continuous) [somorphisms 
between two ideal flat linear spaces R = (Pi,L£i) and S = (P2,L2) are 
topological, that is, induced by homeomorphisms P; — Py. 


Proof. We prove this result only in the case that both R and S are R?- 
planes. Without loss of generality, we may assume that P, = P, = R?. 
We follow the exposition in Salzmann [1967b] Theorem 3.5. Given an 
isomorphism between two point Mobius strip planes or two flat projec- 
tive planes TJ and U, we can then use this result to conclude that the 
restriction of this isomorphism to a sub-R?-plane of T that is the restric- 
tion of T to the complement of a line is induced by a homeomorphism. 
Since the point sets of these sub-R?-planes cover the point set of 7, it 
then follows easily that the isomorphism we started with is itself induced 
by a homeomorphism between the point sets of T and UW. 

Since, by Theorem 2.2.2(vi), the open convex triangles of R form a 
basis for the topology on R?, we can restrict ourselves to showing that, 
given an isomorphism + : R — S, we have 


¥(T (a1, a2, 43)) = T(y(a1), ¥(@2), y(as)) 
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for all open convex triangles in 2. Without loss or generality, it suffices 
to show that y[a1, a2] = [y(a1), y(a2)]. 


Pp yp) 


c d ya) yb) 


Fig. 2.6. 


Given a point p, a line ab, and a line L that separates p from ab, the 
points c = apAL and d = bpAL exist, and m = (adAbc)pAab is contained 
in the interval [a,b]; see the left diagram in Figure 2.6. We call a point 
that can be constructed like this a midpoint of a and b. There always 
exists at least one midpoint and there may be many midpoints (for 
different choices of L). Note that, no matter what the relative positions 
of y(p), y(ab), and y(L) are, a midpoint of a and b is always mapped 
to a point of the interval (y(a),7(b)); the right diagram shows -y(m) 
with respect to y(p), y(ab), and y(L) in one of the possible essentially 
different three configurations of these three objects. Note, in particular, 
that y(Z) does not separate y(p) from (ab) in this diagram. 

Let c; and c; be midpoints of [a;,a,] and [a;,a%] for some choice 
of i,j, k} = {1,2, 3}, and let ap = a;c; A a5C;. Then ag € T (a1, a2, a3) 
and (a9) € y(T'(a1, a2, a3)). 

For x € aja2 construct 


T(x) = ((xa3 A apai)az A (za3 A agag)ai)a3 A a1a2 


if this is possible; see Figure 2.7. Let X be the domain of definition of 
the map 7 thus defined and let J = [a1, a2]. Then ap € T(a1, a2, a3) im- 
plies that J C X and r(I) C r(X) C J. The continuous function 7 takes 
on all intermediate values between a; and ag. Hence, J C 7(J) and, 
finally, 7(X) = J. This purely geometric characterization of the inter- 
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Fig. 2.7. 


val I together with the fact that y(ao) € 7(T(@o, 41, @2)) demonstrates 
that 7([a1, @2]) = [y(a1), 7(a2)]- O 


COROLLARY 2.4.3 (Tripods Determine Isomorphisms) An iso- 
morphism between two ideal flat linear spaces is uniquely determined by 
four points of a tripod and their images. 


In the literature tripods in flat projective planes are usually referred 
to as nondegenerate quadrangles. Because of its importance within the 
theory of flat projective planes we restate the above result as follows. 


COROLLARY 2.4.4 (Nondegenerate Quadrangles) An automor- 
phism of a flat projective plane that fires each point of a nondegenerate 
quadrangle is the identity. 


Using these results we can identify the group of automorphisms I of 
an ideal flat linear space R = (P,£) in a natural way with a subset 
of P* and thereby turn it into a topological space. Here the set of all 
tripods is an open subset of P* which is an 8-dimensional manifold. We 
fix one tripod ¢ and identify every automorphism 7 of R with the point 
of P* that corresponds to the image of the tripod t under y. We call 
the corresponding topology on I the topology of convergence on t. 

Another natural topology on I is the compact-open topology which is 
generated by the subbasis consisting of all sets {y € T | 7(C) C U}, 
where C is a compact subset and U is an open subset of the point set of 
the geometry R. 
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THEOREM 2.4.5 (Topology of the Automorphism Groups) 
Let R = (P,L) be an ideal flat linear space and T its automorphism 
group. Then the compact-open topology on T coincides with the topology 
of convergence on any of the tripods of R. 

With this topology T is a locally compact topological transformation 
group on P. Even stronger, T is a Lie group of dimension at most 8. 


No topology on [ that is finer than the compact-open topology or 
coarser than the topology of convergence on a tripod adequately relates 
the topological properties of I to those of the underlying geometry. This 
means that the compact-open topology is the ‘natural’ topology on I. 

The first part of the following proof is modelled after the proofs of 
the respective results in Salzmann [1967b] 3.7-3.11, and the second part 
after Salzmann [1962a] 3.2, and Salzmann et al. [1995] 32.21. 


Proof of theorem. To prove the first statement we only need to show 
that, given a tripod t, a homeomorphism ¥ and a sequence of automor- 
phisms (y;) such that 


lim yi(t) = (4), 
we have 
lim |yi(x) — y(a)| = 0 


uniformly for 2 € C, where C’ is any compact set in P. 

Since 7 is a homeomorphism, we may assume that it is the identity. 
It is also clear that the sequence of homeomorphisms converges on all 
the points of the dense subplane generated by the tripod t. 

Let us assume that there are a positive € and a sequence (2;) of points 
in acompact subset of P such that |-7;(%;)—2;| > 3e for infinitely many i. 
Then this sequence accumulates at a point a and we may assume that the 
sequence converges to this point. Let U be the Euclidean open disk with 
radius € and centre a. Since the open convex triangles form a neighbour- 
hood basis for the topology of P, there is such a triangle T contained in U 
whose vertices are points of the dense subplane generated by the tripod t. 
Hence, for large i, x; € T C U and, consequently, y;(2i) € yi(T) C U 
and |7;(#;) — x;| < 2¢, which is a contradiction. 

The characterization of the compact-open topology by uniform con- 
vergence on compact sets implies that [ provided with this topology 
acts as a topological transformation group on P, that is, the group op- 
erations and the map P x T > P: (z,y) + (x) are continuous; see 
Section A2.3. 
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We prove that [ is locally compact. The group I considered as a 
subset of P* is the same as I'(s) for any tripod s. Hence it suffices to 
show that I'(s) is a closed subset of the collection of all tripods (this 
is an open subset of P*), or equivalently: given tripods s and t and a 
sequence (7;) of collineations such that lim; 7;(s) = t, the 7; converge to 
a collineation y with y(s) = t. Because (s) is countable, we can construct 
a subsequence (¥;) that converges pointwise in the dense subplane (s). 
Then 


a(p) = lim; (Pp) 


defines a collineation preserving map from (s) to (t). We need to show 
that a is a bijection. Let us first assume that F is a flat projective plane. 
Let v bea point in (s). Since the image of a contains the tripod t, it is not 
degenerate and we can choose points 0, u,e such that a(o), a(e), a(u), 
and a(v) form a tripod, and o is contained in some line of (s). We 
coordinatize ® with respect to the tripod o,e,v,u in the usual manner 
(see, for example, Dembowksi {1968} p. 127) and use the addition in the 
associated ternary ring to define on the line ov the points 


Co = 0, Cep1 =1L +c 


for all k € Z. Now the union of all intervals [cy,cx41] equals ov \ {v}. 
From the way addition is defined, the fact that a preserves collinearity, 
and the order properties of 7, we conclude that 


ck € (8), a(ck) # a(ck+1) and a(v) ¢ [a(ck), a(ce+41)] 


for all k € Z. If z is an arbitrary point in the interval [c,,c,4,], then all 
accumulation points of the sequence (7/(x)) are contained in the inter- 
val [a(cx), @(cx41)]. In particular, for x € [cx, chai} M (s), the accumu- 
lation points of the sequence (7;(z)) are contained in [a(c,), a(ck+1)]- 
Hence a(x) # a(v), which implies that a is bijective. We have also 
proved that for any two distinct points p,q € (s) and a point x € [p,q], 
the set of all accumulation points of (7/(x)) is contained in [a(p), a(q)]. 
Since (t) is dense in P (see Theorem 2.4.1), (¢) is also dense in all lines 
of R that have at least two points in common with (t). Hence the 
intersection of all intervals [a(p),a(q)]} with x € [p,q], p,q € (s) can 
contain only one point. Hence lim; 7{(x) exists for every  € P that 
is collinear with two points in (s). Consequently, lim; (ZL) exists for 
every line L in R. Finally, lim; yj;(x) exists for every point in R and, 
therefore, y(x) = lim; y;(x) defines a collineation-preserving map of R 
to itself that extends a. Since 7(s) = ¢ this map is the collineation we 
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have been looking for. This proves that T is locally compact if R is a 
flat projective plane. 

For the other types of ideal flat linear spaces similar (more compli- 
cated) arguments lead to the desired conclusion; see Salzmann [1967b] 
Theorem 3.11 for the case that R is an R?-plane, and Léwen [1976] 
Section 2 for the general case. L6wen’s paper deals with stable planes, a 
class of geometries that. comprise the flat linear spaces. He proves that. 
the automorphism group of a locally compact, locally connected stable 
plane is a locally compact, second countable topological transformation 
group of both the point and the line set of such a plane. 

Theorem A2.3.5 guarantees that a locally compact transformation 
group that acts effectively on a surface is a Lie group. We conclude 
that [ is a Lie group. That it has dimension at most 8 follows from the 
fact that it can be considered as a closed subset of R®. O 


We say that an ideal flat linear space has group dimension n. if its 
automorphism group is a Lie group of dimension n. 


THEOREM 2.4.6 (Maximal Group Dimension) An R?-plane or a 
point Mobius strip plane has group dimension at most 6. A flat projective 
plane has group dimension at most 8. 

The classical flat projective plane, the Euclidean plane, and the clas- 
sical point Mobius strip plane, have group dimension 8, 6, and 6, respec- 
tively. 


For a proof of this refinement of the last part of Theorem 2.4.5 see 
Salzmann [1967b] Theorem 3.19 and Betten [1968]. Note that in the case 
of the point Mobius strip planes this refinement is an easy consequence 
of the dimension formula; see Theorem A2.3.6. 

An ideal flat linear space is called flexible if its automorphism group 
has an open orbit in the space of all flags. Since the flag space is 3- 
dimensional (see Theorem 2.3.6(vii)), a flexible ideal flat linear space 
must have an automorphism group of dimension at least 3. 


THEOREM 2.4.7 (Flexible Planes) A flat projective plane is flexible 
if and only if it has group dimension at least 3. A flat projective plane 
has group dimension at least 2 if its automorphism group has an open 
orbit in the point space. 


For proofs see Salzmann [1967b] Section 4, Salzmann et al. [1995] 
Theorem 38.4 and Theorem 38.5. 
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THEOREM 2.4.8 (Transitive Automorphism Group) A flat pro- 
jective plane has an automorphism group that acts transitively on its 
point set if and only if it is classical. 


See Salzmann [1975a] and Lowen [1981a] for proofs of this fact. 

It is a long-standing open conjecture in finite geometry that the cor- 
responding statement is also true for finite projective planes. Note that 
there are many flat affine planes whose groups act transitively on their 
point sets; the shift planes that we will introduce in Section 2.7 are ex- 
amples of such planes. However, none of these flat affine planes gives 
rise to a nonclassical flat projective plane that is a translation plane; see 
Salzmann et al. [1995] 24.6 for a definition of this term. 


PROPOSITION 2.4.9 (Translation Planes Are Classical) A flat 
projective plane is a translation plane if and only if it is isomorphic to 
the classical flat projective plane. 


See Salzmann et al. [1995] Corollary 64.7 for a proof of this result. 


THEOREM 2.4.10 (Automorphisms of Flat Projective Planes) 
Let P be a flat projective plane and y one of its automorphisms. Then 
the following hold. 


(i) The automorphism ¥ fixes a point and a line. 
(ii) If y is an involution, it is a reflection which is uniquely deter- 
mined by its centre and its azis. 


For a proof see Salzmann et al. [1995] Theorem 32.11 and Lemma 32.12. 


THEOREM 2.4.11 (Involutions of R?-Planes) An involutory au- 
tomorphism of an R?-plane is a reflection about a point or about a line. 
In the first case it is an orientation-preserving homeomorphism and it 
is ortentation-reversing in the second case. 


For a proof of this result see Salzmann [1967b] 3.25. 

The only ideal flat linear spaces that can admit polarities are flat 
projective planes. An absolute point of a polarity is a point that is 
contained in its image under the polarity. Similarly, an absolute line of 
a polarity is a line whose image under the polarity is contained in the line. 
If a polarity of a flat projective plane has no absolute points, it is called 
elliptic, otherwise it is called hyperbolic. The classical flat projective 
plane admits both kinds of polarities; see, for example, Salzmann et 
al. [1995] 13.12. 
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THEOREM 2.4.12 (Polarities of Flat Projective Planes) Let x 
be a polarity of a flat projective plane. Then x is continuous. If m is 
hyperbolic, then the set of absolute points is a topological oval and a line 
is absolute if and only if it is @ tangent of this oval. 


For a proof of this result see Bediirftig [1974a]. Similar results hold 
for 4-dimensional compact projective planes, and finite projective planes 
of odd order; see Buchanan—Hahl—Léwen [1980] Satz 4.3 and Hughes— 
Piper [1973] Chapter 12, respectively. 

In the classical flat projective plane a topological oval is the set of 
absolute points of a polarity if and only if it is a nondegenerate conic 
section. 

A hyperbolic polarity in a flat projective plane is completely deter- 
mined by its associated topological oval consisting of the absolute points. 
It maps the points of the oval to the tangents, the exterior points to the 
secants and the interior points to the exterior lines of the oval as follows. 
A point on the oval is mapped to the tangent at this point. An exterior 
point is contained in two tangents of the oval. The point is mapped to 
the line that intersects the oval in the two points at which the tangents 
touch the oval. Given an interior point, we already know the images of 
any two secants through this point under the polarity. The connecting 
line of the images is the image of the interior point under the polarity. 

Finally, we also mention the following result about topological ovals 
in ideal flat linear spaces. 


THEOREM 2.4.13 (Topological Ovals, Secants — Tangent) 
Let O be a topological oval in an ideal flat linear space, let p € O, and 
let (Dn) be a sequence of points of O distinct from p that converge to p 
as n goes to infinity. Then the sequence of lines (ppn) converges to the 
tangent line of O at p. 


This general result is a corollary of the restriction of this result to flat 
projective planes, a proof of which can be found in Salzmann et al. [1995] 
Sections 55.9-55.18 or Buchanan—Hahl—Léwen [1980]. 


2.5 Topological Planes and Flat Linear Spaces 


A topological geometry is an abstract geometry satisfying a number of 
axioms whose sets of points and lines carry nonindiscrete topologies such 
that the geometric operations in the axioms are continuous maps on their 
domains of definition. For example, a projective plane is topological if 
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both its point and line sets carry topologies such that the operations 
of joining two points by a line and intersecting two lines in a point are 
continuous operations. A topological geometry is an X geometry if its 
point space is a topological space of type X. 

Not much can be said about general topological geometries. However, 
it can be shown that the finite-dimensional, locally compact, connected 
projective planes are closely related to the projective planes over the real 
numbers, the complex numbers, the quaternions, and the octonions. In 
fact, the 2-dimensional locally compact, connected projective planes are 
exactly the flat projective planes; see Salzmann et al. [1995] Section 42. 

The first part of Theorem 2.3.4 says that with respect to the natural 
topologies, ideal flat linear spaces are topological linear spaces. The sec- 
ond part highlights a special property of these topological linear spaces 
which is usually referred to as stability. This means that the ideal flat 
linear spaces are 2-dimensional, locally compact stable linear spaces. 
The converse of this result is not true. For example, the restriction of 
the Euclidean plane to the union of two disjoint open disks is a stable 
plane not all of whose lines are connected. 

The flat linear spaces are the 2-dimensional, locally compact stable 
linear spaces with connected lines; see also Subsection 1.2.1 for some 
background information. Let P = (P,L) be a flat projective plane and 
let C C P be either P, an open convex topological disk, the complement 
of a point, the complement of a closed convex topological disk, or the 
complement of a proper closed interval of a line. It is easy to verify that, 
the restriction of P to C yields a flat linear space. It turns out that every 
flat linear space ‘looks like’ one of the five essentially different types of 
geometries arising in this manner. In particular, the possible point sets 
of the flat linear spaces are the same as those of the ideal flat linear 
spaces and lines are either R- or S-lines. Furthermore, the classical 
examples of flat linear spaces that are not ideal flat linear spaces are the 
restrictions of the classical flat projective plane to the complement of the 
closed unit disk and the closed unit interval, respectively. There are flat. 
linear spaces on both R? and the Mobius strip that do not arise from 
flat projective planes as described above. It is not known whether every 
linear space on a Mobius strip is a flat linear space; see Problem 2.11.1. 

An R-line L in a flat linear space is called rigid if every one of its points 
is contained in only one R-line, namely L itself. It is called variable if 
every one of its points contains more than one R-line. Clearly, all R- 
lines in an R?-plane are variable and all R-lines in a point Mobius strip 
plane are rigid. 
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It turns out that most of the results of this chapter stay valid if we 
replace the term ‘ideal flat linear space’ by ‘flat linear space’. In par- 
ticular, all results about the way lines intersect, the topology of the 
line sets, line pencils, and automorphism groups remain valid. We can 
complement our results about ideal flat linear spaces as follows. 


THEOREM 2.5.1 (Flat Stable Planes) Let R = (P,L) be a flat 
linear space that is not ideal and let p € P. Then the following hold. 


(i) The point set P is homeomorphic to the Mobius strip. 

) The line set L contains both R- and S-lines. 

(iii) Every R-line is either rigid or variable. 

) The sets of all lines through p and R-lines through p are homeo- 
morphic to S! and a nonempty closed interval, respectively. This 
implies that at least one of the lines through p is an R-line and 
that there are infinitely many lines through p that are S-lines. 
(v) The line set L is homeomorphic to the real projective plane and 

the set of S-lines is homeomorphic to R?. 
(vi) The Mobius strip plane R has group dimension at most 4. 


The Mobius strip planes are the flat linear spaces whose point set is 
the Mobius strip. Depending on whether a Mobius strip plane has only 
rigid R-lines, both rigid and variable R-lines, or only variable R-lines, 
we call it a point Mobius strip plane, an interval Mobius strip plane, or a 
disk Mobius strip plane, respectively. Note that the restriction of a flat 
projective plane to the complement of a point, a proper closed interval 
of a line, or a proper closed convex disk, is a point, interval, or a disk 
Mobius strip plane, respectively. 

Let R be a flat linear space that has S-lines, that is, a flat linear space 
that is not an R?-plane. The opposite plane of R has as point set the 
set of S-lines of R. Associated with every point of R is a line of the 
opposite plane consisting of all S-lines through the point. 


THEOREM 2.5.2 (Opposite Planes) Let R be a flat linear space 
that is not an R?-plane. Then the opposite plane of R is an R2-plane. 
If R is a point Mobius strip plane, then the opposite plane is a flat affine 
plane. If R is a flat projective plane, then its opposite plane coincides 
with the dual of R. 


The fact that two lines in an opposite plane are connected by exactly 
one line follows from the fact that given an S-line in a flat linear space, 
every Other line intersects this S-line in exactly one point. 
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Salzmann [1969] and Léwen [1972] derived the possible point and 
line spaces of flat linear spaces. The best reference for the results 
concerning the topology of the objects and object spaces associated 
with flat linear spaces is Lowen [1995]. For more details about flat 
linear spaces and topological geometries, and a detailed list of references 
see Grundhdfer-Léwen [1995]. For detailed information about opposite 
planes see Lowen [1981c], [1995]. 


2.6 Classification with Respect to the Group Dimension 


In the following we summarize the classifications of the different types 
of flat linear spaces in terms of the group dimension. For descriptions 
of the different kinds of flat linear spaces in these classifications see 
Subsection 1.2.1 and Section 2.7. 

The overall strategy for classifying flat linear spaces (and other topo- 
logical geometries) is as follows. First, we have to derive the maximal 
group dimension of the geometries under consideration. Second, we use 
various classifications of Lie groups and their actions on the point sets 
of the geometries under consideration to come up with a first list of the 
(connected) Lie groups that may act as automorphism groups of our 
geometries. Usually there are only a few possibilities for the automor- 
phism groups of the geometries with large group dimension and their 
possible actions. Third, for every single one of the actions of groups in 
our list we determine all geometries admitting this action. The line join- 
ing distinct points is fixed by the stabilizer S of the two points, hence 
the line can often be found by studying the orbits of S. Once all possible 
geometries have been found it remains to determine the isomorphisms 
between them and their full automorphism groups. 

It turns out that among the flat linear spaces of a given type, the 
classical plane has maximal group dimension and that every nonclassical 
plane has a group dimension that is less than that of the classical plane. 

An excellent thorough exposition of the classification of the flat pro- 
jective planes of group dimension at least 3 can be found in the book 
Salzmann et al. [1995] Chapter 3. Rather than copying all the rele- 
vant material in that book, we only summarize the main results and 
extend them by many results and constructions outside its scope. Most 
of the other classification results are scattered throughout the litera- 
ture, although some good summaries are available; see, in particular, 
Grundhéfer—Lowen [1995] Theorems 5.14 and 5.15. 
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2.6.1 Flat Projective Planes 


If P is a flat projective plane of group dimension n > 2, then its auto- 
morphism group contains a closed connected subgroup A of the same 
dimension. A 1-dimensional orbit (of points) of A is nontrivial if it 
is not contained in a line. Such an orbit is either a topological oval, 
or a topological oval minus a point, or a topological semioval (see Sub- 
section 2.7.12) whose endpoints are distinct. Note that the possible 
nontrivial 1-dimensional orbits correspond to the three different ways 
in which a line can intersect a topological oval. The fiz-configuration 
of A is the union of all its fixed points, fixed lines, and nontrivial 1- 
dimensional orbits. If F' is the set of all points contained in one of the 
elements of the fix-configuration, its complement in the point set is the 
union of the 2-dimensional orbits of the group A. 


THEOREM 2.6.1 (Closed Connected Automorphism Groups) 
Let A be a closed connected subgroup of the automorphism group of a 
nonclassical flat projective plane. 


(i) If dim A = 4, then the commutator subgroup A’ is isomorphic 
to the universal covering group of SL2(R). Its fix-configuration 
consists of an antiflag. 

(ii) If dim A = 3, then the fiz-configuration consists of t points and t 
lines, where t is either 0, 1, or 2. The possible fix-configurations 
are illustrated by the different icons in Table 2.1, column ‘fix’. 


(a) [ft =0, then A is isomorphic to PSL2(R). 
(b) Ift = 2, then A is isomorphic to R x Lo. 


(iii) If dim A = 2, then A is isomorphic to R?, L2, or R x S!. Up 
to duality, the corresponding possible fix-configurations are those 
illustrated by the different icons in Table 2.1. 


See Salzmann et al. [1995] Theorem 33.9 and Theorem 34.9 for (i), 
Theorem 33.9 and Proposition 37.2 for (ii). Finally, for (iii), Groh [1976] 
Corollary 2.6 determines the possible groups, Groh [1977] determines the 
fix-configurations in the case A = R?, Groh [1976] 2.7 proves that the 
fix-configuration in the case A = R x S? is an antiflag, and, based on 
results in Groh [1976], Lippert [1986] Theorem F in Section 4 determines 
the possible fix-configurations in the case A = L2 up to duality. 

Table 2.1 summarizes the classification of the flat projective planes of 
group dimension at least 2. This means that, given a plane like this, the 
plane itself or its dual is isomorphic to one of the planes in this table. 
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s PGL3(R) aa Classical plane 


Moulton plane 


PSL2(R) Skew hyperbolic plane 
Skew parabola plane 
R x Le Cartesian plane 


Shift plane 
Pasted plane 


Triangle plane 


Le Stretchshift plane 
Stretchshift plane 
i Semioval plane 


Table 2.1. The flat projective planes of group dimension at least 2 up 
to duality 


In fact, if the group dimension is at least 3, dualizing a plane of a given 
type yields a plane of the same type. For example, the dual of a Moulton 
plane is again a Moulton plane. The way to extract information from 
this table is by reading from left to right. For example, if the group 
dimension is 2, A is isomorphic to R*, and A fixes exactly one flag, 
then the plane under consideration is a shift plane. 
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The classification of the flat projective planes of group dimension at 
least 3 is due to Salzmann and marks the beginning of topological inci- 
dence geometry. The main contributors to the classification of the flat 
projective planes of group dimension at least 2 are Salzmann, Groh, Lip- 
pert, Pohl, and Schellhammer. For a concise exposition of Salzmann’s 
classification we refer to Salzmann et al. [1995] Chapter 3 instead of refer- 
ring to Salzmann’s original papers. However, all his papers dealing with 
flat linear spaces are listed in the Bibliography. The relevant references 
for the classification of the planes of group dimension 2 are provided to- 
gether with a description of these planes in Section 2.7. The main results 
beyond Salzmann’s classification are contained in Groh [1976], [1977], 
[1979], [1981], Lippert [1986], Pohl [1990], and Schellhammer [1981]. 


THEOREM 2.6.2 (Homogeneous Flat Projective Planes) Let P 
be a flat projective plane. 


(i) The maximal possible group dimension of P is that of the classical 
flat projective plane. Its group dimension is 8. 

(ii) The plane P has group dimension at least 5 if and only if it is 
classical. 

(iii) The plane P has group dimension 4 if and only if tt is isomor- 
phic to a nonclassical projective Moulton plane M(k), that is, a 
projective Moulton plane with parameter 0 < k #1; see p. 66. 

(iv) The plane P has group dimension 3 if and only if it is isomorphic 
to one of the following planes. 

(a) A nonclassical skew hyperbolic plane H,, that is, a skew 
hyperbolic plane with parameter t > 0; see p. 76. 

(b) A nonclassical projective skew parabola plane E.,a, that is, 
a projective skew parabola plane with parameters 
0<c<1l<d, (c,d) $ (1,2); see p. 69. 

(c) A proper projective Cartesian plane Pa,B,es that is, a pro- 
jective Cartesian plane with parameters 0 < a,6 < 1, 
(a, 8) # (1,1), 0 <c, andc <1 if 1 € {a,f}; see p. 77. 


For this result in particular see Salzmann et al. [1995] Theorem 38.1. 


2.6.2 R?-Planes 


Let A be a flat affine plane, A its group of automorphisms, and A 
the group of automorphisms of the projective extension of A. Since 
every automorphism of A extends to an automorphism of its projective 
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extension, the group A is the stabilizer of the line at infinity of A in A. 
This implies that the classification of the flat projective planes translates 
in a straightforward way into a classification of the flat affine planes. The 
following theorem summarizes the classification of the planes with group 
dimension at least 3. 


THEOREM 2.6.3 (Homogeneous Flat Affine Planes) Let A be a 
flat affine plane. 


(i) The mazimal possible group dimension of A is that of the classical 

flat affine plane. Its group dimension is 6. 

(ii) The plane A has group dimension at least 5 if and only if it is 
classical. 

(iii) The plane A has group dimension 4 if and only if it is isomorphic 
to one of the nonclassical radial Moulton planes M(s); see p. 66. 

(iv) The plane A has group dimension 3 if and only if it is isomorphic 
to one of the following planes. 


(a) A nonclassical skew parabola plane E.,a; see p. 69. 

(b) A proper Cartesian plane Pa,gici see p. 77. 

(c) An affine plane that we arrive at by removing from a 
proper projective Cartesian plane Po,p.. the fired line of 
its automorphism group that contains only one fixed point; 
see p. 77. 

(d) An affine plane that we arrive at by removing from a non- 
classical projective Moulton plane M(s) a line through the 
fized point of its automorphism group; see p. 66. 


The most homogeneous R?-planes that are not flat affine planes have 
also been classified. 


THEOREM 2.6.4 (Homogeneous Proper R?-Planes) Let R be 
an R?-plane that is not a flat affine plane. 


(i) The maximal possible group dimension of R is 4. The only plane 
that has this group dimension is the real cylinder plane C(R), that 
is, the restriction of the Euclidean plane to an open half-plane; 
see p. 12. 

(ii) The plane R has group dimension 3 if and only if it is isomorphic 
to one of the following planes. 

(a) The real hyperbolic plane H(R), that is, the restriction of 
the Euclidean plane to the interior of the unit circle. 


2.6 Classification with Respect to the Group Dimension 61 


(b) Strambach’s SL2(R)-plane; see p. 78. 
(c) The following arc planes of Type R?. 


1. The exponential arc planes; see p. 72. 
2. The hyperbolic arc planes; see p. 72. 


(d) The following pasted planes made up of two arc planes 
each. 


1. A three-parameter family of pasted planes made up 
of exponential arc planes; see p. 89. 

2. A four-parameter family of pasted planes made up 
of hyperbolic arc planes; see p. 90. 


For (i) see Salzmann [1967b] Section 4. The remaining results were 
proved by Salzmann, Strambach, Ostmann, Betten, Lowen, Groh, Lip- 
pert, and Pohl. See Strambach {1970b], Groh {1982a], Groh—Lippert- 
Pohl [1983], and the references given in these papers. 


2.6.3 Mobius Strip Planes 


As in the case of flat affine planes, the group-dimension classification 
of the point Mdbius strip planes is a corollary of the group-dimension 
classification of the flat projective planes. Also, apart from a few excep- 
tions (see Theorem 2.6.5(iv)(d)) the most homogeneous interval and disk 
Mobius strip planes arise as subgeometries of the most homogeneous flat 
projective planes. 


THEOREM 2.6.5 (Homogeneous Mobius Strip Planes) Let M 
be a Mobius strip plane. 


(i) The mazimal possible group dimension of M is that of the clas- 
sical point Mobius strip plane; see p. 12. This plane has group 
dimension 6. 

(ii) The plane M has group dimension at least 5 if and only if it is 
isomorphic to the classical point Mobius strip plane. 

(iii) The plane M has group dimension 4 if and only if it is isomorphic 
to one of the following two planes. 


(a) The point Mobius strip plane that is obtained from a non- 
classical projective Moulton plane M(s) (see p. 66) by re- 
moving the fized point of its automorphism group. 

(b) The classical interval Mobius strip plane; see p. 55. 
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(iv) The plane M has group dimension 3 if and only if it is isomorphic 
to one of the following planes. 


(a) A point Mébius strip plane obtained from a flat projective 
plane P by removing a point p as follows. 


1. P is a nonclassical projective Moulton plane M(k) 
(see p. 66) and p is one of the points on the fixed 
line of its automorphism group. 

2. P is one of the nonclassical projective skew parabola 
planes Eo (see p. 69) and p is the fixed point of 
its automorphism group. 

3. P is one of the proper projective Cartesian planes 
(see p. 77) and p is the fixed point of its automor- 
phism group that is the intersection of the two fixed 
lines. 

4. P ts one of the proper projective Cartesian planes 
(see p. 77) and p is the fixed point of its automor- 
phism group that is not the intersection of the two 
fixed lines. 


(b) An interval Mobius strip plane obtained from a flat pro- 
jective plane P by removing a closed interval I as follows. 


1. P is a nonclassical projective Moulton plane M(k) 
(see p. 66) and I is one of the two intervals that 
connects the fixed point of the automorphism group 
with a point on the fixed line. 

2. P is one of the proper projective Cartesian planes 
Pap,c (see p. 77) and I is one of the two intervals 
that connect the two fixed points of its automor- 
phism group. 

(c) The disk Mobius strip plane that is obtained by restricting 
a skew hyperbolic plane H, (see p. 76) to the complement 
of the closed unit disk (note that this family includes the 
classical disk Mobius strip plane; see p. 55). 

(d) The exponential and hyperbolic arc planes generated by 
one arc each (see p. 72) with points at infinity added as 
described in the special case MDC(R); see p. 103. These 
planes are also disk Mobius strip planes. 


The proof can be found in Betten [1968]. The disk Mébius planes 
arising from exponential arc planes (iv)(d) have been overlooked in case 1 
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of the proof of his result 5.8; see Grundhéfer-Lowen [1995], Proof of 
Theorem 5.15. 


2.7 Constructions 


In this section we present some of the most famous, important, and 
appealing constructions for flat linear spaces. In particular, we construct 
the flat linear spaces with group dimension at least 3 and list many 
important characterizations and properties of these geometries. 

We have already encountered a number of constructions that allow us 
to construct one type of flat linear space from another as follows. 


e The restriction of a flat linear space to an open convex topological 
disk is an R?-plane. 

e The restriction of a flat projective plane to the complement of a proper 
closed convex subset is a Mobius strip plane. 

e Any point Mobius strip plane or flat affine plane can be extended to 
a flat projective plane. 

e The opposite plane of a Mdbius strip plane is an R?-plane. The 
opposite plane or, equivalently, the dual of a flat projective plane 
is also a flat projective plane. 


A number of other constructions of flat projective planes are mentioned 
in Subsection 1.1.3 (flat affine planes as derived planes of flat Mobius, 
Laguerre, and Minkowski planes) and Section 2.1 (disk models of flat 
projective planes, point Mobius strip planes from interpolating sets of 
functions). Further constructions of flat linear spaces from higher-rank 
circle planes will be investigated in the following chapters. 

Many of the geometries in this section are constructed by specifying 
the point set of a geometry, some generating lines, and a generating 
group of automorphisms of the geometry. The lines of the geometry are 
the images of the generating lines under elements of the group. Many 
of the generating lines can be given as graphs of real-valued functions. 
Given such a function f, the slope supply of f, denoted by slp f, is the set 
of all slopes of secants of the graph of f. For example, the slope supply 
of the exponential function R — R: x e” is the interval (0, 00). 


2.7.1 Original Moulton Planes 


The (original) Moulton planes are flat affine planes. They were in- 
troduced by Moulton [1902] and are some of the earliest examples of 
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nonclassical flat affine planes. The most homogeneous nonclassical flat 
projective planes are the projective extensions of these flat affine planes. 

We fix a positive real number k. We arrive at the Moulton plane M; 
by replacing every line in the Euclidean plane with positive slope m by 
a line that starts out as this Euclidean line in the right half-plane and 
continues as a line of slope km in the left half-plane. This gives the 
following ‘bent’ lines. 


{(z,ma +t) € R? | 2 >0}U {(2,kme + t) € R? | « < 0}, 


where m,t € R,m > 0; see Figure 2.8. 


Fig. 2.8. Three lines through the origin in an original Moulton plane 


You can also think of this plane as being glued together along the 
y-axis from two Euclidean halves. The number k is the ‘glue’ factor. 
Two such planes M, and My are isomorphic if and only if k’ = k 
or k’ = 1/k. In particular, we obtain the Euclidean plane for k = 1. 
For k # 1 the resulting planes are nonclassical. 

We already mentioned that the projective extensions of the Moulton 
planes play a very important role in the theory of flat projective planes. 
It is quite cumbersome to extract information about the full automor- 
phism group of these planes from the above model. We only observe 
that the maps of the form 


R? — R?: (2, y) 4 (az, by +c) 


where a,b,c € R, a,b > 0, form a 3-dimensional group of automor- 
phisms of M,. The radial model of the projective Moulton planes that 
we will introduce in Subsection 2.7.3 is more suitable for describing the 
full automorphism group of the projective extension of M,. For com- 
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prehensive information about Moulton planes see Salzmann et al. [1995] 
Example 31.25(b) and Section 34. 


2.7.2 Semi-classical Planes and Generalized Moulton Planes 


The Moulton planes have been generalized in various ways in the topo- 
logical, field, and finite settings; see Steinke [1985a] and the references 
given there. In this subsection we describe all those flat affine planes 
that are, just like the Moulton planes, glued together from two Euclidean 
half-planes; see Steinke’s paper for details. Let h,g : R — R be two 
orientation-preserving homeomorphisms. Then the semi-classical flat 
affine plane Aj;,,, is constructed as follows. The point set is R?. Lines 
are the vertical Euclidean lines and the sets 


{(z,ma +t) € R? | 2 >0}U {(z, 97 (h(m)z + g(t))) € R? | z < 0}, 


where m,t ER. 

We call these planes semi-classical because the geometries and topolo- 
gies on Ay = R* x Rand A_ = R™ x R are the same as on the corre- 
sponding subsets of the (topological) Euclidean plane. One can think of 
these semi-classical planes as being obtained from the Euclidean plane 
by cutting the plane along a line—the y-axis—and gluing the two pieces 
together in a new way. 

Let Ho,1 be the set of all homeomorphisms R — R that fix both 0 
and 1. 


PROPOSITION 2.7.1 (Semi-classical Planes) Let A = (P,L) be a 
flat affine plane and let L € L. If the restrictions of A to the connected 
components of P\ L are both isomorphic to Euclidean half-planes, then 
there exist g,h € Ho such that A is isomorphic to the semi-classical 
flat affine plane An,g. 

A semi-classical plane Ang with g,h € Ho,1 is classical if and only 
ifg=h=id. 


For a proof of this result see Steinke [1985a] Proposition 2.2 and Corol- 
lary 3.2. The semi-classical planes comprise the generalized Moulton 
planes which are obtained for g = id and the original Moulton planes 
which are obtained for g = id and 


xz forz<0, 


hiRoRieo {e, for z > 0. 
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See Subsections 2.7.10 and 2.7.11 for a number of different cut-and- 
paste constructions of ideal flat linear spaces that generalize the con- 
struction of the semi-classical planes. 


2.7.38 Radial Planes and Radial Moulton Planes 


The whole Euclidean plane can be generated as follows. Start with a 
(generating) Euclidean line that does not contain the origin and consider 
the images of this line under all possible rotations around the origin 
and dilatations with all possible positive dilatation factors. Finally, add 
the Euclidean lines that pass through the origin to get all lines of the 
Euclidean plane. We can construct nonclassical flat affine planes by 
replacing the generator in the above construction by a topological line 
that is not too different from a Euclidean line. 

Schellhammer [1981] Satz 7.9 proves that up to rotation around the 
origin every topological line ZL that generates a flat affine plane in this 
manner has a description in polar coordinates as follows: 


{(y, (f(~))7') | — 2/2 < g < 2/2}, 


where f : [—7/2,7/2] — R is a continuous function such that 


(i) f is positive when restricted to (—1/2, 7/2), 


(ii) f(—m/2) = f(n/2) = 0, 
(iii) Inf : (—7/2,7/2) —> R: ye In f(y) is strictly concave. 


Conversely, every function such as this generates a flat affine plane. 
Consider the function 


fs: [-m/2,m/2] — [0,00) : p 4 e~*? cosy, 


where s > 0. Then f, satisfies the three conditions above. Let M(s) 
denote the resulting flat affine plane. It turns out that the flat projective 
plane M(s) which corresponds to this function is isomorphic to the 
projective original Moulton plane M, with ‘glue factor’ k = e?** that 
we introduced in Subsection 2.7.1. In particular, M(0) is the Euclidean 
plane and M(0) is the classical flat projective plane. 

Identify R? with C in the usual manner. Then an isomorphism be- 
tween M(s) and Mg is given by the extension of the homeomorphism 


rcosy’ 


C\iR > (R\ {0}) x R: rel? 4 ( as tang) 


where r > 0, 7/2 4 y € (—27/2, 7/2). 
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Note that this homeomorphism extends uniquely to an isomorphism 
between M(s) and M; which maps the line at infinity of M(s) to the 
line in M,, that corresponds to the y-axis (the ‘bending line’). The 
main advantage of the radial model is that none of the automorphisms 
of a nonclassical projective Moulton plane M(s) moves this special line. 
This implies that the automorphism group of the projective Moulton 
plane M(s) coincides with the automorphism group of the flat affine 
plane M(s). 

The rotations around the origin form a 1-dimensional group of au- 
tomorphisms of M(s). Together with the 3-dimensional group of au- 
tomorphisms apparent in the flat affine plane M, this 1-dimensional 
group generates a 4-dimensional group of automorphisms of the com- 
mon projective extension of these two flat affine planes. 

The only point and line fixed by all automorphisms of a nonclassical 
projective Moulton plane are the origin and the line at infinity of M(s) 
(‘=’ the infinite point of the z-axis and the line that extends the y-axis, 
respectively, in M,). 


THEOREM 2.7.2 (Group Dimension 4) A flat projective plane has 
group dimension 4 if and only if it is isomorphic to one of the mutually 
nonisomorphic projective Moulton planes M(s) for s > 0. 


As we already mentioned in Theorem 2.6.1, if A is the automorphism 
group of the plane M(s), s > 0, then A’ is isomorphic to the universal 
covering group of SLo(R). See Salzmann et al. [1995] Section 34 and 
Schellhammer [1981] for more detailed information about these results 
and constructions. 


2.7.4 Shift Planes and Planar Functions 
We deform the Euclidean plane by the homeomorphism 
R? = R?: (2,y) + (2,y +2”). 


Under this deformation the verticals stay unchanged and the nonvertical 
line that is the graph of the linear function R ~- R: 2+ bx +c turns 
into the parabola given by the quadratic function 


ROR: tyr? t+bete. 


This model of the Euclidean plane is called the parabola model. 
A second method of constructing the same plane from the Euclidean 
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plane is to keep all vertical lines and to replace all nonvertical lines by 
the parabola {(z,2”) € R? | « € R} and its ‘translates in all possible 
directions’, that is, the nonvertical lines are the images of the parabola 
under all Euclidean translations 


R? > R?: (2,y) > (c+4,y +), 


where a,b € R; see Figure 2.9. 

We generalize this construction by replacing the parabola by the graph 
of a function f : R — R and consider the geometry G(f) whose lines are 
the verticals in R? plus all translates of the graph of f. We say that f 
is a planar function if and only if G(f) is an affine plane. 


Fig. 2.9. A shift plane 


THEOREM 2.7.3 (Continuous Planar Functions) Let f : R —- R 
be a continuous function. Then G(f) is a flat affine plane if and only 
if f has the following properties: 


(i) f is strictly convex (or concave); 
(ii) limg+oo f(x) — az = +00 (or —oo) for alla eR. 


COROLLARY 2.7.4 (Differentiable Planar Functions) Given a 
differentiable function f : R — R, the geometry G(f) is a flat affine 
plane if and only if the derivative of f is a homeomorphism R — R. 


Continuous or differentiable planar functions R — R are also called 
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parabolic or strictly parabolic functions. The flat affine plane generated 
by a parabolic function is called a shift plane (see Figure 2.9) and we 
call the projective extension of such a plane a projective shift plane. 

Note that all Euclidean translations are automorphisms of all shift 
planes. However, only the translations in the vertical direction are trans- 
lations of the shift plane in the geometric sense. Because of this fact the 
Euclidean translations are called shifts of the plane. 


THEOREM 2.7.5 (Classical Shift Planes) Let f be a parabolic 
function. Then the shift plane G(f) is classical if and only if f is a 
quadratic polynomial. 


THEOREM 2.7.6 (Fix-Configuration) A flat projective plane is 
isomorphic to a projective shift plane if and only if its automorphism 
group contains a subgroup A isomorphic to R? that fixes precisely one 
line. 


See Groh [1976] 3.6 Al, B1 and Groh [1982b] for proofs of these results. 

The above construction generalizes as follows. Let A and B be two 
abelian groups and let f : A B. As above, we define a geometry with 
point set A x B whose lines are the verticals in A x B and the graphs 
of the functions A + B: 2+ f(x —a) +6, where (a,b) € Ax B. Then 
the function f is called planar if and only if this geometry is an affine 
plane. It has been shown that continuous planar functions R” — R” 
exist only for n = 1,2. See Salzmann et al. [1995] Section 74 for more 
information about continuous planar functions. 


2.7.4.1 Skew Parabola Planes 


We concentrate on a particularly nice class of continuous planar func- 
tions to construct the so-called skew parabola planes. 


For c,d € R with c > 0 and d> 1 let 
x? = forz>0 

:ROR: Se 
eee oer for z <0. 


We call f a skew parabola function and the graph of f a skew parabola. 
Clearly, the derivative of such a function f is a homeomorphism. 
Therefore f generates a shift plane which we denote by &.4. Besides 
the shifts these skew parabola planes also admit the automorphisms 
R? | R?: (z,y) 4 (rz,r4y), 


where r€ Rt. 
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Clearly, €1,2 is the Euclidean plane and €,,q is isomorphic to €,-14 
via the homeomorphism R? — R? : (z,y) + (—a,c71y). Only the 
point at infinity of the verticals and the line at infinity are fixed by all 
automorphisms of a nonclassical projective skew parabola plane. 

The following theorem characterizes the nonclassical projective skew 
parabola planes among the flat projective planes. 


THEOREM 2.7.7 (Characterization of Skew Parabola Planes) 
Let © be the full automorphism group of a flat projective plane. Assume 
that the connected component &' has dimension 3 and fixes precisely 
one flag of the plane. Then the plane is isomorphic to one of the mu- 
tually nonisomorphic projective shift planes Coa whereQO<c<l<d 
and (c,d) # (1,2). Conversely, all these planes satisfy our hypotheses. 

Let (c,d) # (1,2). Then the full automorphism group © of Eca has 
dimension 3, and the connected component !, acting on the points of 
the flat affine plane E,,4, is 


{R? = R?: (2, y) (ra +a,r¢y +b) | a,b,r € R,r > O}. 
Furthermore, & = 5 for c #1, and 
Y= rl (R? = R?: (2, y) & (-2,y)) 
forc=1. 


For these and other results about the skew parabola planes see Salz- 
mann et al. [1995] Chapter 36. 


2.7.5 Arc Planes 


Generalizing shift planes leads to R?-planes which are usually referred 
to as arc planes. The main results about these planes were proved in 
Groh [1976], [1979], [1982a], and [1982b]. 

Just as in the case of shift planes, the automorphism group of an 
arc plane has a subgroup that acts sharply transitively on the point set 
of the plane. This subgroup is homeomorphic either to the group R? 
consisting of all Euclidean translations 


tap: R? > R’: (2,y) > (ec +a,y+), 
where a,b € R”, or to the group Lg consisting of all homeomorphisms 


ha,b :HOA: (x, y) i (ax, ay + 6), 
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where H is the half-plane {(z,y) € R? | z > 0} and a,b € R, a> 0. 
Accordingly, we distinguish between arc planes of type R? and arc planes 
of type Lg. 

Let P be the coordinate plane R? or the half-plane H, let G be the 
group R? or the group Lg, and let R be the Euclidean plane or the 
restriction of the Euclidean plane to the half-plane H, respectively. We 
say that a line in R has slope s € RU {oo} if it is part of a Euclidean line 
that has this slope. The slope supply of a set of points in P is the set of 
all slopes of secant lines of the set. Two sets of points are slope disjoint 
if their slope supplies do not have any elements in common. If P = R?, 
then a set of points is called projectable if the following condition is 
satisfied. 


e There is a parallel class of Euclidean lines such that every one of these 
lines intersects the set in at most one point and the set itself is not 
contained in any strip bounded by two of these parallel lines. 


If P = H, then a set of points is projectable if one of the following two 
conditions is satisfied. 


e Every vertical Euclidean line meets the set in at most one point and 
the set is not contained in a strip bounded by two of these lines. 

e There is a point p on the y-axis such that all the lines in R that have p 
as their boundary point intersect the set in at most one point and the 
set is not contained in a sector bounded by two of these lines. 


Let A be a collection of topological lines in P such that the following 
hold. 


(i) All elements of A are topological arcs in R. 

(ii) None of the elements of A has a slope supply equal to R.U {oo}. 
(iii) Any two distinct elements of A are slope disjoint. 
(iv) All elements of A are projectable. 


Let S be the set of all lines in R that have a slope that is not contained 
in the slope supply of any arc in A. Finally, let £ consist of all elements 
of S and all images of the elements of A under elements of the group G. 
The geometry (P, £) is called the arc plane generated by A. 


THEOREM 2.7.8 (General Arc Planes) Arc planes are R?-planes. 
Given an R?-plane whose automorphism group contains a 2-dimensional, 
closed, point-transitive subgroup, this R?-plane is isomorphic to an arc 
plane. 


72 Flat Linear Spaces 
For a proof of this theorem see Groh [1979] Theorem 7.5. 


2.7.5.1 Arc Planes of Type R? 


Figure 2.10 shows some examples for sets A of arcs that generate arc 
planes of type R? and the corresponding sets S. 


Fig. 2.10. Two arc planes 


In the first example A contains only the graph of the exponential 
function R — R: x » e* and S contains all Euclidean lines with 
nonpositive slope. In the second example A contains both the graphs 
of the exponential function and the function R —~ R:: «+ e~*. The 
set S' consists of all the horizontals and verticals. We remark that this 
last example is isomorphic to the restriction of the Euclidean plane to 
an open half-plane; see also the end of Subsubsection 2.7.5.2. 

The following result characterizes the shift planes among the arc 
planes of type R?; see Groh [1976] Theorem 3.6 Al, B1 and Groh [1979] 
Theorem 6.3. 


THEOREM 2.7.9 (Arc Planes and Shift Planes) An arc plane of 
type R? is a flat affine plane if and only if it is the image of a shift plane 
under a rotation of its point set. 


Apart from the skew parabola planes there are two further classes of 
arc planes of group dimension 3. These are the hyperbolic arc planes 
and the exponential arc planes; see Groh—Lippert—Pohl [1983]. 

There are two types of hyperbolic arc planes. A plane of the first type 
is generated by the graph of one of the functions 


Rt -R:2rvz', 
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where s < —1. A plane of the second type is generated by the graphs of 
the two functions 


Rt S>R:zv 2’ and R* > R: eer’, 
where r < —1 and s < 0. Apart from the Euclidean translations the 
maps 
R? | R?: (x,y) + (éz, ty), 
where ¢ > 0, are also automorphisms of these geometries. 
There are also two types of exponential arc planes. There is only one 
plane of the first type. It is generated by the graph of the exponential 
function R —~ R: 2+ e®. A plane of the second type is generated 


by the graph of the exponential function and the graph of one of the 
functions 


R—-R: 2+ —sgn(s)e*, 


where |s| > 1. Apart from the Euclidean translations the geometries 
also admit the automorphisms 


R? > R? : (2,y) > (2, ty), 


where t > 0. 
Convince yourself that none of the hyperbolic or exponential arc planes 
is a flat affine plane. 


2.7.5.2 Arc Planes of Type L2 


Figure 2.11 shows some examples for sets A of arcs that generate arc 
planes of type Le and the corresponding sets S. In the picture on the 


Fig. 2.11. Three arc planes of Type L2 
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left the set A consists of the intersection of the unit circle with H and 
the set S consists of all horizontals. This is the well-known Poincaré 
model of the real hyperbolic plane on H. The set A corresponding to 
the diagram in the middle consists of the graphs of the functions 


Rt >R: ae in(z+1)t+1land Rt 9 R: 2 —-In(x+1)-1. 


The corresponding set S consists of the lines of slope greater than 1, 
those of slope less than —1, and those of slope 0. The set A corresponding 
to the diagram on the right consists of the graph of the function 


Rt SR: 2H 2741/2. 
The corresponding set S consists of all the vertical lines. The topological 


arcs in Figure 2.12 do not generate arc planes of type Lo. 


Fig. 2.12. Arcs that do not generate arc planes of type Le 


Groh [1976] 3.6 A2, A3, B2, B3 characterizes the arc planes of type Le 
that are affine planes; see also Groh [1979] Theorem 6.4. There are two 
different kinds of such planes. The planes of the first kind are generated 
by one topological arc and the planes of the second kind are generated 
by two topological arcs. We call these affine planes stretchshift planes. 


Stretchshift planes generated by one arc: Let L be the graph of a strictly 
convex continuous function f : Rt — R such that 


e lim;—.0,400 f(z) — az = +00, for alla eR. 


For example, the function Rt ~ R: x + 2? +1/z satisfies this 
condition. The set S consists of all vertical lines in the half-plane H. 
In the projective extension of such a flat affine plane the group Le 
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fixes exactly one point and one line (the infinite point of the verticals 
and the line at infinity). 


Stretchshift planes generated by two arcs: Let L be the graph of a strictly 
convex continuous function f : R* — R that satisfies the following 
conditions: 


e limzo f(x) = 00; 

@ limz+o0 f(x) = —00; 

© limz+o0 f’(xz) = 0 (note that since f is convex, it is differentiable ev- 
erywhere, with the possible exception of a set of Lebesgue measure 0). 


For example, the function Rt — R: r++ —Inz satisfies these condi- 
tions. Furthermore, let M be the graph of a continuous strictly concave 
function g such that —g also satisfies the three conditions above. Then 
the set A consists of L and M and the set S consists of all horizontal 
and vertical lines in H. 

In the projective extension of such a flat affine plane the group Lz fixes 
exactly two points and one line (the infinite points of the horizontals and 
verticals, and the line at infinity). 


THEOREM 2.7.10 (Arc Planes and Stretchshift Planes) An arc 
plane of type Le is a flat affine plane if and only if it is a stretchshift plane 
generated by one arc or the image of a stretchshift plane generated by two 
arcs under one of the homeomorphisms H > H : (x,y) ++ (x, ty+ az), 
wherea eR. 

If P = (P,L) is a flat projective plane whose automorphism group 
contains a subgroup A isomorphic to Le that fixes precisely one line L, 
and acts transitively on P\ L, then A fixes one or two points on this 
line and P is a projective stretchshift plane. 


In Groh [1982b] the question when two arc planes are isomorphic 
is answered completely. In particular, the arc planes of type R? that 
are isomorphic to arc planes of type Lz are described explicitly; see 
Groh [1982b] 5.3: 


e The Euclidean plane is isomorphic to the arc plane of type Le gener- 
ated by the graphs of the functions 


R*+—R:2—-Inz and Rt —~R:2— —Inz. 
e The arc plane of type R? generated by the functions 


R-R:2-e* andR-—R:2z— -e* 
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is isomorphic to the restriction of the Euclidean plane to the half- 
plane H. 
e The arc plane of type R? generated by the function 


R-R:z-e” 
is isomorphic to the arc plane of type Lz generated by the function 
Rt +>R:2—-lng. 
e The arc planes of type R? generated by the functions 
R-R:cre* andR-R:zr —sgn(s)e”, 


where s # 0, 1 is isomorphic to the arc plane of type Le generated by 
the function 


RtsSR:zvre’. 


See Groh [1976], [1979], [1982a], and [1982b] for more information 
about arc planes. 


2.7.6 Skew Hyperbolic Planes 


The family of flat projective planes described in the following is one of 
the exceptional families of flat projective planes of group dimension 3. 
For t € R, define the generating curve 


{(z,0) €R? | -1<2<1}U{(z,y) € R? | tay > 0,y? = t? (2? — 1)}. 


For t 4 0 this curve consists of the part of the z-axis contained in the 
unit circle and two halves of two branches of a certain hyperbola. See 
Figure 2.13. For t = 0 the curve coincides with the z-axis. In either case 
the curve together with the infinite point of its asymptote, the Euclidean 
line of slope ¢t through the origin, is a topological circle L; embedded in 
the real projective plane. 

We construct a flat projective plane as follows. Let A be the group 
of automorphisms of the classical flat projective plane that fix the unit 
circle and induce orientation-preserving homeomorphisms of the circle 
to itself. This group is the so-called hyperbolic motion group PO3(R, 1) 
which is isomorphic to PSL2(R). The lines of the plane are the exterior 
lines and tangents of the unit circle in the classical plane plus the images 
of Lz under elements of the group A. We call the resulting flat projective 
plane the skew hyperbolic plane Hz. 
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Fig. 2.13. The generating curve L; 


THEOREM 2.7.11 (Characterization Skew Hyperbolic Planes) 
A flat projective plane is isomorphic to a skew hyperbolic plane if and 
only if its automorphism group contains a closed subgroup isomorphic to 
the 3-dimensional Lie group PSL2(R). 

Furthermore, H; is isomorphic to H_, for allt € R and Ho is the 
classical flat projective plane. For t > 0 the planes are nonclassical and 
pairwise nonisomorphic. Their full automorphism group is isomorphic 
to PSL2(R). This automorphism group fixes the unit circle, but has 
neither fixed points, nor fixed lines. 


See Salzmann et al. {1995] Section 35 for this result and further infor- 
mation about this class of flat projective planes. 


2.7.7 Cartesian Planes 


Let a, B,y,7,c be positive parameters. We define a new multiplication 
on R as follows: 


ax for a,x > 0, 
ee a%r fora >0,z2 <0, 
~ ) az® fora < 0,2 >0, 


jal%clz|7 for a,x <0. 


Then R provided with the new multiplication and the usual addition 
is a Cartesian field. This implies that the set consisting of all vertical 
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Euclidean lines plus all graphs of the ‘linear’ functions 
R-R:2raxzt+s, 


where a,b € R, is the line set of a flat affine plane on R?. 
Figure 2.14 depicts a line pencil in one of these flat affine planes. The 
other lines in this plane are vertical translates of the lines in this pencil. 
Let a7! +87! > 1,7 =ak and 7 = Bk with k = (a+ B—aB)-! > 0. 
The corresponding flat affine plane is denoted by Pa,g,- and is called a 
Cartesian plane. It admits the automorphisms 


R? — R?: (z,y) + (a(b* 2), ay +), 


where a,b,t € R, a,b > 0. 
These automorphisms form a group that is isomorphic to R x Lo. 


THEOREM 2.7.12 (Characterization of Cartesian Planes) 
A flat projective plane is isomorphic to one of the pairwise nonisomor- 
phic nonclassical projective planes Pa,g,- with parameters 0 < a, 8 <1, 
(a, 8) # (1,1), 0 < c, andc < 1 if 1 € {a,f} if and only if its full 
collineation group has dimension 3 and fixes precisely two points and 
two lines. The fixed points are the infinite points of the horizontals and 
verticals of Pag,, and the fixed lines are the line at infinity of Pa,g,¢ and 
the line that corresponds to the y-azis. 

Furthermore, Pi, 1,1 18 the classical flat projective plane and P,,1,¢ is 
the Moulton plane Mg. 


See Salzmann et al. [1995] Section 37 and, in particular, Theorem 37.4 
for more detailed information about the Cartesian planes. We call a (pro- 
jective) Cartesian plane (Pa,,c) Pa,6,< proper if its parameters a, 3,c 
are as in this theorem, that is, 0 < a,8 < 1, (a,8) # (1,1), 0 <.¢, 
and c < 1if1€ {a, B}. 


2.7.8 Strambach’s SL2(R)-Plane 


This proper R?-plane of group dimension 3 was constructed in Stram- 
bach [1968]. We start with the Euclidean plane and replace all lines 
that do not pass through the origin by all images of the topological 
are {(x,2~1) € R? | z € R*} under the group SL2(R), that is, the group 
of all real 2x 2 matrices of determinant 1. Note that the lines that do not 
pass through the origin form an orbit under the group SL2(R). Stram- 
bach proved that this plane does not admit a strong group-preserving 
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Fig. 2.14. The line pencil through the origin in a Cartesian plane 


open embedding into any compact projective plane. However, Strop- 
pel [1993b] Theorem 7 showed that it is isomorphic to the restriction of 
some flat projective plane to one of its open convex subsets. 


2.7.9 Integrated Foliations 


The nonvertical lines in the Euclidean plane are the graphs of all linear 
functions R~ R: 2+ ar+b,a,be€R. The linear functions are the 
integral functions of the constant functions R > R:rHa,aeR. 

In this way the Euclidean plane ‘is the integral’ of the parallel class 
consisting of the horizontal lines. 

If we replace the parallel class in this construction by the parallel 
class consisting of all lines with slope & 4 0, then the ‘integral’ of this 
parallel class is one of the parabola models of the Euclidean plane that 
we considered above. 

More generally, let F’ be a 1-unisolvent set of continuous functions 
on R, that is, for every (x,y) € R? there is exactly one function in the 
set such that f(x) = y. We can define a geometry whose point set is R?, 
and whose lines are the verticals plus the graphs of all integral functions 
of the functions in the set. As a consequence of Theorem 7.2.2, this 
geometry is always an R?-plane. It is a flat affine plane if and only if 
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for any two distinct functions f and g in the 1-unisolvent set 


lim 
xz—too 


[He = aoa = oe 


See Subsection 5.3.4 and Polster [1995b] for details about this con- 
struction and how it extends to a constructions of flat Laguerre planes. 
In Chapters 5 and 7 we will consider various generalizations of this con- 
struction that allow us to construct rank n+1 geometries by integrating 
rank n geometries. 


2.7.10 Different Ways to Cut and Paste 


In the following we describe a number of simple methods that allow us 
to combine flat linear spaces of the same type into new flat linear spaces. 
We describe various counterparts of these constructions in the following 
chapters. 

For more information about cut-and-paste constructions in flat linear 
spaces see Groh [1981], Groh [1982b], Stroppel [1993a], and Polster— 
Steinke [1995]; see also the following subsection. 


2.7.10.1 Cut and Paste in the Point Set 


Let R; = (P, Li), i = 1,2, be two ideal flat linear spaces that share a 
closed topological arc or topological n-gon O. The set P \ O has two 
connected components. Let C! be the component homeomorphic to the 
open unit disk and let C? be the other component. 

We define a new geometry R. Its point set is P and its lines are as 
follows. 


(i) All lines in Rz that do not intersect O plus all lines that inter- 
sect O in an interval, including those intervals that contain only 
one point. 

(ii) If qg and r are distinct points on O, let N; be the restriction of 
the line gr in R; to Ct. Then Ni U No U {q,r} is a line in R. 


PROPOSITION 2.7.13 (Cut and Paste I) Let R;, i = 1,2, be two 
ideal flat linear spaces of the same type sharing the same point set P and 
a closed topological arc or topological n-gon O. Then the geometry R 
defined above is a flat linear space of the same type as R;. If both Ry 
and Rz are flat affine planes, then so is R. 


2.7 Constructions 81 


Proof. We only prove this in the case that P = R?, that is, in the case 
that the geometries ?;, 7 = 1,2, are R?-planes. The proofs for point 
Mobius strip planes and flat projective planes run along the same lines. 

It suffices to check that R is a linear space. Consider the pencil of 
lines in R through an arbitrary point p € P. First, assume that p € C! 
and let o € O. Repeated application of Lemma 2.3.2 or Theorem 2.3.4 
yields that the line op depends continuously on the point o. Further- 
more, Theorem 2.2.3(vi) implies that for distinct 01,02 € O the lines o,p 
and o2p coincide or intersect only in the point p. Now repeated appli- 
cation of Theorem 2.3.4 yields that, as we move o around Q, the line op 
will hit every point of R? different from p exactly once. This means that 
every point different from p is contained in exactly one line in the pencil 
of lines through p. For p € O UC? similar arguments yield the same 
conclusion. This proves that R is an R?-plane. 

Assume that R; and Fz are flat affine planes. Then similar arguments 
show that two distinct lines in R intersect in a point if and only if the 
two lines in R2 that gave rise to them intersect in a point. This implies 
that 7 is also a flat affine plane. O 


Fig. 2.15. Gluing with respect to an oval 


Let R; = (P,£L), i = 1,2, be two ideal flat linear spaces as above 
and let O; be a simply closed topological arc or topological n-gon in R,. 
Then there is a homeomorphism y : P > P such that 7(Q1) = O2 and 
such that vertices are mapped to vertices if we are dealing with n-gons. 
This means that 7(71) can be combined with Re into a new flat linear 
space using the above result. 

Cutting and pasting as above between two lines is also possible. We 
start with two flat affine planes or two flat projective planes R;, 7 = 1, 2, 
sharing the same point set P and two distinct lines K and L. 
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If the two geometries are flat projective planes, then P \ (K U L) has 
two connected components; let us call them C! and C?. 

If the two geometries are flat affine planes and K and L are parallel, 
let C! be the connected component of P\(K UL) bounded by these two 
lines and let C? be the union of the other two components. If K and L 
intersect in a point p, let J be a line through p different from K and L 
and let C! be the union of the two of the four connected components 
that contain parts of J. Let C? be the union of the other two connected 
components. 

We define a new geometry FR. Its point set is P and its lines are as 
follows. 


(i) All lines in R; that are completely contained in K ULUC* (this 
includes K and L). 
(ii) If g is a point on K and r is a point on L such that neither of the 
two points is contained in both lines, let N; be the restriction of 
the line gr in R; to C*. Then Ni U No U {q,r} is a line in R. 
(iii) (This only applies in the case that K and L intersect in the point p 
and we are dealing with flat affine planes.) Let {M,N} = {K, L}, 
let r # p be a point of M, let N; be the restriction to C* of the 
parallel to N through r in R;. Then Ny UN2U {r} is a line in R. 


PROPOSITION 2.7.14 (Cut and Paste II) Let Ri, i = 1,2, be 
two flat affine planes or two flat projective planes sharing the same point 
set P and two lines. Then the geometry R defined above is also a flat 
affine plane or flat projective plane, respectively. 


The proof of this result runs along the same lines as that of the previ- 
ous result. Figure 2.16 illustrates the combining of two flat affine planes 
along two (common) parallel lines. 


Fig. 2.16. Cut and paste with respect to two lines 
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Let R; = (P,£;), i = 1,2, be two ideal flat linear spaces of the same 
type as above. Choose two pairs of distinct lines K;, DL; € R, in such a 
way that |K1 9 L1| = |KoL|. Then it is easy to construct a homeo- 
morphism + of the common point set P to itself such that y(1) = Ko 
and y(Li) = Lz. This means that y(R1i) (which, of course, is isomor- 
phic to R,) and Re are two ideal flat linear spaces on P that share two 
lines. This implies that there are infinitely many ways to combine any 
two given flat affine or projective planes into new planes. 

Combining two point Mobius strip planes R;, 1 = 1,2, that share the 
same point set P and two lines K and L is also possible. Just one-point- 
compactify P by a point oo to the real projective plane P’. Then the 
two flat projective planes on P’ that correspond to R; and Re can be 
combined into a new flat projective plane R’ using the common lines 
that correspond to K and L. The restriction R of R’ to P is the new 
point Mobius strip plane we have been looking for. 


2.7.10.2 Cut and Paste in the Line Set 


Dualizing Proposition 2.7.14 in the case of flat projective planes suggests 
also trying to cut and paste directly in the line space of flat linear spaces. 

Let R = (P,L) be an ideal flat linear space and let p and q be two 
distinct points. Let C+ be a connected component of pq\ {p,q} that has 
both p and g as boundary points, let C~ = pq \ ({p,q} UCT), let £9 
be the set of all lines in £ that do not intersect pq or contain p and/or q, 
and let Lt and Lo be the set of lines that intersect pg in C+ and C~, 
respectively. Clearly, the set of lines £ is the disjoint union of the three 
sets £9, Lt, and L7. 


PROPOSITION 2.7.15 (Cut and Paste III) Let R; = (P,L£;), 
i = 1,2, be two ideal flat linear spaces of the same type. Suppose that 
there are distinct points p and q such that L?" = LE". We define a new 
set of lines L= LE 7ULT ULZ. Then R = (P,L) is an ideal flat linear 
space of the same type as R,. If both Ri and Re are flat affine planes, 
then so is R. 


Proof. We first. show that FR is a flat linear space. For this it suffices 
to prove that, given two distinct points r and s in 7;, it is possible 
to infer, by only looking at lines in the common set L?’", which of the 
three disjoint sets £?, Le , and £; the connecting line rs is contained 
in. If both points are contained in the line pg, then rs = pg € L%"4. 
Without loss of generality we may assume that r ¢ pg. Then Figure 2.17 
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Fig. 2.17. Existence of a connecting line 


illustrates that the lines through r in the common set £?"? partition the 
point set of the plane into four disjoint sets: (1) the grey region; (2) 
the white region; (3) rp Urq; and (4) the black region that is exhausted 
by the lines in £?? that do not intersect pg. Note that this last set 
may be empty if pq is an S-line or consist of only one line (e.g., if we are 
dealing with affine planes); see Theorem 2.3.6. Since lines in a flat linear 
space intersect transversally, it is clear that, depending on whether the 
point s is contained in region 1, 2, or 3U4, the connecting line rs will 
be contained in £/, £7, or £27, respectively. For example, if r and s 
are situated as in the diagram, then rs is contained in L; . 

We proceed to show that F is a flat affine plane if both R, and Re 
are flat affine planes. Let L be a line through p. Then the set of lines Ey 
consisting of L and all lines in the line set of R that are parallel to L 
clearly form a partition of P. Furthermore, given a line M in R and a 
point r, there are a line M’ through p parallel to M and a line through r 
in Ey. This means that if R is a flat affine plane, then the sets of the 
form Ey are its parallel classes. It remains to show that lines M € Ey: 
and N € Ey’ with M’ # N’ intersect in a point. This is clearly the 
case if either M or N is contained in £?" or if M and N are both 
contained in either Lf or £7. So assume that M € Li and N € C7. 
Then we are in the situation depicted in Figure 2.18. We want to show 
that the open point of intersection really exists. For this we introduce 
the auxiliary line O through p ‘in between’ M' and N’. Then the four 
points of intersection r, s, ¢, and wu exist. Here ¢ and wu are the points 
of intersection of M and N with the line O, respectively. It is possible 
that ¢ coincides with wu, in which case t = u is the point of intersection 
we are looking for. It is also possible that, in contrast to the situation 
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N NO M' M 


Fig. 2.18. Existence of a point of intersection 


depicted in the diagram, p~u-t is the order of the three points p, t, and u 
on the line O, in which case the following argument can be modified in 
a straightforward manner. 

In the situation depicted in the diagram we can be sure that, ap- 
proaching from the point s, the line M crosses into the grey triangle at 
the point ¢. It has to intersect the boundary of this triangle at a second 
point, but this point cannot be contained in the interval [p, u] because M 
cannot intersect O twice, nor in the interval [p,r] because M is parallel 
to M’. This leaves us with a point of intersection in the interval [r, u], 
which is exactly what we were looking for. 


Assume that a flat linear space R = (P,L£) is embedded in a larger 
flat linear space R’ = (P’, CL’). This means that P Cc P’ and that every 
line in £ is a subset of a line in £’. Then the restrictions to P of the 
lines in L’ through a point p € P’ \ P form a partition of P into R-lines 
that belong to £. This suggests using a set of R-lines that partition the 
point set of a flat linear space as a ‘virtual’ point and trying to cut and 
paste with respect to virtual points. 

Let R = (P, £) be an ideal flat linear space, let p be a point, and let L 
be an R-line through p. This implies that R is either a point Mobius 
strip plane or an R?-plane. Furthermore, let L+ and L~ be the two 
connected components of L \ {p}, let £L?” be the set containing all lines 
that do not intersect L or contain p (this set contains L), and let Lt 
and £7 consist of the lines that intersect L in L+ and L~, respectively. 
Clearly, £ is the disjoint union of the sets £L?/, C+, and L7. 

Just to make the connection with what we said before, note that, 
given an R-line L in an ideal flat linear space, there is always at least 
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one partition of its point set into R-lines that contains L. Given p € L, 
any such partition is contained in the set £L?”. In point MObius strip 
planes and flat affine planes the set £?” contains exactly one partition 
of the point set into R-lines. 


PROPOSITION 2.7.16 (Cut and Paste IV) Let R; = (P,L;), 
7 = 1,2, be two ideal flat linear spaces of the same type. Suppose that 
the planes have an R-line L in common and there is a point p € L such 
that LR” = LB”. Let £= LP” ULF ULS. Then R = (P,L) is a flat 
linear space of the same type as R;. If both Ry and Re are flat affine 
planes, then so is R 


The proof of this result is a variation of the proof of Proposition 2.7.15. 

Let us consider the case of two virtual points. Let R = (P,L) be 
a flat linear space and let Q and R be two transversal partitions of P 
into R-lines of £. Here transversal means that, given a line in @ and a 
line in R, these two lines intersect in a point. This implies that there 
is a homeomorphism y : P — R? that identifies the elements of Q 
and R with the verticals and horizontals, respectively. In particular, the 
geometry R is an R?-plane. Also the image of a line not in QUR under 
is the graph of a strictly increasing or strictly decreasing function I > R, 
where J C R is an interval. Let £?- = QU R, and let C+ and L~ be 
the lines that correspond to strictly increasing and strictly decreasing 
functions, respectively. 


PROPOSITION 2.7.17 (Cut and Paste V) Let R; = (P,L;), 
i = 1,2, be two R?-planes. Suppose that there are two transversal par- 
titions Q,R C Li NL of P into R-lines. Let L= co By es oan 
Then R = (P,L) is also an R?-plane. If both Ry and Re are flat affine 
planes, then so is R. 


The proof of this result is a variation of the proof of Proposition 2.7.15. 

Let R; = (P,L;), i = 1,2, be two R*-planes that both contain two 
transversal partitions Q;,R; C £;. Then it is possible to find a homeo- 
morphism y : P > P such that 7(Qi) = Q2 and 7(Ri) = Ro. This 
means that +(R1i) (which, of course, is isomorphic to Ri) and R2 are 
two R?-planes on P that share two transversal partitions. These two 
planes can be combined into a new plane using the above proposition. 

However, a similar alignment is not always possible for the other kinds 
of common line sets that we considered before. For example, given two 
flat projective planes P; = (P,£;), 7 = 1,2, and points pi,q; € P;, it is 
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not always possible to find a homeomorphism 7: P > P that maps the 
set of lines £7?"" (as in Proposition 2.7.15) to £?’”; see Rosehr [20XX] 
Example 8. Nevertheless, combining flat projective planes into a new 
flat projective plane ‘along such sets’ is still possible as follows. By 
removing the line p,q; and all the points contained in it from the flat 
projective planes ?;, it turns into a flat affine plane and the set £L?°* 
into the union of two transversal partitions. Then the two affine planes 
can be aligned, combined into a new flat affine plane, and the resulting 
flat affine plane completed into a new flat projective plane. 

Finally, we remark that Proposition 2.7.13 also ‘dualizes’ as follows. 
Let R = (P,L) be an ideal flat linear space and let O be a closed 
topological arc or topological n-gon in R. Let £°, L’, and LS be the sets 
of all lines that do not intersect O, that intersect © in an interval (this 
interval may consist of one point only), and intersect O in exactly two 
points, respectively. Clearly, £ is the disjoint union of these three sets. 


PROPOSITION 2.7.18 (Cut and Paste VI) Let R; = (P,L;), 
1 = 1,2, be ideal flat linear spaces of the same type sharing a closed 
topological arc or topological n-gon O and Li = £4. Let L = LEUL$UL?. 
Then R = (P, £) ts a flat linear space of the same type as Rj. If both Ri 
and Re are flat affine planes, then so 1s R. 


This is a straightforward generalization of Polster-Steinke [1995] 
Proposition 2. 


2.7.10.3 Separating Sets 


In the following chapters we will see that the effortless ways of cutting 
and pasting in the point set do not have counterparts for flat circle 
planes of higher rank, whereas the cut-and-paste techniques in the line 
set do have such counterparts. The concept of a separating set is what 
seems to be behind all the different cut-and-paste constructions in line 
and circle sets described in this book. 

In its strongest form a separating set for the flat linear spaces living 
on the common point set P is a set C of R- and S-lines that has the 
following properties. 


(i) If C is the subset of a line set of a flat linear space, then it 
separates the line set into a finite number n > 2 of connected 
components. 

(ii) The number n is independent of the different line sets of flat linear 
spaces C may be contained in. 
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(iii) Let R; = (P, £;), 1 = 1,2, be two flat linear spaces containing C. 
Then there are labellings of the connected components of the line 
sets of both planes with numbers from 1 to n such that replacing 
component number ™m in the line set of £; by the respective com- 
ponent in the line set of £2 gives a line set of a new flat linear 
space. 


For example, if the point set P is the real projective plane, then the 
sets of the form £?:? used in Proposition 2.7.15 are clearly separating 
sets. Similarly, if P = R?, then the sets of the form £L°” used in 
Proposition 2.7.17 are examples of separating sets. 


2.7.11 Pasted Planes 


The R?-planes whose automorphism groups fix one line and act transi- 
tively on each of the two connected components of the complement of 
this line proved to be very important in the group-dimension classifi- 
cations of flat linear spaces and, in particular, the classifications of the 
flat projective planes of group dimension at least 2 and the R?-planes 
of group dimension at least 3. 

In the course of classifying these planes it was necessary to figure out 
how exactly two R?-planes can be pasted together along a new line to 
form new R?-planes. This was done by Groh [1981] Section 2. 

Let (P;,£1) and (Pe, £2) be R?-planes and assume that P, is disjoint 
from Pp. Let F be a subset of £L; x Le and let G be the set of all 
those lines in £; U £2 that are not a first or second component of any 
element of F. Let w : P; UP, — P\C be a homeomorphism, where P 
is homeomorphic to R? and C is a topological line in P. Groh defines 
the (F,w)-pasting sum to be the pair (P, £), where 

£= {w(l) Uw(I2) | (lz) € F}U {w(l) | Le GPU {C}. 

We call a (F,w)-pasting sum a pasted plane that is made up of Py 
and Py if it is an R?-plane. Note that every R?-plane can be considered 
as a pasted plane that is made up of the restrictions of the plane to the 
two connected components of the complement of a line C. Groh [1981] 
Section 2 gives necessary and sufficient conditions for an (F',w)-pasting 
sum to be a pasted plane. These conditions ensure that the lines in 
an (F,w)-pasting sum are R-lines and that any two distinct points are 
joined by exactly one such line. 

In the following subsubsections we describe the pasted planes made up 
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of arc planes that are important for the classification of all flat projective 
planes of group dimension at least 2 and the classification of all R?- 
planes of group dimension at least 3. We also give names to the different 
kinds of planes to be able to refer to these planes more easily. Only if a 
name starts with an ‘Affine’ are the respective pasted planes actually flat 
affine planes. Usually, a plane is of some ‘Type *°. Here X is a connected 
closed subgroup of its automorphism groups isomorphic to R? or Ly. 

In most of the following constructions P, and P2 are the left and right 
open half-planes, respectively, and C' is the y-axis or an interval on it. 
Usually we do not specify w explicitly but only say how points on C 
get ‘identified’ when approaching from the left or right or just state the 
pasted lines. 

Of course, it is possible to iterate the pasting process and the so-called 
triangle planes described in Subsubsection 2.7.11.6 are flat projective 
planes of group dimension at least 2 that are projective extensions of 
flat affine planes that are pasted together from more than two arc planes 
of type R?. 


2.7.11.1 Pasted Exponential Arc Planes (Type Le) 


The R?-planes described in this subsubsection are precisely the group 
dimension 3 pasted planes made up of exponential arc planes; see p. 72. 
These pasted sums are the planes E(v,a,3), -1<v<0,0,6€ER, 
which are defined as follows. Let P; and P2 be the left and the right open 
half-plane, respectively. Furthermore, let Y*+ consist of all the points of 
the positive y-axis and let P; = P; UY+, where i = 1,2. We glue P, 
to P2 by identifying the point (0, y) € P, with the point (0,y!/”) € Pe 
for all y € R+. The resulting topological space is homeomorphic to R? 
and serves as the common point set of the planes under discussion. The 
lines are the verticals except for the y-axis, the open half-lines emanating 
from the origin except for the negative y-axis, the horizontal defined 
by y = 1, and the graphs of the functions 


—(-z)**' for a <0, 
Rt >R:2+¢ —-2lIn(-z) for a=0, 
(-z)*t! = for a>O, 


ght for 6 <0, 
R7--—R:2rH¢ -varlnz for B=0 
—grA+1 for 8>0. 
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Furthermore, all images of these lines under the group consisting of the 
following homeomorphisms of the point set P to itself: 


(e”~*z, e"(yt+e‘sz)) for (z,y) € Pi, 
(x,y) { (e7/?-ty, er/°(y ne e~tsz)) for (x,y) € Po, 


where r,s,t © R. 

This group is isomorphic to the group L2xR. The two planes E(v, a, 3) 
and E(u’, a’, 8’) are isomorphic if (v, a, 8) = (v’, a’, 6’) orifu =v! = -1 
and (a, 8) = (—a’, —’). For v 4 —1 or 6 # —a the group Lz x R is the 
full group of automorphisms. For v = —1 and @ = —a the full group is 
generated by L2 x R and the involution P > P: (z,y) + (—z,y). None 
of the planes is a flat affine plane, nor is any of the planes isomorphic 
to a sub-R?-plane of the Euclidean plane. The restrictions of E(v, a, () 
to P, and P, are isomorphic to exponential arc planes. 

See Betten—Ostmann [1978] Satz 13 for more information about these 
planes. Also, by Groh et al. [1983] Theorem 7.5.B, given a proper 
R?-plane whose automorphism group has a 3-dimensional connected 
closed subgroup isomorphic to Lz x R which fixes precisely one line, 
this plane is isomorphic to one of the above planes. 


2.7.11.2 Pasted Hyperbolic Arc Planes (Type R*) 


The planes described in this subsubsection are precisely the group di- 
mension 3 pasted planes made up of hyperbolic arc planes; see p. 72. 
These pasted planes are the planes H(d,r,s,t), d < 0, 7,s,t > 0. The 
common point set of all these pasted planes is R?. The arc planes they 
are made up of are (isomorphic to) the restrictions of these pasted planes 
to the left and right open half-planes of R?. The lines of H(d,r, s, t) are 
the horizontals, the verticals, the graphs of the two functions 


-s| In |z|* for -l<a2<0O, 
(-1,l) 9 R:tr<¢ 0 for «=O, 
| In x4 for O'< 2 <1, 


t|In|zl|° for -1<2<0, 
(-1,1I) ~9R:te<¢ 0 for x«=0, 
-r|iInz|? for 0<2<1, 


and all images of these lines under the group consisting of the following 
homeomorphisms: 


R? = R?: (2, y) & (az,y +9), 
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where a,b € R,a > 0. This group is homeomorphic to R?. The planes 
also admit the automorphisms 


R? > R? : (z,y) > (sgn(z)|2|°, c*y), 


where c € R*. These automorphisms form a 1-dimensional group of 
automorphisms which, together with the 2-dimensional group above, 
generates a 3-dimensional group of automorphisms of the plane. 

None of these planes is an affine plane. The two planes H(d,r, s,t) 
and H(d’,r’,s’,t’) are isomorphic if and only if d = d’ and either the 
two triples (r, s,¢) and (r’,s’,t’) coincide or both triples contain a 1 at 
the same position, and the remaining two numbers are interchanged. 
These planes were constructed in Groh [1981] 7.7. By Groh et al. [1983] 
Theorem 7.5, given a proper R?-plane whose automorphism group has 
a 3-dimensional connected closed subgroup not homeomorphic to Lz x R 
which fixes precisely one line, this plane is isomorphic to one of the planes 
above. 


2.7.11.8 Affine Pasted Planes, Two Fixed Points and Lines (Type R?) 


Let fi,; : R — R*, i,j = 1,2, be four strictly convex continuous func- 
tions that satisfy the following conditions: 


(i) limz——oo fis (x) = 0; 

(ii) limz+.0 fi,;(z) = +00 (note that since f;,; is convex, it is dif- 
ferentiable everywhere, with the possible exception of a set of 
Lebesgue measure 0). 


Furthermore, let 


(-1)*fio(In|z|) for «<0, 
gi: RoR:rrH 0 for z=0, 
(-1)*1 fir (In |x|) for z>0. 


We define a flat affine plane with point set R?. Its lines are the hori- 
zontals and the verticals plus all the images of the graphs of g; and go 
under the group A consisting of the homeomorphisms 


R? | R?: (z,y) + (az,y +), 


where a,b € Rt, a > 0. The group A is isomorphic to R? and the 
restrictions of the flat affine plane to the left and right half-planes are 
isomorphic to arc planes of type R?. Considered as a group of auto- 
morphisms of the projective extension of such a flat affine plane, the 
group A fixes exactly the line at infinity, the line that corresponds to 
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the y-axis, the point of intersection of these two lines and the infinite 
point of the z-axis. Conversely, given a flat projective plane that admits 
a group of automorphisms isomorphic to R? fixing exactly two lines, 
their point of intersection and one additional point on one of the two 
lines, this projective plane is isomorphic to one of the planes that arise 
as above. See Groh [1981] for more information about these planes; see 
in particular Theorem 5.4. 


2.7.11.4 Affine Pasted Planes, Two Fixed Points (Type L2) 
Let m,n € {—1,1} and let f; : [0,00) — [0,00), i =1,...,4, be continu- 
ous, strictly increasing, surjective functions every one of which satisfies 
one of the following conditions: 


(i) fi is strictly convex, limz9 #@ 


(ii) f; is strictly concave, lim, 9 #@ = 00, limgo0 © = 0; 
the function [0,00) — [0,00) : + a(fi(ax) — fi(x)) is bijective 
for alla > 1. 


fi(z) _ 


= 0, lim, 0 00; 


w 


(iii 


Let 


K = {(2,fi(z)) €R? | x < 0}U {(2,—fs(-2)) € R® | x 2 0}, 
L = {(z,—-fo(z)) €R* |x < 0}U {(2, fa(—a)) € R? | x > O}, 


and let the group Amn consist of the homeomorphisms 


(a™z,ay+b) for z>0, 


2 2. 
R*-R (ew) { (a"z,ay+b) for «<0, 


where a,b € R, a > 0. This group is isomorphic to Lo. 

Define a geometry on R? whose lines are the horizontals and verticals 
plus all images of the curves K and L under Am». Depending on m 
and n, this geometry is a flat affine plane if and only if the fis satisfy 
the following conditions: 


¢ m=n= 1: either all f; satisfy condition (i) above or all satisfy (ii); 
em=-—n=1: f, and fo satisfy (ii) and f3 and f4 satisfy (iii); 
em=-—n=1: fi; and fo satisfy (iii) and fs and f4 satisfy (ii). 
em=n=-l: all f; satisfy (iii). 


The restrictions of this flat affine plane to the left and right half-planes 
are arc planes of type Le. Considered as a group of automorphisms of 
the projective extension of such a flat affine plane, the group Am,n fixes 
exactly the line at infinity, the line that corresponds to the y-axis, the 
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point of intersection of these two lines and the infinite point of the z- 
axis. Schellhammer [1981] Section 6 derived these planes and proves 
that every flat projective plane that admits a group of automorphisms 
isomorphic to Lg fixing exactly two lines and two points is isomorphic to 
one of the projective planes associated with the above flat affine planes. 


2.7.11.5 Affine Pasted Planes, at Least Three Fixed Points (Type Le) 


Each of these planes is constructed from a triple (Fi, Fo, y) satisfying 
the following conditions. 


e Both F, and Ff» are sets of pairwise slope disjoint strictly convex or 
strictly concave functions R+ — R such that each f € F,UFp satisfies 
the limit condition lim, f(z) = 0. 

e The function y : R — R is a decreasing homeomorphism. Further- 
more, (K) = K2, where Kj = R\ Uses, slp f. 


Define Fy = {(fi, f2) € Fi x Fe | slp fe = v(slpfi)}. We list a number 
of conditions which (F;, F2,y) may or may not satisfy. 


(i) Let (fi, fe) € Fp. Then fe is convex if and only if f, is concave. 
(ii) Let f € Fy UF, and slp f = (a,b). Then 
(a) limzoo(f(z) — bx) = —00, if f is convex and b < 00, 
(b) limzoo(f(x) — ax) = 00, if f is concave and a > —oo. 
(iii) |K,| > 1. 


For k € Ky define 


ka > 
iRoRicm{ apie tor a 20. 


For f = (fi, fo) € Fy define 


fi(z) for z>0, 
gp: R-R:ite ¢ 0 for x=0, 
fe(-z) for «<0. 


Define a geometry on R? whose lines are the verticals and the images 
of the graphs of all gs, f € Fy and t,,k € Ki under the natural ac- 
tion (x,y) ++ (az, ay +b) of the group Le on R?. 

Pohl [1990] Theorems 2.7, 2.9, 3.4 prove that a geometry defined like 
this is an R?-plane if and only if the triple (F1, F2,y) satisfies condi- 
tion (i); see Pohl [1990] Theorem 2.5. It is a flat affine plane if and only 
if satisfies conditions (i) and (ii); see Pohl [1990] Theorem 2.7. Further- 
more, every flat projective plane that admits a group of automorphisms 
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isomorphic to Lg fixing exactly two lines and more than two points is 
isomorphic to a projective plane associated with a triple (F1, F2, y) sat- 
isfying conditions (i), (ii), and (iii); see Pohl [1990] Theorem 3.4. In this 
last case the fixed lines are the line at infinity, the line that corresponds 
to the y-axis. The fixed points are the infinite point of the y-axis and 
the infinite points of the lines that are the images under Lg of the graphs 
of tk, ke Ky. 


2.7.11.6 Affine Triangle Planes (Type R?) 


The triangle planes are flat projective planes that have been classified 
in Pohl [1990]. These planes are the flat projective planes that have an 
automorphism group that contains a connected 2-dimensional group iso- 
morphic to R? whose fix-configuration is a triangle. This 2-dimensional 
group has four 2-dimensional point orbits which are the complements of 
the union of the lines that make up the triangle. The restriction of a 
triangle plane to one of these connected components is isomorphic to an 
arc plane of type R? and the triangle plane itself can be considered as 
being pasted together from the sub-R?-planes that are the restrictions 
of the triangle plane to the four connected components. 

Every one of the triangle planes has six generating curves. Conse- 
quently, the description of these planes is rather complicated. 

Let d,qg € R, v € RU {oo} with d < 1,q > d and either v < 0 
and v<dorl<v<oandv>g. Let d’,q’,q’,v' ER. Let 


q-d the 
Tog andn=s— 7. 
x?) 


m= 
uv 


Then a triple of functions (f1, f2, fs) is called a (d,q,v, d’,q’, v’)-triple if 
and only if the following conditions hold; see Figure 2.19. 


(i) The function f; : R — R is a strictly convex function with 
lim fi(z) =d' and lim |f\(z) — ma —n|=0. 
wr——CO zr=—0O 


(ii) The function f2 : (—oo,v’) — R is a strictly concave function 
with 


lim fe(z) =d' and lim f2(x) = —oo. 
2-00 zu 
(iii) The function f3 : (v’,co) > R is a strictly concave function with 


lim f3(z) = —oo and lim |f3(%) — maz — n| = 0. 
zu! zZ—00 
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Fig. 2.19. A (d,q,v, d’,q’,v’)-triple of functions 


A (d,q,v,d',q',v',q”)-system F is a set consisting of twelve func- 
tions fj;, with 7,7 = 1,2,3,4, 74 Jj, having the following properties: 


(i) 
(ii) 
(iii) 

) 


(iv 


(far, far, for 
(fsa, faz, fiz 
(fos, fis, fas 
(fia, foa, faa 


is a (0,1, 00,0, q’”, 0)-triple; 
is a (0,q, v, 0, q’, v’)-triple; 
is a (d,1,v,d’,¢”,v’)-triple; 


Ws as os 


is a (d, q, 00, d’, q’, 0)-triple. 


We define a 2-dimensional group A acting on R? which is isomorphic 
to R?. It consists of the homeomorphisms 


(ex, e”y) for x,y > 0, 
a-sbx eb for t<O<y 
R2 R2 . ; (e ; T,€ y) ae) 
— (x y) ro (e?— v?x, eb-day) for Ly < 0, 
(e%z, e&-%y) for y<O<z, 


where a,bE R. 


We proceed to define six functions R — R whose graphs generate a 
flat affine plane: 


efi2(In |x|) for t< —e", 
é 


0 for xz =-—e”, 
a(z)=¢ —efislltl) for -e" <2 <0, 
—e? for z= 


—efalniel) for x > 0; 
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—efaa(Inizl) for ge 0, 
—e@ for «=0, 
—efea(in|zl) for Q <2:<.1; 
0 for xc=1, 


efalnizl) for «> 1; 


0 for x=1, 
—efss(iniel) for 2 > 1; 


—efa(nizl) for 2 <—e, 

0 for 2 =-—e”, 
efaallnizl) fore" <a <0, 
1 for x«=0, 

efai(In |x|) for x2 >0; 


1-d 
-|x|?=# 


efsa(lnizl) for «x <0, 

1 for x=0, 
g3x(z) = & efs(lzl) for O<ae <1, 
ge() = lo|=F for «<0, 


—i-4 for «>0. 


We define a geometry R = (P, £) whose lines are the horizontal and 
vertical Euclidean lines and the images under the group A of the graphs 
of the six functions g; defined above. 

This geometry is a flat affine plane. We call the projective extension 
of such a plane a triangle plane; see Pohl [1990] 5.13. 

The fix-configuration of A in one of these planes is a triangle whose 
vertices are the origin of R? and the infinite points of the horizon- 
tals and verticals. Every flat projective plane whose group of auto- 
morphisms contains a connected 2-dimensional group isomorphic to R? 
whose fix-configuration is a triangle is isomorphic to a triangle plane; 
see Pohl [1990] 6.10. 

It can be shown that a triangle plane has group-dimension at least 3 
if and only if it is a Cartesian plane; see Pohl [1990] 7.4. 

Pohl [1990] Example 3 constructs the following large family of triangle 
planes. Let d,q € R, v € RU {oo} with d < 1,q > 0,q¢ > d and 
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either v <0 andu<dorl<u<oandvu>g. Let d’,q’,q",v' ER. 
Abbreviate 


q 
a=q-d, B= 7 and Y= 
Vv 


Then the functions given by the equations 


fio(x) = In(eS@-” Y=1)+hu'+q'q), far (x) = In(e* —- 1) +q", 
fao(x) = In(eSata'a™") + 1), fo:(x) = In(1 — e®*), 
fao(x) = In(1 — eV@-)), fa(x) = In(e**@" + 1), 
fi3(z) = In(1 - ae *)) +d’, fia(x) = In(e™*t9 + e@), 
foa(x) = In(1 — e*) +d’, fo3(x) = In(eet9" d+et), 
fas(z) = In(eV@-*) —1) + (v' +9"), — faa() = In(e** — 1) +9" 


define a (d,q,v,d’,q', uv’, q”)-system. 
Let us have a closer look at what the lines of the corresponding flat 
affine plane look like (see Figure 2.20) if we choose 


(d,q,v,d’,q’,v’,q”) = (0,1, 00,0, 0,0, In 2). 


In this case the lines are the vertical and horizontal Euclidean lines and 
the graphs of the piecewise linear functions R — R 


riemrz+n, 
where m € R7,n € R (these functions correspond to gi, g3 and gg); 
THme2, 
where m € Rt (these functions correspond to gs); 
2mz+n for z <0, 


reed maztn for0<2<—nm-}, 


2(max+n) forx>—nm-}, 


where m € Rt,n € R™ (these functions correspond to ge); 


2maz+n) for x <—nm-}, 


re < ma+t+n for —nm! <2 <0, 
2nz+n for x > 0, 


where m,n € Rt (these functions correspond to gq). 
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Fig. 2.20. Two parallel classes in an example of an affine triangle plane 


2.7.12 Semioval Planes 


The semioval planes are flat projective planes that were classified in Lip- 
pert [1986]. These planes are the flat projective planes whose automor- 
phism groups contain a connected 2-dimensional subgroup isomorphic 
to Ly that fixes a line, a topological semioval, and a number of points on 
the fixed line. Here a topological semioval S in a flat projective plane P is 
a topological arc homeomorphic to R satisfying the following conditions. 


e Through every point of the arc passes exactly one supporting line. 
e The topological closure of the arc S in the point set of P contains one 
or two (boundary) points that are not contained in S. 


In this subsection we describe the two essentially different construc- 
tions of semioval planes corresponding to the semiovals having one and 
two boundary points. 

Let A be the group isomorphic to Lg consisting of the maps 


R? — R?: (z,y) > (az, ay +), 


where a,b € R,a > 0. In both constructions we first construct a flat 
affine plane with point set R? from a number of generating curves using 
this group. The projective extension of this flat affine plane is in both 
cases a semioval plane. 


2.7.12.1 Planes in Which an Oval and One of Its Tangents Are Fixed 


We start by constructing a flat affine plane on R?. Choose three curves 
as in Figure 2.21. Then the lines of the flat affine plane are the hori- 


2.7 Constructions 99 


zontals plus the images of the three curves under A. In the projective 
extension of the resulting flat affine plane, the y-axis plus its boundary 
point on the line at infinity is a topological oval. Both this topologi- 
cal oval and the line at infinity which is a tangent of the oval are fixed 
by A. Conversely, Lippert [1986] Theorem 5.4 (p. 99) proves that a flat 
projective plane of group dimension 2 admits a group of automorphisms 
isomorphic to Lg that fixes exactly a topological oval, and one of its 
tangents is isomorphic to one of the above planes. 


Fig. 2.21. Three curves generating a semioval plane 


Here is a precise description of the possible curves that we can choose. 
Let a, BER, B<0<a. Let fi, fe, A,g be continuous functions with 
the following properties. 


(i) e fy: R7 > Rt is strictly convex, 
lim, o fi(z) =a,a> 0, 

limg——oo lf (x) + ax| = 0, 

slp fi = (—a, 0). 

fo: R~ — R- is strictly concave, 
lim, —o fo(z) =b,b<0, 

lims——oo |fa(x) + Ba| = 0, 

slp fo = (0, so) 

g: R— Ro is strictly concave, 
lime-co |g(2) + (1/az)| = lime eo |9(z) + (1/82)! = 0, 
slp 9 = (-1/0,-1/8). 

A: (b,a) + R* is strictly concave, 
lim, A(x) = lim,_, A(x) = 0, 
slp A=R. 
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The first curve is the union of the graphs of f; and fo, the two 
points (0,a@) and (0,6), and the image of the graph of A under the 
homeomorphism 


o:R? > R?: (z,y) 4 (y,2). 
The second curve is the set 
{(z, ar) € R? | x < 0} U {(0,0)} U {(a, —Gz) € R? | x < O}. 


The third curve is the image of the graph of the function g under the 
homeomorphism o. 

By Lippert [1986] Appendix D, the Euclidean plane is generated by 
the functions 


fi: RO ORt: tH y2?4+1 


fe: R7 ORt: 2H -vVz2? +1, 
A: (-11)-~Rt:2cyHvl-z’, 
g: ROR: 2H -y/2? +1/3. 


Note that if we restrict this model of the Euclidean plane to the right 
half-plane, we arrive at the Poincaré model of the hyperbolic plane. 

The affine plane that we arrive at by removing a tangent of the unit 
circle from one of the skew hyperbolic planes can also be represented 
in this way so that the restriction of the resulting model to the left 
half-plane is the Poincaré model of the hyperbolic plane. 


2.7.12.2 Planes in Which a Proper Semioval and a Line Are Fixed 


We start by constructing a flat affine plane on R?. Choose three curves 
as in Figure 2.22, a set of ‘suitable bent Euclidean lines’, and a countable 
family of ‘suitable’ further curves. Then the lines of the flat affine plane 
are the horizontals and the images of all these curves under A. In the 
projective extension of the resulting flat affine plane, the y-axis forms 
a topological semioval which has two boundary points on the line at 
infinity. Both this topological semioval and the line at infinity are fixed 
by A. Furthermore, A also fixes the two boundary points plus the 
infinite points of the countably many distinguished curves. Conversely, 
Lippert [1986] Theorem 5.5 (p. 101) proves that a flat projective plane 
of group dimension 2 that admits a group of automorphisms isomorphic 
to Lz that fixes exactly a topological semioval with two boundary points, 
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the connecting line of the two boundary points and countably many 
further points on this line, is isomorphic to one of these planes. 


4 


Fig. 2.22. Three curves generating a semioval plane 


Here is a precise description of the possible curves that we can choose. 
Let 6,K ER, 8B < K <0. Let fi, fo,A,g be functions with the 
following properties. 


(i) e f; :R~ RP is strictly convex, 
e limzo f(z) = a, a > 0, 
@ limg——oo |fi(z) + z| = 0, 
e slp f; = (—1,0). 

(ii) e fo: R~ — R- is strictly concave, 
e lim, o fo(x) = b, b < —1, 

lim, ——oo | fo(x) + Bz| = 0, 
e slp fo = (-K,—f). 

(iii) e g: RR’ is strictly concave, 
e limy—oo |9(x) + 2] = limg—o |g(x) + (1/82)| = 0, 
e slp g = (—-1,-1/8). 

(iv) e A: (b,a) > R* is strictly concave, 


e lim,—, A(z) = lim,, A(z) = 0, 
e slp A = (—oo, 1), 
e limg_., A 


(x) S00} 
lim,» A’(x) = 1. 
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We define the three distinguished curves as in the previous subsub- 
section. The first curve is the union of the graphs of f; and fo, the 
two points (0,a) and (0,b), and the image of the graph of A under the 
homeomorphism 


o:R? +R? : (2,y) + (y, 2). 
The second curve is the set 
{(a,-z) € R? | 2 < O}U{(0,0)} U {(a, —Gx) € R? | x < 0}. 


The third curve is the image of the graph of the function g under the 
homeomorphism o. 

Let F; = {fi |v € I}, i =1, 2, be two countable families of continuous 
functions R* — R and R~ — R, respectively, that are indexed by the 
same subset J of the integers. Furthermore, these two sets have the 
following properties: 


limz—.o fi(x) = 0 for i =1,2 and all v € J; 

the graphs of the functions in F) generate an arc plane of type Lz on 
the right half-plane and the union of the slopes of all these functions 
is a subset of the interval [0, 1]; 


the graphs of the functions in F) generate an arc plane of type Lz on 
the left half-plane and the union of the slopes of all these functions is 
a subset of the interval [0, K]; 


given that v < w, v,w € I implies that the slopes of f? are smaller 
than the slopes of f?; 


all functions in F;, 7 = 1,2, are either strictly convex, or strictly 
concave; furthermore, f} convex implies that f? is concave, and vice 
versa, for all v € I. 


Choose a homeomorphism € : [0,1] — [0, K] such that €(0) = 0 and 
such that for all v € I, €(slp f1) = f?. 

Let S be the set of all numbers in [0,1] that are not slopes of any 
among the functions f}, v € I. For every \ € S define a ‘bent Euclidean 
line’ L as the graph of the function 


AL for x > 0, 
R-R:ze ¢ 0 for x«=0, 
€(A)x for «<0. 
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For every uv € I define a curve gy as the graph of the function 


fi(z) for «20, 
R-R:2tvH 0 for x=0, 
f2(z) for «<0. 


These curves form the countable family of further ‘suitable’ curves that 
we mentioned at the beginning of this subsubsection. 


2.7.13 The Modified Real Dual Cylinder Plane 


Consider the hyperbolic arc plane (see p. 72) generated by the graph of 
the function 


Rt -+R:2va7}. 


Extend parallel Euclidean lines of positive slope by a common point 
at infinity and assemble all infinite points into a line at infinity. The 
resulting geometry is isomorphic to a disk Mobius strip plane. It has, just 
like the R?-plane it extends, group dimension 3. It is called the modified 
real dual cylinder plane, and is denoted by MDC(R). See Lowen [1981c] 
for details about this construction. 


2.8 Planes with Special Properties 


In the following subsections we construct flat projective planes whose 
groups of automorphisms are compact, differentiable projective planes, 
and maximal flat linear spaces. 


2.8.1 Compact Groups of Automorphisms 


Schellhammer [1981] 8.1, 8.2 states that every compact group of au- 
tomorphisms of a flat projective plane is isomorphic to a subgroup 
of SO3(R). Among the flat projective planes only the classical plane 
admits the full group SO3(R) as a group of automorphisms. The proper 
subgroups of SO3(R) are the trivial group, the rotation groups of the 
tetrahedron, the octahedron/cube, and the dodecahedron/icosahedron, 
the cyclic groups, the dihedral groups, SO2(R), and SO2(R) ‘with a flip’. 
Given such a subgroup, there are flat projective planes that have exactly 
this subgroup as their full group of automorphisms. We construct ex- 
amples of such planes by deforming the classical flat projective plane in 
sets of disjoint circles. We follow the exposition in Schellhammer [1981] 
Section 8. 
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2.8.1.1 SOo(R) ‘with a Flip’ 


We modify the classical plane as follows; see Figure 2.23. All lines that 
do not intersect the open unit disk stay untouched. Consider a line that 
intersects the unit circle in the two points p and q. If the length of the 
line segment [p,q] is greater than or equal to /2, we modify the line 
by replacing [p,q] by the circle segment that intersects the unit circle 
at right angles in both p and gq. If the length of the line segment [p, g] 
is less than or equal to 2, we modify the line by replacing [p,q] by 
the circle segment of radius 1 that intersects the unit circle in both p 
and q. Figure 2.23 shows how the verticals that meet the unit circle get 
modified. 

Note that the restriction of the resulting flat projective plane to the 
interior of the smaller circle of radius /2—1 in the diagram coincides with 
the restriction to this set of the Poincaré model of the real hyperbolic 
plane on the unit disk. This implies that the plane is locally classical 
in this smaller circle and outside the unit circle. On the other hand, 
this is not the case in the annulus bounded by the two circles. Hence 
every automorphism of the plane leaves this ring fixed. Clearly, the 
rotations around the origin are automorphisms of the geometry. So is 
the reflection through any of the lines through the origin. 

We show that the full group of automorphisms is SO2(R) ‘with a flip’, 
the group generated by these automorphisms. We do this by showing 
that every automorphism y of the plane is the identity modulo this 
group. Let L be the line that connects the points (0,1) and (1,0); see 
the diagram on the right in Figure 2.23. Since L is a tangent of the 
smaller circle, every image of L under 7 is also a tangent of this circle. 
Modulo the rotations and a reflection we may assume that L and its two 
points of intersection with K are fixed by y. The line M that connects 
the two points (0,—1) and (1,0) is also a tangent of the smaller circle. 
Since it intersects L in a point of the unit circle, it is fixed under y. The 
two points in which L and M touch the smaller circle and the points (0, 1) 
and (0,—1) form the vertices of a nondegenerate quadrangle. Since 
fixes every point of this quadrangle, it is the identity by Corollary 2.4.4. 


2.8.1.2 Dn 


To construct a plane that has the dihedral group D,, as its full group of 
automorphisms, we modify the Euclidean plane as above in n nonover- 
lapping unit circles whose centres form the vertices of a regular n-gon. 
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K 


Fig. 2.23. 


2.8.1.3 SO2(R) 


We modify the SO2(R)-with-a-flip construction as follows. Consider a 
line that intersects the unit circle in two points p and gq. If the length of 
the line segment [p, q] is greater than or equal to 2, we replace [p, q] by 
a certain curve that is not symmetric with respect to any line through 
the origin. Suitable curves are the intersections with the unit disk of the 
ellipses defined by the equation 

2 

weds +(y-1)? =1, 

where a > 1, and all images of these intersections under rotations around 
the origin. Note that all these ellipses contain the point (0,1) and 
that for a = 1 the ellipse is a circle of radius 1 that also contains the 
point (1,0). Apart from this modification, the above construction stays 
unchanged. The resulting plane admits SO2(R) as its full group of au- 
tomorphisms. 


2.8.1.4 Zn 


To construct planes that have the cyclic group Z,, as their full groups of 
automorphisms, we modify the Euclidean plane as above in n nonover- 
lapping unit circles whose centres form the vertices of a regular n-gon. 


2.8.1.5 The Groups of the Platonic Solids 


Let P be a Platonic solid inscribed in a sphere. Identify the sphere 
via the antipodal map y with the real projective plane. If P is either 
the octahedron/cube or the dodecahedron /icosahedron, pairs of opposite 
vertices of these solids get identified under y. By modifying the classical 
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flat projective plane in (nonoverlapping) unit circles around the images 
of the vertices of P as in the SO2(R)-with-a-flip case, we arrive at the 
planes we are looking for. In the case of the tetrahedron we modify as 
in the SO2(R) case. 


2.8.1.6 Identity—Rigid Planes 


A flat projective plane with no nonidentity automorphisms is called rigid. 
To construct a rigid plane just modify the classical plane in a number 
of nonoverlapping wildly distributed unit circles as above. 


2.8.2 More Rigid Planes 


Choosing the homeomorphisms g and h suitably in the semi-classical flat 
projective planes defined by g and h (see Subsection 2.7.2) one obtains 
rigid flat projective planes. For example, let m > 2 be an integer and 
let 0<r< 3. Then 


fing SR OR: 2 (L—7/3)2?"*! 4 r(23/3 — 2? + 2) 


is a strictly increasing homeomorphism. Let P(m,r;n,s) be the semi- 
classical flat projective plane with g = fm, and h = f,,,. Then the 
plane P(m,r; n, s) is rigid for m 4 n or r # s. These planes are mutually 
nonisomorphic for 2 < m,n,0<7r,s <3,n<morm=n, s <r; see 
Steinke [1985a]. 

Since a projective plane and its dual have isomorphic automorphism 
groups, one also obtains rigid planes in the family of dual semi-classical 
flat projective planes for suitably chosen homeomorphisms f and g. 

The restriction of the Euclidean plane to the interior of a topological 
oval without symmetries is a rigid R?-plane. Such an R?-plane is never 
a flat affine plane. The restriction of a rigid projective plane to the 
complement of a point is a rigid point Mobius strip plane. 


2.8.8 Differentiable Planes 


The classical flat affine planes and flat projective planes are differentiable 
in the sense that both their point and line sets are differentiable mani- 
folds in a natural way and the geometric operations of joining points, 
intersecting lines, and drawing parallels are differentiable in their do- 
mains of definition. : 

Otte {1993] constructs nonclassical differentiable flat affine planes the 
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projective extensions of which are nonclassical differentiable flat projec- 
tive planes. 

Let 6€ R,0< 6 < Y2-1, and let py: R—R be differentiable such 
that the following conditions are satisfied: 


(i) &(r) = 0 for every r not contained in (0, 6/2); 
(ii) |W’(r)| < 1 for all r; 
(iii) is not identically 0. 


Then the geometry (R?, £) whose lines are the verticals in £ and the 
graphs of the functions 


T34:R>R:t sr+t+¥({s\)v(\x|?)¥((4]?), 


where s,t € R, is an example of a differentiable flat affine plane whose 
extension is a differentiable flat projective plane. 

Of course, by restricting the corresponding differentiable projective 
planes to suitable subsets of their point sets, we can construct examples 
of the other types of flat linear spaces that are differentiable. 

For further results about differentiable and analytic projective planes, 
flat linear spaces, and stable planes see Breitsprecher [1967a], [1967b], 
Bédi {1997], [1998a], [1998b], [1998c], and Bodi-Immervoll—Léwe (2000). 
We only note that there has also been some interest in constructing 
flat projective planes that are ‘differentiable’ in a manner different from 
the one considered above. For example, Kuiper [1957] constructed a 
nonclassical flat projective plane all of whose lines are algebraic curves. 


2.8.4 Maximal Flat Stable Planes and the First Nonclassical 
Flat Linear Space 


We call a flat linear space mazimal if it does not arise as the restriction 
of some other flat linear space (P, £) to a nontrivial open subset of its 
point set P. Clearly, flat projective planes are maximal and flat affine 
planes and point Mobius strip planes are not. 

Stroppel [1998] showed that the first example of a non-Desarguesian 
flat linear space mentioned in the literature is an R?-plane that is maxi- 
mal. This special R?-plane Rupert = (P, £) was constructed by Hilbert. 
He used it in his 1898/99 lecture at Géttingen entitled ‘Grundlagen der 
Euklidischen Geometrie’ (Foundations of Euclidean Geometry). 

The construction of Ryibert runs as follows. Let N be the negative 
part of the z-axis, let U and D be the upper and lower open half-planes, 
and let UV = UUN and D = DUN. Then the point set P coincides 
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Fig. 2.24. Hilbert’s R?-plane 


with UU DUWN and the lines are constructed as follows. Let L be a 
Euclidean line that is partly contained in D. If L does not intersect N, 
or contains N, its restriction to D is a line in £. If it intersects N in 
exactly the point p, let K be the Euclidean circle through the origin 
that touches L at p. Then the union of the restrictions of L and K 
to D and U, respectively, is a line in £. If K is a Euclidean circle or line 
through the origin that is partly contained in U but does not intersect N, 
then its restriction to U is also a line in £. See Figure 2.24 for examples 
of the different kinds of lines in Hilbert’s plane. 

The restrictions of Ryibert to U and D are both isomorphic to the 
restriction of the Euclidean plane to a half-plane, that is, every point in 
the interiors of U and D has a classical neighbourhood. In the case of D 
this is obvious. For U we observe that the inversion 


(x,y) 


is an isomorphism between the restriction of Ryjpert to U and the re- 
striction of the Euclidean plane to U. On the other hand, all neighbour- 
hoods of points on N are nonclassical. 

Further analysis shows that Ryijbert is isomorphic to one of the pasted 
planes made up of exponential arc planes that we described in Subsub- 
section 2.7.11.1. This means that the automorphism group of the geom- 
etry is 3-dimensional; see Stroppel [1998] for more details. In this paper 
Stroppel also shows that Rupert cannot be embedded as a ‘proper open 
subplane in a flat linear space’. This implies the result mentioned at the 
beginning of this subsection. 
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PROPOSITION 2.8.1 (Maximality of Hilbert’s Example) The 
proper R?-plane Ruyitbert is @ maximal flat linear space. 


For general criteria that can be used in deciding whether or not a 
flat linear space is maximal see Lowen [1981c] Section 5, Stroppel [1998] 
Section 6, Stroppel [1994] Sections 2 and 3. Here is an example of one 
such criterion. 


PROPOSITION 2.8.2 (Embeddings in Flat Projective Planes) 
Let R be a flat linear space, let L be one of its lines and let p and q be 
two of its points off L such that there are a unique parallel of L through p 
and more than one parallel of L containing the point q. Then R does 
not arise as the restriction of a flat projective plane to some open subset 
of its point set. 


This criterion is proved in Stroppel {1998] as a warm-up exercise for 
the proof of Proposition 2.8.1. 


Proof of proposition. Assume that there is a flat projective plane P that 
extends ®. Since there is a unique parallel to LZ through p, the line LD 
is extended by a single point of P to a line of P. This implies that 
in R there is also a unique parallel to L through the point g, which is a 
contradiction. C) 


In his famous book Grundlagen der Geometrie (Foundations of Ge- 
ometry) Hilbert replaced the above example by a non-Desarguesian flat 
affine plane. It is constructed by modifying the Euclidean plane in 
the interior of an ellipse; see Hilbert [1899]. This flat affine plane has 
an automorphism group that is believed to be isomorphic to Ze; see 
Anisov [1992] for an incomplete proof. In Stoppel [1993a] a generaliza- 
tion of Hilbert’s construction is investigated. 

Other early papers featuring constructions of flat projective planes 
with special properties include Moulton [1902], Mohrmann [1922], Tsche- 
tweruchin [1927], Levenberg [1950], Naumann [1954] Sections 7 and 8, 
Lombardo-Radice [1955], Pickert [1956], Kuiper [1957], Sitaram [1962]. 


2.9 Other Invariants and Characterizations 


The group of automorphisms of a flat projective plane is one of its invari- 
ants. Other invariants of a flat projective plane include its Lenz—Barlotti 
type, its group of projectivities, and its semigroup of continuous lin- 
eations. We consider these invariants in the following subsections. 
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2.9.1 The Lenz—Barlotti Types 


Given a point p and a line L in a projective plane, let © be the full 
automorphism group and let L, ;z) be the group made up of all auto- 
morphisms that fix a point p linewise and fix a line L pointwise that is, 
every nontrivial automorphism in ©, () fixes precisely the points on L 
and the point p and also fixes precisely every line through p and the 
line L globally. An automorphism in ©, (z) is called a central or axial 
collineation with centre p and axis L if p ¢ L or p € L, respectively. 
Central and axial collineations are also referred to as homologies and 
elations, respectively. In an affine plane homotheties (also known as di- 
latations) and translations are automorphisms that extend to homologies 
and elations of the projective extension, respectively, where the line at 
infinity is the axis. A projective plane is called (p, L)-transttive if &, (1 
acts transitively on every set M\({p}UL}), where M is a line through p. 

Lenz [1954] classified projective planes with respect to the point-line 
pairs (p, L) with p € L for which the planes are (p, L)-transitive. This 
was later refined by Barlotti [1957] by admitting point—line pairs (p, L) 
with p ¢ L. The Lenz—Barlotti type of a projective plane is determined 
by the set C of all point-line pairs (p, L) such that the plane is (p, L)- 
transitive. See Pickert [1975] Anhang 6, for a full list of possible Lenz— 
Barlotti types. In the following we give a list of Lenz—Barlotti types that 
can actually occur in flat projective planes. 


Il. C=9. 
I.2. C consists of a single antiflag. 
1.4. C = {(a,L),(b, M),(c,N)}, wherea€ M,N, bE L,N,ce L,M, 
agGL,b¢M,c€N. 
II.1. C' consists of a single flag. 
I1.2. C = {(a, L),(b,M)}, whereae€ L,M, be L,af#b, LAM. 
IJJ.2. There is an antiflag (a, L) such that 
C= {(2,ra) | x2 €L}U {(a,L)}. 
VIL.2. C=PXC. 


Examples for the respective Lenz—Barlotti types can be obtained as 
follows; see also PrieB-Crampe [1983] Section V.5. 


I.1. A rigid plane; see Subsection 2.8.2. 


1.2. A semi-classical plane P;,, with h = g defined by g(x) = 2°; 
compare Steinke [1997] Theorem 5.5. See Subsection 2.7.2 for a 


definition of semi-classical planes. 
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1.4. Naumann planes; see Naumann [1954] or Prie8-Crampe [1983] 
p. 268. 
II.1. A semi-classical plane Pp,g with the functions g = id and h de- 
fined by h(x) = x3; compare Steinke [1997] Theorem 5.5. 
II.2. See Jénsson [1963] p. 290 for an example due to H. Salzmann. 
III.2. A nonclassical projective Moulton plane M(s), s > 0; see Sub- 
section 2.7.1. Here p and L are the point and line fixed by all 
automorphisms of the projective plane. 
VII.2. The classical flat. projective plane. 


There are seven Lenz types numbered I to VII. A projective plane is 
of Lenz type at least III if its Lenz type is III, IV, V, VI, or VII. 


THEOREM 2.9.1 (Lenz Type at Least III) A flat projective plane 
of Lenz type at least III is isomorphic to a projective Moulton plane (this 
includes the classical plane). In particular, the nonclassical Moulton 
planes are the only flat projective planes of Lenz—Barlotti type III. 2. 


For a proof of this fact see Salzmann et al. [1995] Theorem 64.18. 


THEOREM 2.9.2 (The Possible Lenz—Barlotti Types) A flat 
projective plane is of Lenz—Barlotti type I.1, I.2, [.4, H.1, 1.2, IL.2, 
or VIL.2. 


For a proof see Salzmann et al. [1995] Chapter 6 and, also, Prief- 
Crampe [1983] Chapter 5.5. 


2.9.2 Groups of Projectivities 


Given a nonincident point—line pair (p, ZL) in a projective plane P, denote 
by 7(Z,p) the bijection between L and the line pencil through p that 
maps a point on L to the line that connects this point with p. This 
bijection is called the perspectivity with centre p and axis L. Let 1(p, L) 
be the inverse of 7(L,p). The products 


T(Dn-1, Ly) de m(L2, pz) (pi, Lz)n(Ly, pi) 


are called the projectivities of L, onto L, where p; are points and L; 
are lines such that p; ¢ L;,L;41. The projectivities of a line ZL onto 
itself forms a permutation group the isomorphism type of which does 
not depend on the choice of the line L. This group is called the group 
of projectivities of the projective plane P. 
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The group of affine projectivities of an affine plane A is the group 
consisting of all projectivities of the projective extension A generated by 
the perspectivities whose centers are contained in the line at infinity of A. 
This means that affine projectivities are products of parallel projections. 


2.9.2.1 The Group of Fractional Linear Maps PGL2(F) 


If P is the classical projective plane over the field F’, then its group of 
projectivities is isomorphic to PGL2(F’) with its natural action on the 
projective line PG(1, F’) as the so-called group of fractional linear maps. 
In the following we give a definition of PGL2(F) and list some of its 
most important properties. 

Let F be a field. The elements of the general linear group GL2(F) 
are the 2 x 2 matrices with entries in F' and nonzero determinant. 
Then PGL2(F’) is the quotient group of this general linear group by 
its normal subgroup consisting of the nonzero scalar matrices. 

If (zo : x) denotes the homogeneous coordinates of a point in the 
projective line corresponding to the 1-dimensional subspace spanned by 
the nonzero vector (z9,21) € F?, then {(x : 1) | a2 € F}U{(1 : 0)} 
represents all points of the projective line. Therefore PG(1, F’) can be 
identified with F U {oo} via the map (x: 1) a and (1:0) &. 

An element of PGL2(F’) represented by the matrix 


6 :) € GL(F) 


acts on PG(1, F’) by 
(Zo 221) + (azo + bx) : cep + dz)). 

With the above identification this element then acts on FU {oo} by 

ax+b 

Re 

co+d 
with the obvious definitions for 2 = co and when the denominator be- 
comes 0. 


The stabilizer of the point oo is (isomorphic to) the group of affine 
maps of F 


FoF:2vract+bh, 


where a,b € F, a # 0. The group of affine maps together with its 
natural action on F is isomorphic to the group of affine projectivities of 
the classical affine plane over F’. 

If F = R, then the projective line is homeomorphic to S! = RU {oo} 
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and PGLo(F'’) is a 3-dimensional Lie transformation group acting on the 
circle S!. The group PSL2(R) is a normal subgroup of index 2 of the 
group PGL2(R) consisting of all orientation-preserving fractional linear 
maps. If F = C, then PGLe(F) is a 6-dimensional Lie transformation 
group acting on S? = CU {oo}. For further information about all these 
groups see Section A2.2. 

It can be shown that the group of projectivities of a line in a projective 
plane acts 3-transitively (see Subsection 2.10.1 for a definition) on the 
line. In the case of the group PGL2(F) the action on a projective line 
is even sharply 3-transitive. Similarly, the group of affine projectivities 
of a line in an affine plane acts 2-transitively on the line. In the case of 
the group of affine maps of F' the action on F is sharply 2-transitive. 


THEOREM 2.9.3 (Characterizations of the Classical Plane I) 
Let G be the group of projectivities of a line L in a flat projective plane 
and let G be endowed with the compact-open topology. Then the following 
conditions are equivalent. 


(i) The group G is locally compact. 

(ii) The group G acts sharply 3-transitively on L. 

(iii) The group G is isomorphic and acts equivalently to PGL2(R) in 
its natural action on S!. 

(iv) The group G acts w-regularly on L, that is, there exists a finite 
set F C L such that the subgroup in G fixing F elementwise is 
discrete with respect to the compact-open topology. 

(v) The flat projective plane under consideration is the classical flat 
projective plane. 


THEOREM 2.9.4 (Characterizations of the Classical Plane IT) 
Let H be the group of affine projectivities of a line L in a flat affine 
plane and let H be endowed with the compact-open topology. Then the 
following conditions are equivalent. 


(i) The group H is locally compact. 
(ii) The group H acts sharply 2-transitively on L. 
(iii) The group H is isomorphic and acts equivalently to the group of 
affine maps of R in its natural action on R. 
(iv) The group H acts w-regularly on L. 


(v) The flat affine plane under consideration is the classical flat affine 
plane. 
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These two theorems summarize classical results and results by Stram- 
bach [1977] and Lowen [1977]. Compare Lowen [1981d] 5.1 and Salz- 
mann et al. [1995] Theorems 66.1 and 66.2. 


2.9.2.2 The Group of Piecewise Projective Homeomorphisms 


The groups of (affine) projectivities are invariants of affine and projec- 
tive planes. However, unlike the groups of automorphisms, the groups of 
projectivities are not very useful tools when it comes to classifying affine 
and projective planes. In general, they are ‘too large’ to be of any use. 
For example, the group of projectivities of a finite nonclassical projec- 
tive plane of order n is isomorphic to either the alternating group An+1, 
the symmetric group 5,4, or, if n = 23, the Mathieu group Mag; see 
Grundhéfer [1988]. Also the groups of (affine) projectivities of non- 
classical flat affine and projective planes are not locally compact (see 
Theorems 2.9.3 and 2.9.4) and thus no Lie groups. 

Apart from the group of projectivities PGL2(R) of the classical flat 
projective plane, for flat projective planes only the groups of projectivi- 
ties of the nonclassical projective Moulton planes (see Subsection 2.7.1) 
have been calculated explicitly. All these groups are isomorphic to the 
so-called group of piecewise projective homeomorphisms T of S° to itself. 
Here a homeomorphism g of S! to itself is called piecewise projective 
if S! is the union of finitely many closed intervals such that for each 
such interval J there is a projective homeomorphism h € PGL2(R) such 
that the restrictions of g and h to J coincide. Note that this group 
contains PGL2(R) and is really a much larger group than this classical 
group of projectivities. As the main step in his proof that [ is the group 
of projectivities of a nonclassical projective Moulton plane Betten [1979] 
proves the following result. 


LEMMA 2.9.5 (Piecewise Projective Homeomorphisms) The 
group of piecewise projective homeomorphisms is generated by its sub- 
group PGL2(R) and the set H of dilatations in one direction 

kx forxz>0, 

RU{o}-RUf{o}:trH 42 forr <0, 

co forr=0, 
where k > 0. The orientation-preserving elements of T form a normal 
subgroup of index 2 that is generated by PSL2(R) and the set H. 


This result greatly facilitates identifying a group of piecewise projec- 
tive homeomorphisms as the group [ and has also been used to construct 
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abstract ovals and flat Minkowski planes that have groups of projectiv- 
ities isomorphic to T’; see Subsections 2.10.2 and 4.4.6. 

For more information about I see Betten [1979], Betten—Wagner [1982], 
Betten—Weigand [1985], Lowen [1981d], and Polster [1992], [1996b]. 


2.9.3 Semigroups of Continuous Lineations 


We have been able to classify the flat linear spaces that have a ‘large’ 
group of automorphisms. On the other hand, we have seen that it is 
not difficult to construct many mutually nonisomorphic rigid examples 
of the different types of flat linear spaces. This means that, in gen- 
eral, it is impossible to reconstruct a flat linear space from its group of 
automorphisms. 

It comes as a pleasant surprise that the semigroup of continuous lin- 
eations of a flat linear space, which contains the group of automorphisms 
of such a plane, determines the plane completely. 

A lineation of a geometry is a map from its point set to itself such 
that the image of every line under the map is contained in another (not 
necessarily unique) line. Of course, every automorphism of a geometry is 
also a lineation. A lineation is called collapsed if the image of the whole 
point set is contained in a line. The set of all lineations of a geometry 
forms a semigroup. From now on let FR be a flat linear space with point 
set P. Provided with the compact-open topology, the semigroup © of all 
continuous lineations of such a plane is a topological semigroup. Let IT 
be the set of all continuous lineations that map the whole point set onto 
a point, let A be the set of all collapsed continuous lineations not in IT, 
and let E be the set of all injective continuous lineations. 

We define an equivalence relation ~ on A. We first define 


\<p— MP) C W(P) 
for 4, u € ITU A. Now define the relation * on A by 
A* — there isayv€A such that \<vandp<v. 


Note that * is reflexive and symmetric. Finally, define ~ as the transitive 
closure of the relation *, that is, \ ~ wif and only if there are an integer n 
and A = fi, B2,--:, Bn =u € A such that 2) * Bo, Bo * B3,...,Bn—1 * Bn- 

Construct a geometry FR’ as follows. Its points are the elements of IT 
and its lines are the equivalence classes of the equivalence relation ~. 
An element p € II is incident with an equivalence class if there exists a 
lineation A in this equivalence class such that p < A. 
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THEOREM 2.9.6 (Semigroup Determines Plane) Let R be a flat 
linear space. Then the semigroup & of all continuous lineations of R is 
the disjoint union of II, A, and EF. This decomposition can be read off 
from &% alone, without referring to the given action on R. Furthermore, 
the geometry R is isomorphic to R’. 


This implies that every flat linear space can be reconstructed from its 
semigroup of lineations. 
For more details about this result see Stroppel [1997]. 


2.10 Related Geometries 


In the following subsections we describe some links between flat linear 
spaces and some other important incidence geometric structures such 
as sharply transitive sets of permutations, semibiplanes, and pseudoline 
arrangements. 


2.10.1 Sharply Transitive Sets 


A set G of permutations acting on the set S containing more than n 
elements is called n-transitive if and only if, given two ordered n-tuples 
each of distinct elements of S, there is at least one element in G that 
maps the first n-tuple elementwise onto the second n-tuple. The set G is 
called sharply n-transitive if and only if, given two ordered n-tuples each 
of distinct elements of S, there is exactly one element in G that maps 
the first n-tuple elementwise onto the second n-tuple. Two n-transitive 
sets G and H of permutations of the set S are isomorphic if there are 
permutations h; and he of S such that hi Hho =G. 

Note that a sharply 1-transitive set is also ‘l-unisolvent’ and that a 
sharply 2-transitive set can be made into a ‘2-unisolvent set’ by adding 
the constant functions to it. Unisolvent sets of functions play an impor- 
tant role in the theory of higher-rank flat circle planes; see Chapter 7. 

In this book we are primarily interested in sharply n-transitive sets 
of homeomorphisms R. — R and S! — S! as some of these sets have 
interpretations as geometries on surfaces. It turns out that only sharply 
1-transitive and 2-transitive sets of homeomorphisms R — R exist; see 
Theorem 2.10.2 below. Similarly, only sharply 1-transitive and sharply 
3-transitive sets of homeomorphisms S! — S! exist; see Theorem 2.10.2 
below. We list the classical examples of such sets. 


2.10 Related Geometries 117 
(i) The set of translations 
R-R:t +a, 


where a € R, is sharply 1-transitive. 
(ii) The set of all affine maps 


R-R:rrazr+bd, 


where a,b € R, a4 0 is a sharply 2-transitive set. 
(iii) The set of all rotations of the circle is a sharply 1-transitive set. 
(iv) The classical sharply 3-transitive set on S! is the group PGL2(R) 
acting on S! as the group of fractional linear maps; see Subsub- 
section 2.9.2.1. 


Associated with every pair of lines K and L in a projective plane is a 
sharply 2-transitive set of permutations of K \ {p}, where p is the point 
of intersection of L and K. It is constructed as follows. Consider the 
set H of all projectivities of the form 7(q, L)7(K,q), where q is a point 
that is contained neither in Z nor in K; see Figure 2.25 (in this diagram 
the point p is the common point at infinity of the two parallel lines). 


L 


K 
Fig. 2.25. The projectivity associated with q 


Let y be an element of this set. Then y~!H is a sharply 2-transitive 
set when restricted to K \ {p}. The sharply 2-transitive sets associ- 
ated with two lines in the classical projective plane over the field F are 
isomorphic to the group of affine bijections F — F. 

The sharply 2-transitive sets associated with flat projective planes are 
special sets of homeomorphisms R — R. Conversely, given a sharply 
2-transitive set of homeomorphisms R. > R, it is possible to construct 
an R*-plane whose point set is R? and whose lines are the graphs of the 
functions in the set together with all horizontal and vertical Euclidean 
lines. Of course, this R?-plane is not necessarily a flat affine plane. 

At this point we only remark that every sharply 3-transitive set of 
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homeomorphisms S$! — S$! corresponds to a toroidal circle plane; see 
Subsection 4.2.3. Since the results about sharply n-transitive sets of 
homeomorphisms R — R and S! — S! are very similar, we list all 
relevant results simultaneously in this section. 

The first part of the following result is also a corollary of Proposi- 
tion 2.7.17. 


THEOREM 2.10.1 (Cut and Paste) Let G;, 1 = 1,2, be two sharply 
2-transitive sets of homeomorphisms R — R, or two sharply 3-transitive 
sets of homeomorphisms S! > S!. Let G; and G} be the sets of 
orientation-reversing and orientation-preserving homeomorphisms in G;. 
Then Gt UG, ts a sharply 2-transitive or sharply 3-transitive set, re- 
spectively. 


Proof. Let G;, + = 1,2, be two sharply 2-transitive sets of homeo- 
morphisms R — R. We show that Gf U G) is sharply 2-transitive as 
well. 

Let (71, 1), (v2, y2) € Rx R, where 2; 4 y;, 2 = 1,2, and let f and g 
be the unique homeomorphisms R — R in G, and G2 that map x to re 
and y; to yo. Then Proposition A1.4.1(i) guarantees that f and g are 
either both orientation-preserving or both orientation-reversing. This 
implies that there is a unique element in G{ UG} that maps x) to 22 
and y to yg. Hence this set is sharply 2-transitive as well. 

The second part of the theorem can be proved in a similar fashion 
using Proposition Al.4.1(iii). O 


THEOREM 2.10.2 (Existence) Sharply n-transitive sets of homeo- 
morphisms of R > R ezist if and only ifn =1 orn =2. 

Sharply n-transitive sets of homeomorphisms of S' — S! exist if and 
only ifn =1 orn =3. 


The following proof has been adapted from Polster [1998a] Proposi- 
tions 2.1.2 and 2.1.3. 


Proof of theorem. Let G be a set of homeomorphisms R — R. Bearing 
in mind the examples given at the beginning of this section, we know 
that G could be sharply 1- or 2-transitive. 

Proposition Al.4.1(i) implies that for n > 3 there exists no homeo- 
morphism of R. > R that fixes 2,3,...,n—1 and exchanges 1 and —1. 
This implies that G cannot be a sharply n-transitive set. 

Let G be a set of homeomorphisms S! — S!. Bearing in mind the 
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examples given at the beginning of this section, we know that G could 
be sharply 1- or 3-transitive. 

Let a,b,c, and d be four distinct points on the circle. Then Proposi- 
tion A1.4.1(iii) implies that that there exists no homeomorphism h that 
fixes @ and b and such that c and A(c) are contained in the same con- 
nected component of S! \ {a,b} and such that d and h(d) are contained 
in different connected components of the set S' \ {a,b}. Hence there are 
no sharply n-transitive sets of homeomorphisms of S! to itself for n > 4. 


AL 


Assume that G is a sharply 2-transitive set of homeomorphisms of the 
circle to itself. Consider the geometry T whose point set coincides with 
the torus S' x S! and whose lines are the horizontals and verticals on 
the torus, and the graphs of the functions in G. In this geometry every 
two points are contained in exactly one line. If f is an element of G, 
denote by L(f) its associated line in T. We identify S! x S! with the 
unit square in the usual manner, that is, verticals turn into verticals, 
horizontals turn into horizontals and boundary points get identified in 
the obvious manner; see Figure 2.26. 

Let g € G. Then Gg! is a sharply 2-transitive set that contains the 
identity id. We may therefore assume that id is contained in G. By 
Proposition Al.4.1(iv), every orientation-reversing homeomorphism has 
exactly two fixed points, hence the graph of such a homeomorphism 
would intersect L(¢d) in two points. Hence these two points would 
have two connecting lines in 7, which is a contradiction to what we 
deduced before. Hence G does not contain any orientation-reversing 
homeomorphisms. If g,h € G and g(a) = h(a) = b for some a,b € S}, 


Fig. 2.26. 
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then L(g) and L(h) are two topological circles that touch topologically 
at the point (a,b). They cannot intersect transversally since this would 
imply that they intersect in a second point, which is again impossible. 
Consider two points p and g on L(id) and one more point r that is 
not contained in any of the horizontals and verticals through p and g. 
Consider the lines K and L in the geometry 7 that connect p with r 
and q with r, respectively. Figure 2.26 shows that if these lines both 
touch L(id), they necessarily intersect transversally in the point r. This 
is a contradiction. OC) 


A sharply n-transitive set G is called invertible if G contains the iden- 
tity and G = G-!. The sets of involutions in the invertible sharply n- 
transitive sets that we are interested in turn out to be very interesting 
themselves. 


THEOREM 2.10.3 (Sets of Involutions) Let G be an invertible 
sharply 2-transitive set of homeomorphisms of R to itself and let H 
be the set of involutions in G. Then H is a sharply 1-transitive set 
of orientation-reversing homeomorphisms. If the R?-plane associated 
with G is a flat affine plane, then H corresponds to a parallel class of 
lines in this affine plane. 


For a proof of this result see Polster [1998a] Proposition 2.1.5. In the 
next subsection we will consider the set of involutions in sharply 3-tran- 
sitive sets of homeomorphisms S! -> S$}. 

For more information about sharply transitive sets of permutations 
see Dembowski [1968] and Polster [1998a]. 


2.10.2 Quasi-Sharply-2-Transitive Sets and Abstract Ovals 


A set G of permutations acting on the set S is called quasi-sharply-2- 
transitive if each permutation g € G has order at most 2 and for any 
two pairs (@1,a@2),(b1,b2) € S x S, with a; # b;, 1,7 = 1,2, there is a 
unique permutation h € G such that h(a,) = a2, h(bi) = be. 

Quasi-sharply-2-transitive sets are also referred to as Buekenhout ovals 
or abstract ovals. An abstract oval that consists of homeomorphisms of 
the circle to itself is called a real abstract oval. 

Given an oval © in a projective plane P = (P,£) and a point p not 
contained in the oval, the bundle involution of the oval associated with 
the point is the involution O — © that fixes a point of the oval if the 


2.10 Related Geometries 121 


tangent at this point contains p, and exchanges two distinct points of the 
oval if the line through the two points contains p. It is easy to check that 
the set of bundle involutions associated with the points of P \ O is an 
abstract oval on O. Every abstract oval that arises like this from an oval 
in a projective plane is called projective. For examples of nonprojective 
abstract ovals see Krier [1977] and Faina [1984]. 

Associated with every abstract oval G on S is the ambient of G. This 
is a geometry whose points are the elements of SUG. If a,b € S (a 
and b not necessarily distinct), then the line defined by a and b is the 
set consisting of a and b and all elements g € G such that g(a) = b. If G 
comes from an oval © in a projective plane P, then this ambient clearly 
corresponds to the geometry of all lines in P that intersect O. 

Two abstract ovals G and H of permutations acting on S are isomor- 
phic if and only if there is a permutation A of S such that h-1Hh = G. 
If G and H are isomorphic, then their ambients are isomorphic. 

The classical abstract oval over the field F is the abstract oval as- 
sociated with the nondegenerate conic sections in the projective plane 
over F. If F is of even characteristic, this abstract oval is isomorphic 
to the set of all elements of order at most 2 in PGL2(F’) (see Subsec- 
tion 2.9.2.1), that is, the set consisting of the identity and the involutions 
in this permutation group. If F is of odd characteristic or characteris- 
tic 0, then the classical abstract oval associated with it consists of the 
involutions in PGL2(F). Identify the conic section with the projective 
line L = F U {oo} via the usual stereographic projection. Then the ele- 
ments of the classical abstract oval are the (fractional linear) involutions 


LoL:rr—-2z+5, 


| hee a oes 
z-a 


where a,b € F and a? £ b. 

Let G be a finite abstract oval on S. If S has an odd number of 
elements, then idg is contained in G and all elements different from the 
identity fix precisely one point of S. An involution of a set S is called 
elliptic if it has no fixed points. It is called hyperbolic if it has exactly 
two fixed points. If S is finite and has an even number of elements, or 
if G is a real abstract oval, then each element of G is either an elliptic 
or a hyperbolic involution. This implies that for |S| > 2 idg is not 
contained in G. Both elliptic and hyperbolic involutions are contained 
in G. The set of all elliptic (hyperbolic) involutions in G is called the 
elliptic (hyperbolic) part of G. 
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We call a set H of hyperbolic involutory homeomorphisms of the circle 
to itself a real hyperbolic part if it has the following property. 

Let (a1, @2), (b1,b2) € S' x S', where a; # b;, i,j = 1,2. If a) = ae, 
or bj = bg, or @1,@2,61, and be are distinct and both a, and a» are 
contained in the same connected component of S! \ {b1, bo}, then there 
is a unique g € H such that g(ai) = ae, g(b1) = bg; compare Proposi- 
tion Al.4.2(iii). 

We call a set F of elliptic involutory homeomorphisms of the circle to 
itself a real elliptic part if it has the following property. 

Let (a1, a2), (bi, b2) €S!x s}, with @1,@2,6,, and bo distinct and a; 
and a2 contained in different components of S! \ {bi,b2}; see Propo- 
sition A1.4.2(iii). Then there is a unique element g € E having the 
property that g(a1) = a2, g(b1) = be. 

Of course, every hyperbolic part or elliptic part of a real abstract oval 
is a real hyperbolic part or a real elliptic part, respectively. 


THEOREM 2.10.4 (Cut and Paste) Let E be a real elliptic part 
and let H be a real hyperbolic part. Then EU 4H is a real abstract oval. 


Use Proposition A1.4.2(iii) to arrive at a simple proof of this result 
similar to the proof of the corresponding cut-and-paste result Theo- 
rem 2.10.1 for sharply n-transitive sets of homeomorphisms. 

This result also implies that every real elliptic (hyperbolic) part is the 
elliptic (hyperbolic) part of a real abstract oval. 

It can be shown that every real abstract oval is projective and arises 
from a topological oval in a flat projective plane. In the following we 
only describe how, given a real abstract oval, such a projective plane 
and topological oval can be constructed. 

We first need to recall some facts about topological ovals in flat pro- 
jective planes; see Theorem 2.2.4. Let O be a topological oval in a flat 
projective plane P. Then the set of tangents of O is a topological oval 
in the dual P?#! of P. We call it 0%. The restriction of P to the 
exterior of a topological oval is a disk Mobius strip plane. 

Let G be a real abstract oval. Let 


M =S'«S' = {{x,y} | 2,y €S*} 


denote the set of all unordered pairs of points in S'. We think of it as 
being provided with the natural topology that it inherits from S!. As 
a topological space M is homeomorphic to a Mobius strip with bound- 
ary B = {{x,x}|rz € S*}; see Salzmann et al. [1995] remark following 
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Corollary 55.12. For every involution 2 € G let l; = {{z,y} | y =i(z)}. 
Clearly, if ¢ is an elliptic involution, then 1; is a subset of S! * S1 homeo- 
morphic to the circle and if 2 is a hyperbolic involution, then J; is a 
closed Jordan arc (homeomorphic to a closed interval) that intersects B 
in its two boundary points. Furthermore, B is homeomorphic to S?. 
Let ta, a € S}, be the set {{a, y}|y € S1}. Let EF and S be the sets of all 1; 
associated with elliptic and hyperbolic involutions in G, respectively, and 
let T be the set of all t2, a € S!. We define a geometry R = (M, CL) 
whose line set Lis HUT US. 

If G has been constructed from a topological oval © in a flat projec- 
tive plane P, then it is easy to see that this geometry is isomorphic to 
the geometry that one arrives at by removing the set of interior points 
of 0%! from the dual flat projective plane P*“. The set B corresponds 
to O44, The elements of E, T, and S correspond to the exterior lines, 
the tangents, and secants of 0%"! in P42! respectively. In this special 
case it is also clear that any two points in R are connected by a unique 
line in R. Since abstract ovals are quasi-sharply-2-transitive, it follows 
that this last statement is true for an R constructed from a general real 
abstract. ovals. Consequently, the restriction of R to M \ B is a disk 
Mobius strip plane. Now, it is easy to prove that we can construct a 
flat projective plane Pg as in Subsection 2.7.13 by gluing together R 
and the restriction of the Euclidean plane to the closed unit disk; see 
Polster [1998a] Section 2.4 for the details of this construction. 


THEOREM 2.10.5 (Real Abstract Ovals Are Projective) Let G 
be a real abstract oval. Then the following hold. 


(i) The incidence structure Pg is a flat projective plane. 

(ii) The set B is a topological oval in Pg whose sets of tangents, 
exterior lines, and secant lines coincide with the sets E, T, and S, 
respectively. 

(iii) The real abstract oval G is projective and isomorphic to the real 
abstract oval associated with the dual topological oval BY". 


Remember that a sharply n-transitive set G is called invertible if G 
contains the identity and G = G7}. Theorem 2.10.3 guarantees that 
the set of involutions in an invertible sharply 2-transitive set of homeo- 
morphisms of R to itself forms a sharply transitive set. A similar result 
is true for invertible sharply 3-transitive sets of homeomorphisms of S! 
to itself. 
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THEOREM 2.10.6 (Invertible Sharply 3-Transitive) Let G be 
an invertible sharply 3-transitive set of homeomorphisms of S' to itself. 
Let H be the set of hyperbolic involutions in G and let E be the set of 
elliptic involutions. Then the following hold. 


(i) The set H is a real hyperbolic part. 

(ii) The set of all involutions in G, that is, EU H is a real abstract 
oval if and only if, given any two distinct points a,b € S', every 
element in G that exchanges a and b is an involution. 


For a proof see Polster {1998a] Theorem 2.2.1. Keeping in mind that 
every sharply 3-transitive set as in this theorem corresponds to a toroidal 
circle plane, this result together with Theorem 2.10.5 establishes a non- 
trivial connection between certain toroidal circle planes and flat projec- 
tive planes via a real hyperbolic part/real abstract oval. 


q Pp 


Fig. 2.27. A ‘bent’ bundle involution 


The group of projectivities of an abstract oval G on S is the permu- 
tation group acting on S generated by G. The group of projectivities 
is 3-transitive and is isomorphic to PGLa(F) if G is the classical abstract 
oval associated with the field F. Note that this group is also the group 
of projectivities of the classical projective plane; see Subsection 2.9.2. 

Just as the group of projectivities of a nonclassical projective plane 
tends to be very large, so does the group of projectivities of a nonclassical 
abstract oval. For example, if G is a finite nonclassical abstract oval on 
a set containing n elements, then its group of projectivities is either 
the alternating or the symmetric group on the same n elements; see 
Polster [1992] Theorem 3.1. 

Here is a construction of a real abstract oval around the unit circle 
in the Euclidean plane whose group of projectivities is isomorphic to 
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the group of piecewise projective homeomorphisms of the circle to itself; 
see p. 114 for a definition of this group. We associate with every point 
of the projective plane over the reals off the unit circle an involutory 
homeomorphism of the unit circle. The set of all these involutions is the 
real abstract oval we are looking for; see Polster [1992] Lemma 8.8.2. 
The involutions associated with the interior points of the unit circle and 
with the points on the line at infinity of the Euclidean plane are the 
bundle involutions associated with these points. Let p be a point of the 
Euclidean plane that is an exterior point of the unit circle. Draw the 
line through p and the origin of the plane and let g be the point on this 
line that is at equal distance between p and the unit circle. Then the 
‘bent’ involution associated with p is defined as in Figure 2.27. 

The standard reference for abstract ovals is Buekenhout [1966]. For 
real abstract ovals see Polster [1992], [1998a], and Valette [1965]. For 
more information about groups of projectivities of projective real ab- 
stract ovals see Lowen [1977], [1981d]. 


2.10.8 Semibiplanes 


A semibiplane is a point—block geometry that satisfies three axioms. 


Axioms for Semibiplanes 


(S1) Two distinct points are contained in no or exactly two dis- 
tinct blocks. 


(S2) Two distinct blocks intersect in no or exactly two distinct 
points. 


(S3) The geometry is connected. 


Here connected means that the point set of the semibiplane is not the 
disjoint union of two proper subsets such that every block is contained 
in either one of these subsets. 

Two points in a semibiplane are parallel if they coincide of if there is 
no block that contains both of them. Similarly, two blocks are parallel 
if they coincide or do not intersect in a point. A semibiplane is called 
divisible if being parallel defines equivalence relations on both the point 
and block sets of the geometry. A divisible semibiplane is called tactical 
if the following hold. 
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(i) Given a parallel class of points, the set of all blocks that do not 
intersect this parallel class is a parallel class of blocks. 

(ii) Given a parallel class of blocks, the set of all points that are not 
contained in any of the blocks in this parallel class is a parallel 
class of points. 


Here is an example of a tactical semibiplane. Take as its points the 
vertices of the icosahedron and associate with every vertex v a block of 
the geometry that consists of the five vertices that are connected by an 
edge to the vertex v; see Figure 2.28. The parallel classes of points are 
the pairs of opposite vertices and the parallel classes of blocks are the 
pairs of blocks associated with opposite vertices. 


LAS 


Va 


Fig. 2.28. A block of a semibiplane on the icosahedron 


Associated with every involutory automorphism ¥ of a projective plane 
is a semibiplane that is constructed as follows. 


(i) Points are the unordered pairs {p, y(p)}, where p is a point of the 
projective plane with p 4 y(p). 

(ii) Blocks are the unordered pairs {L,y(L)}, where L is a line of the 
projective plane with L 4 >(L). 


A homology semibiplane is a semibiplane associated with an involutory 
homology. It is easy to check that homology semibiplanes are tactical, 
that the parallel classes of points in the semibiplane correspond to the 
lines in the projective plane through the center of the homology, and 
the parallel classes of blocks to the pencils of lines through points on the 
axis of the homology. In fact, it can be shown that the above example 
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on the icosahedron is isomorphic to a homology semibiplane associated 
with the projective plane of order 5. 

By Salzmann et al. [1995] Corollary 55.29, every involutory automor- 
phism of a flat projective plane is a homology and we call a homology 
semibiplane flat if it arises as described above from a flat projective 
plane. 

Let us first have a look at the flat homology semibiplane associated 
with a reflection of the classical plane with center c and axis A (remember 
that c ¢ A). We use the standard representation of the classical plane 
on the Mobius strip M, or equivalently the strip [0,7] x R whose left 
and right boundaries have been identified as usual; see Subsection 2.1.3. 
Remember that the nonvertical lines are the graphs of the half-periodic 
functions 


fap: [0,7] > R:a2rasing + beosz, 
where a,b € R. Then a reflection is given by the map 
M-M: (x,y) i (x, —y). 


The center of this reflection is the infinite point of the verticals and its 
axis is the graph of the function fo,o. Let C be the strip (0, 7] x [0, +00) 
whose boundaries have been identified via the function (0, y) +> (7, y). 
This means that C is a cylinder with boundary c at the bottom of the 
cylinder. 

The continuous map 


M > C: (a,y) + (a, lyl) 


identifies pairs of points on M that get exchanged by our homology with 
one point on the cylinder. The axis is mapped to the circular boundary c 
at the bottom of this cylinder. This gives the following representation 
of the corresponding homology semibiplane on the cylinder. The point 
set is the cylinder C' \ c, the blocks are the graphs of the functions 


hap : [0,7] \ {b} a Rt : 2+ asin((x — b) mod 7), 


where a € Rt and b € [0,z]. The parallel classes of points are the 
verticals on the cylinder, and the parallel classes of blocks correspond 
to the sets of functions {ha,, | a € R*} for b € (0,7). 

A cylinder semibiplane is a tactical semibiplane that looks like this 
classical homology semibiplane on the cylinder, that is, has a represen- 
tation as follows. The point set is the cylinder S! x R™, the verticals on 
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the cylinder are the parallel classes of points. Every block is the restric- 
tion to this cylinder of the graph of a continuous function S! — (0, +00) 
that has exactly one zero. To every 6 € S! corresponds exactly one 
parallel class of blocks consisting of all those blocks that correspond to 
functions having a zero at b. 

Here is one of the simplest geometrical constructions of a cylinder 
semibiplane; see Figure 2.29. Consider the upper half of the vertical 
cylinder in R® containing the unit circle. This upper half is itself a 
cylinder. Then the set of all intersections of this upper half with non- 
vertical planes that touch the unit circle forms the block set of a cylinder 
semibiplane. Figure 2.29 shows a parallel class of blocks in this semibi- 
plane. 


Fig. 2.29. A parallel class of blocks in a cylinder semibiplane 


We note that this cylinder semibiplane is a subgeometry of the clas- 
sical flat Laguerre plane. It is isomorphic to the classical homology 
semibiplane that we constructed above. We summarize the main results 
about flat homology semibiplanes in the following theorem. 


THEOREM 2.10.7 (Homology = Cylinder Semibiplane) Every 
flat homology semibiplane has a representation as a cylinder semibiplane. 
Every cylinder semibiplane is topologically isomorphic to a flat homology 
semibiplane. 


It is not hard to prove the first part of this result by generalizing 
the above construction of the classical cylinder semibiplane from the 
classical flat projective plane. 

Since cylinder semibiplanes occur as geometries associated with many 
of the other geometries on surfaces, the above theorem constitutes an 
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important link between flat projective planes and these other geometries; 
see Chapter 6 for more details. 

For more details and proofs of the results mentioned in this subsec- 
tion and more information about topological homology semibiplanes in 
general see Polster {1995d] and Polster-Schroth [20XX]. 


2.10.4 Pseudoline Arrangements, Universal Planes, Spreads 


Any topological circle in the real projective plane whose complement is 
homeomorphic to R? is also called a pseudoline. Note that. every line in 
a flat projective plane is a pseudoline. Note also that two pseudolines 
that have exactly one point in common intersect each other transversally 
in this point, just like two lines in a flat projective plane. 

A pseudoline arrangement is a finite set of pseudolines every two of 
which intersect in exactly one point. This means that every finite subset 
of lines in a flat projective plane is a pseudoline arrangement. Pseudoline 
arrangements are discrete counterparts of flat projective planes. They 
have interpretations in terms of various equivalent important combina- 
torial objects such as oriented matroids and switching sequences; see 
Griinbaum [1972], Knuth [1992], and Bjorner et al. {1993]. In this sub- 
section we summarize some of the results about pseudoline arrangements 
that are important for us. 

Two pseudoline arrangements are isomorphic if there is a homeo- 
morphism of the real projective plane to itself that maps the first to 
the second arrangement. Up to isomorphism there is only a finite num- 
ber of pseudoline arrangements having a fixed number of elements, and 
it. is possible to compute these numbers. 

A pseudoline arrangement is embeddable in a flat projective plane if it 
is isomorphic to a finite subset of lines of this flat projective plane. A 
pseudoline arrangement is stretchable if it can be embedded in the clas- 
sical flat projective plane. It turns out that any pseudoline arrangement 
with less than nine lines is stretchable. On the other hand, there are 
nonstretchable pseudoline arrangements containing nine lines. An ex- 
ample of such an arrangement can be constructed as follows. Start with 
Pappus’ configuration in the classical flat projective plane and modify it 
as in Figure 2.30. Note that we only draw that part of the arrangement 
in which something is happening, that is, lines are crossing. 

A pseudoline arrangement is simple if no point in the real projective 
plane is contained in more than two pseudolines in the arrangement. 
The arrangement in Figure 2.30 is not simple. 


130 Flat Linear Spaces 


Fig. 2.30. A nonstretchable pseudoline arrangement 


Figure 2.31 shows a nonstretchable simple arrangement having nine 
lines. For a nonstretchability proof based on Pappus’ theorem see Griin- 
baum [1972] Theorem 3.2. 


Fig. 2.31. A nonstretchable simple pseudoline arrangement 


Of course, all this means that pseudoline arrangements are invariants 
of flat projective planes, and that it is possible to distinguish between 
certain such planes by the presence or absence of certain arrangements 
embedded in them. A natural question to ask is whether every pseu- 
doline arrangement can be embedded in a flat projective plane. The 
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following result states that there are no maximal pseudoline arrange- 
ments. For a proof see Griinbaum [1972] Theorem 3.4. 


THEOREM 2.10.8 (Levi’s Enlargement Theorem) Let P be a 
pseudoline arrangement consisting of n pseudolines, and let p and q 
be points that are not both contained in any of these pseudolines. Then 
there exists a pseudoline through p and q which extends P to a pseudoline 
arrangement containing n+ 1 pseudolines. 


This means that, at least to start with, there is no reason to believe 
that we should not be able to extend any given pseudoline arrangement 
to a flat projective plane. In fact, while no proof along these lines is 
known, this result suggests one way to construct such a projective plane. 
Just extend the given arrangement a countably infinite number of times 
in such a way that the union of all pseudolines constructed contains a 
set of points that is dense in the real projective plane. Then form some 
kind of limit to arrive at the flat projective plane we are after. 

Goodman et al. [1994b] prove the result we are interested in using a 
cut-and-paste technique. 


THEOREM 2.10.9 (Embedding) Any pseudoline arrangement can 
be embedded in a flat projective plane. 


Sketch of a proof. First, observe that a pseudoline arrangement induces a 
decomposition of the real projective plane into a cell complex consisting 
of faces, edges, and vertices. An isomorphism between two arrange- 
ments induces a one-to-one correspondence between their cell complexes 
such that neighbouring vertices, edges, and faces in one arrangement 
are mapped to neighbouring vertices, edges, and faces in the other. The 
converse of this statement is also true. 

Second, given a pseudoline arrangement consisting of n pseudolines 
and having one face that is bounded by at least n — 1 pseudolines, this 
pseudoline arrangement is stretchable. This intuitive result is one of the 
lemmas proved in Goodman et al. [1994b]. 

Let P be a pseudoline arrangement having at least three elements (ar- 
rangements with less than three lines are stretchable anyway). Fix one of 
the pseudolines L in P. For every face F' of P let h be a homeomorphism 
of the real projective plane to itself that ‘stretches’ the arrangement con- 
sisting of L and the pseudolines in P bounding F. The image h(F’) of 
the face F’ under the homeomorphism A is a convex disk bounded by 
straight line segments; see Figure 2.32. 
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Fig. 2.32. 


Let M be a straight line that intersects the boundary of the disk h(F) 
in two points. Then h~!(M)/ F is an arc in F with ‘slope’ p, where p 
is the point h~1(M) and L intersect in; see Figure 2.32. Consider the 
set of all these arcs in all faces. These arcs are now strung together to 
form pseudolines. Starting at a point q of L, travel along one of the 
arcs ending in this point. Once you hit the other boundary point on one 
of the original pseudolines continue on the other side of this pseudoline 
along the unique arc with slope qg. Continue along that arc until you 
hit the next original pseudoline. Continue on the other side of this 
pseudoline along the unique arc with slope q. Continue like this until you 
arrive back at the point you started with. Now it is not hard to prove 
that the original pseudolines together with all the possible paths you 
can construct using the above rule form the line set of a flat projective 
plane. 


Goodman et al. [1994b] proved even more. 


THEOREM 2.10.10 (Universal Planes) Universal planes, that is, 
flat projective planes in which every pseudoline arrangement is embed- 
dable, exist. 


Proof. We first observe that up to isomorphism there is only a count- 
ably infinite number of pseudoline arrangements. Given any pseudoline 
arrangement, we first embed it into a flat projective plane; by Theo- 
rem 2.10.9 this is possible. In this flat projective plane we can find three 
points such that all points of intersection of this arrangement are con- 
tained inside a triangle bounded by the lines through the three points. 
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Let the restriction of the flat projective plane to this triangle be the 
‘triangular patch’ associated with the pseudoline arrangement. We can 
now cut countably many disjoint triangular holes in the classical flat 
projective plane, and fill these holes with the triangular patches every 
single one of which has been suitably deformed to fit its hole; see Fig- 
ure 2.33. If we continue pieces of lines in the classical plane across the 
holes in the only possible way using the line segments in the triangular 
patches, we arrive at a universal flat projective plane. O 


Fig. 2.33. Fitting a triangular patch into a triangular hole in the classical 
plane in the proof of Theorem 2.10.10 


Note that there are many different ways to build the universal pro- 
jective plane constructed in this proof. In fact, it is not difficult to 
construct infinitely many nonisomorphic universal planes. 

An isotopy between two isomorphic pseudoline arrangements P and P’ 
is an isotopy, or equivalently a continuous deformation, of the real projec- 
tive plane that induces an isomorphism between P and P’. The following 
result is due to Ringel [1956]. 


THEOREM 2.10.11 (Isotopy) There exists an isotopy between any 
two isomorphic simple arrangements of pseudolines. 


A classicalisotopy between two straight pseudoline arrangements is an 
isotopy in which every intermediate arrangement is straight, too. Pairs 
of isomorphic straight arrangements that are not classically isotopic have 
been constructed; see Bjdrner et al. [1993]. Finally, we mention one more 
geometrical object that fits somewhere in between pseudoline arrange- 
ments and flat projective planes. 
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A spread of pseudolines S with respect to a pseudoline L consists 
of infinitely many pseudolines such that the following conditions are 
satisfied. 


(i) The pseudoline LZ and an element of S intersect in exactly one 
point and every point of L is contained in one element of S, 
called S(p). 

(ii) The pseudoline S(p) depends continuously on p. 

(iii) Two elements of S intersect in exactly one point. 


One of the simplest ways to construct a spread is to start with a point p 
and a line L in a flat projective plane such that p is not contained in L. 
Then the pencil of lines through p is a spread of pseudolines with respect 
to L. The investigation of spreads was motivated by results in the theory 
of convex sets; see Griinbaum [1972] Chapter 4. 

Before Goodman et al. succeeded in proving that all pseudoline ar- 
rangements can be embedded in a flat projective plane, they proved that 
they can be embedded in spreads; see Goodman et al. [1994a]. It is not 
known whether every spread can be embedded in a flat projective plane. 
For more information about spreads see Griinbaum [1972] Chapter 4. 


2.11 Open Problems 


PROBLEM 2.11.1 Are there linear spaces on the Mobius strip in which 
the connecting line of two distinct points does not depend continuously on 
the two points? Is every linear space on the Mobius strip automatically 
a flat linear space, that is, a Mobius strip plane? See Subsection 1.2.1 
for a definition of linear spaces on surfaces. 


A negative answer to this problem would allow us to develop the 
theory of flat linear spaces along the same lines as we developed the 
theory of ideal flat linear spaces. 


PROBLEM 2.11.2 Are there linear spaces on surfaces other than the 
ones considered in this chapter? See Subsection 1.2.1 for a definition of 
linear spaces on surfaces. 


As a first step it would be very interesting to classify the linear spaces 
on compact surfaces whose lines are topological circles. 

It is easy to prove that no linear space (S*,£) exists in which all 
lines are topological circles. Skornjakov [1954], [1957] investigates linear 
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spaces whose point sets are either R? or S? and whose lines are fairly 
arbitrary curves in the point sets. Among other things, he proved that 
no such linear space can exist on S*. If further types of geometries on 
surfaces exist, then the results about flat linear spaces suggest that these 
geometries are not very attractive from a topological point of view. 

Note that we did not consider linear spaces whose point sets are sur- 
faces and whose lines may also be homeomorphic to closed or half-open 
intervals. It is easy to construct examples for such geometries that are 
extensions of flat linear spaces. Let C be the unit circle in the classical 
flat projective plane, C’ a proper nonempty subset of C, J the set of 
interior points of C, and O the set. of exterior points of C. Then the 
restrictions of the projective plane to UC’ and OUC" are examples of 
linear spaces in which lines are homeomorphic to open, closed, or half- 
open intervals, or circles. In these and similar examples the ‘endpoints’ 
of ‘interval lines’ are boundary points of the surfaces the geometries live 
on. 


PROBLEM 2.11.3 Develop all topological and geometrical aspects of 
a general convexity theory for R?-planes. 


We already summarized a few results in Section 2.2. Many more are 
scattered throughout the literature. However, a comprehensive transfer 
of results from the classical to the general case is still missing. 


PROBLEM 2.11.4 Given an arbitrary R?-plane on R?, is it always 
possible to find a family of closed topological arcs such that every three 
points that are not contained in a line are contained in exactly one of 
the arcs? 


A positive solution for this and similar problems is equivalent to em- 
bedding the R?-plane as a derived plane into a spherical circle plane; 
see the next chapter for definitions of these terms. For many more em- 
bedding problems involving flat linear spaces see the problem sections 
in the following chapters. 


PROBLEM 2.11.5 Are any two flat linear spaces of the same type 
isotopic (in some sense)? 


The idea is to start with two flat linear spaces on the same point set 
and then continuously deform the lines of the first plane into the lines 
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of the second plane. See Rosehr [20XX] for a proof that all R?-planes 
are isotopic. 


PROBLEM 2.11.6 Is it possible to distinguish between the different 
families of flat projective planes with large group dimension by some 
simple pseudoline arrangements contained in their members? 


For example, start by considering the planes of group dimension at 
least 3 and try to find (small) pseudoline arrangements in one of the 
nonclassical projective Moulton planes that cannot be embedded in the 
classical flat projective plane. This is not a problem since it contains 
Desargues’ configurations that do not close. What about a pseudoline 
arrangement that cannot be embedded in any nonclassical projective 
skew parabola plane but can be embedded in every projective Moulton 
plane? 

Note that since universal flat projective planes exist, it is impossible 
to distinguish any two flat projective planes by just looking at the pseu- 
doline arrangements contained in them. 


PROBLEM 2.11.7 Can every spread of pseudolines be embedded in a 
flat projective plane? 


This is one step up from the embedding of pseudoline arrangements in 
a flat projective plane. Even if the embedding of an arbitrary spread into 
a flat projective plane can be accomplished, it seems highly unlikely that 
there is a flat projective plane in which every spread can be embedded, 
that is, universal flat projective planes probably do not exist when it 
comes to spreads. 


3 
Spherical Circle Planes 


Flat Mébius planes were first investigated by W6lk [1966] and Stram- 
bach [1967c]. Later, Strambach {1970d], [1972], [1973], [1974a], [1974b] 
studied the more general spherical circle planes. For more information 
about Mobius planes and, in particular, finite Mdbius planes, we refer 
to Dembowski [1968], Delandtsheer [1995], Hering [1965], Maurer {1967], 
Wilker [1981] and the references given there. 

A spherical circle plane is a point-circle geometry whose point set is 
(homeomorphic to) S* and whose circles are topological circles on S?. 
Furthermore, the Axiom of Joining B1 (see p. 7) is satisfied, that is, 
any three distinct points are contained in exactly one of the circles. A 
spherical circle plane is a flat MGbius plane if, in addition, the Axiom of 
Touching B2 is satisfied, that is, for each circle C and any two distinct 
points p,q with p € C there is precisely one circle through p and q that 
touches C’ at p geometrically, that is, intersects C' only at the point p or 
coincides with C. 


3.1 Models of the Classical Flat Mébius Plane 


In this first section we describe a number of models of the classical flat 
Mobius plane. For detailed information about most of these models see 
Benz [1973]. 


8.1.1 The Geometry of Plane Sections 


We start with the standard unit sphere S? in 3-dimensional Euclidean 
space R?, that is, 


S* = {(2,y,2) €R* | a? +y? +2? = 1}. 
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Points of the classical flat Mobius plane are the points of S?, circles are 
the intersections of S* with planes in R provided they intersect in more 
than one point. A plane E of R3 given by 


E={(z,y,z) € R* | ax +byt+cez+d=0} 


for some a,b,c,d € R, a? + b? + c? = 1, intersects S? in more than one 
point if and only if E has distance less than 1 from the origin (0,0,0), 
that is, if and only if |d| < 1. 


Z| <I 
; ae \ a] FY 


Fig. 3.1. The Axioms of Joining and Touching in the classical plane 


In this model Axioms B1 and B2 are easily verified; see Figure 3.1. As 
for Axiom B1, three points of S? determine a unique plane in R? and its 
trace on S$? is the unique circle containing the three points. In Axiom B2 
we have two points p and q and a circle. This circle is contained in a 
plane E in R° and has a unique tangent L in E at the given point p. 
Then L and the other given point q determine a unique plane in R%. 
Its trace on S? is the unique circle through the two points touching the 
given circle at the point p. 

More generally, we can start off with any nondegenerate elliptic quadric 
in 3-dimensional real projective space and obtain the classical flat Mébius 
plane as the geometry of nontrivial plane sections of this quadric. 


3.1.2 The Geometry of Euclidean Lines and Circles 


We fix a point p on the unit sphere and consider the derived plane 
of the classical flat MObius plane at the point p. Remember that the 
points of this derived plane are the points different from p and its lines 
are the circles passing through p that have been punctured at p. This 
derived plane is isomorphic to the Euclidean plane. We use stereographic 
projection from p onto a plane that does not contain p to convince 
ourselves of this fact. Without loss of generality we may assume that p 
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is the north pole (0,0, 1) of the sphere and that the plane we project on 
is the xy-plane; see Figure 3.2. 


Fig. 3.2. Stereographic projection 


This stereographic projection from the north pole (0,0,1) onto the 
xy-plane is given by the formula 


cy 
(2,y,z) > ( a] 
where (z, y,z) € S*, (x,y,z) # (0,0,1). A plane E of R® given by 
E= {(z,y,z) € R* | ar +by+cez+d=0} 


where a,b,c,d € R, a? + 6? + c? = 1, intersects S* in more than one 
point if and only if |d| < 1; see Subsection 3.1.1. Furthermore, this 
plane passes through the north pole if and only ifc+d=0. Under the 
stereographic projection ES? is taken to 


{(z,y) € R? | (c+ d)(x? + y?) + 2ax + 2by+d—c=0}. 


This yields a Euclidean line for c+d = 0 and a Euclidean circle otherwise. 
Clearly, every Euclidean line or circle is the image of one of the circles 
on the sphere. This also means that a circle on the sphere not passing 
through the point p induces a conic in the derived plane. 

Conversely, we can start off with the geometry on R? whose circles 
are the Euclidean lines and circles. This geometry can be extended to 
another model of the classical flat M6dbius plane. All we have to do is 
to one-point-compactify the point space R? by a point oo. We further 
one-point-compactify every Euclidean line by the point oo. 

In this model of the classical flat M6bius plane Axioms Bl and B2 
are easily verified but the process is a bit cumbersome as one has to 
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distinguish whether or not one of the points involved is the point oo. 
As for Axiom B1, if 00 is one of the points, then the circle through 
these points must be a Euclidean line which is uniquely determined by 
two of its points. If co is not among the points, then one solves the 
homogeneous system consisting of the three linear equations in the four 
coefficients a, b, c, and d that we arrive at by substituting the coordinates 
of the three points into the general equation describing the Euclidean 
lines and circles 


a(x? + y?) + br + cy+d=0, 


where a,b,c,d € R are not all equal to zero. This system has a 1- 
dimensional space of solutions. (Note that the vector (a,b,c,d) € R* 
representing the above circle can be replaced by any nonzero scalar mul- 
tiple, that is, circles correspond to points of a 3-dimensional projective 
space.) As for Axiom B2, if oo is the point in which the circles touch, 
we must have two parallel Euclidean lines; of course a parallel to a Eu- 
clidean line is uniquely determined by one of its points. If the circles 
touch at a point of R?, then their tangents at this point must be the 
same and we obtain again a homogeneous system of three linear equa- 
tions in the four coefficients a, b, c, and d which has a 1-dimensional 
space of solutions. 


3.1.3 Pentacyclic Coordinates 


In this subsection we introduce a certain higher-dimensional space such 
that points and circles of the classical flat Mobius plane are both repre- 
sented by points of this space. These ideas go back to Coolidge {1916]. 

Let Q be the nondegenerate quadric in the projective space PG(4, R) 
defined by 


O = {(zo : 2) : 22: 23: 24) € PG(4,R) | 224+. 2? + 22 — 22 - 2? = 0}, 


where (zo : 21 : Zz: Z3 : Z4) denotes the homogeneous coordinates of 
the point corresponding to the 1-dimensional subspace spanned by the 
nonzero vector (zo, 21,22,%3,24) € R°. We intersect Q with hyper- 
planes 

Ea = {(Z0 : 21 : 2:43:24) | GoLo + A121 + agre + 4323 + a4r4 = OF, 
where a is the point a = (ao : a1 : a2 : a3 : a4) € PG(4,R). Starting 
with the point e = (0:0:0:0: 1) the intersection of E. and Q is 


Q=EF.NQ = {(xo: 21:22: 23:0) | c2 +2? +22 — 22 = 0}, 
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that is, an elliptic quadric. Introducing affine coordinates in such a way 
that x3 = 0 describes the plane at infinity of the projective space E. 
(this plane does not meet Q) we just obtain the standard 2-sphere S?. 
We thus have the point space of the classical flat Mébius plane. 

We further intersect Q = EoNQ with hyperplanes E, where a € Q\ Ee 
to obtain the circles. Clearly, Ee ON Ea is the intersection of the elliptic 
quadric Q in the projective space E, ~ PG(3, R) with the plane EeN Ea 
of Ee. Note that 


Q\ Ee = {(x9:21: 22: 23:1) € PG(4,R) | 22 4+2? +22 —22 =1} 


{(20,21, 22,23) € R*) | 26 +2} +23 = 23 + 1}. 


2 


If a = (ag : a1 : @2 : a3: 1) € O\ Ee, then 
EaNQ = {(2o:21:22: 23:0) € PG(4,R) | 22 +2? +23 = 22, 
GoZo + G1 21 + G2L2Q + 4323 = 0} 
= {(29:21:22:1:0) € PG(4,R) | +27 +23 =1, 


aoLo + 121 + Q2Z2 + G3 = 0} 


l2 


{(Z0, 1,2) € S? | apzp + a121 + agree + a3 = O}. 


Here a2 + a? + a3 = a2 +1> 1. Furthermore, if b; = a;/./a2 + a7 + az, 
then b2 + b? + b2 = 1 and |b3| < 1 so that we obtain the intersection 
of S? with a plane of R®. Moreover, all planes of Ee that intersect S? 
nontrivially are covered. 

More generally, one can use any point p = (po : pi : po : ps : pa) 
such that p2 + p? + p3 — p2 — p? < 0 instead of e. Thus the point space 
is Ep @ and circles are of the form EpM ON Eg for q € O\ Ep. Hence 
the quadric Q contains many copies of the classical flat Mobius plane. 
Points and circles of the Mobius plane M are both represented by points 
of Q. Points of M are the points of O that are orthogonal to a fixed 
point p € Q. Circles of M correspond precisely to the remaining points 
of OC. A point u € O is incident with a circle v € QO if and only if u 
and v are orthogonal. 


3.1.4 The Geometry of Chains 


The chain geometry U(R, C) is the geometry whose point set is the com- 
plex projective line PG(1, C) and whose chains are the images under the 
group I’ = PGL2(C) of the real projective line PG(1,R) that has been 
canonically embedded into PG(1,C); see Herzer [1995]. Incidence be- 
tween points and chains is inclusion. We show that this chain geometry 
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is yet another model of the classical flat Mobius plane. See Subsubsec- 
tion 2.9.2.1 for basic information about the group I and its standard 
action on S?. 

The 6-dimensional connected Lie group I acts in the standard way 
as a sharply 3-transitive group on PG(1,C). This fact readily implies 
Axiom B1. 

Clearly, I is transitive on the set of chains. Moreover the stabi- 
lizer of the standard real projective line PG(1, R) is the canonical sub- 
group PGL2(R). This subgroup in turn is transitive on PG(1,R). Thus 
the stabilizer of a chain is transitive on that chain. Remember that we 
call a pair (p, C), where p is a point and C is a chain through p, a flag. 
The above argument then shows that I is transitive on the set of all 
flags, that is, I is flag-transitive. 


THEOREM 3.1.1 (Flag-Transitive Automorphism Group) The 
group PGL2(C) is a flag-transitive group of automorphisms of =(R,C). 


To verify Axiom B2 we can, by Theorem 3.1.1, restrict ourselves to 
considering the tangent circles to the circle Cp = PG(1,R) = RU {oo} 
at the point co. The subgroup 


r= {Co 1) [seep 


of [I fixes oo. Indeed, the point oo is the only fixed point of elements 
in T where b 4 0 and Cp is taken to a tangent circle to Cp at oo. Since T 
is transitive on C, we find such a tangent circle through any given point. 
In fact, the tangent circle is unique since the stabilizer of co, Co, and 
any further point not on Cp only consists of the identity. 

The chains are the sets 


{ees 


aaa oe 


where a,b,c,d € C, ad — bc #0. Futhermore, if z = (ax + b)/(cx + d), 
then x = (dz — b)/(—cz +a). The condition that x € RU {oo} yields 


ZE RU foo}, 


(dz — b)(a — ez) = (dz — b)(a — cz), 
where Z denotes the complex conjugate of the complex number z, or 
(cd — éd)|z|? + (ad — bc)z + (bé — ad)z + ab — Gb = 0. 
Therefore 


2i Im(cd)|z|? + 24 Im((ad — be)z) + 21 Im(ab) = 0, 
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where Im denotes the imaginary part of the complex number. Dividing 
by 27 and writing z = x + iy we obtain an equation of the form 


r(a? + y?) + Gx + by +E =0, 
where r = Im(cd), &@ = Im(ad — bc), b = Re(ad — bc), and é = Im(ab). 
Note that all these coefficients are real numbers and 

a? +b? — 4ré = |ad — bel? = 1. 


This is the equation of a Euclidean line or Euclidean circle and we see 
that the chain geometry can be embedded into the geometry of Euclidean 
lines and circles described in Subsection 3.1.2. However, three points 
uniquely determine a chain and a Euclidean line or circle. Hence every 
Euclidean line and circle must occur. This shows that the geometry of 
chains is just another model of the classical flat Mobius plane. 


8.1.5 The Geometry of the Group of Fractional Linear Maps 


The group I = PGL2(C) = PSL2(C) from the previous subsection in 
fact. determines the geometry. The stabilizer [., of the point oo is 


re={(9 a) 


and the stabilizer pgp) of the circle PG(1,R) = RU {oo} is 


b 
l'pgi,R) = ic 4 


Since [ is flag-transitive, we can identify the points with the cosets of [, 
in [ and the circles with the cosets of 'pgip) in ’. Furthermore, a 
point aT, is on the circle B['pgii,R) if and only if the intersection of 
the two cosets is nonempty; see Higman—McLaughlin [1961]. 

We assign an element in I‘ represented by the matrix 


G 5 € SL2(C) 


the point (a: c) € PG(1,C), that is, the point a/c € CU{oo}. Elements 
in the same coset of Io are assigned the same point. Likewise, an 
element in I’ represented by the above matrix is assigned the vector 


(Im(cd), Im(ad — bé), Re(ad — b@), Im(ab)) € R*. 


a,b,d € C,ad = i} 


a,b,c,d € R,ad — bc = i}. 


An easy computation shows that if u;, 7 = 1,2,3,4, are the components 
of this vector, then v2 + v2 — 4v;v4 = |ad — bc|? = 1 so that the vector 
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cannot be the zero vector. Furthermore, elements in the same coset 

of 'pga,r) are assigned a scalar multiple of the same vector, that is, 

the same point in projective 3-space. Note that both assignments depend 

only on the element of I’ and not on the particular representing matrix. 
Let a, 8 € T be represented by the matrices 


a b ' o 
e ie 7) €Sla(C), 


respectively. Then the point aI’. is on the circle GBI'pgii,R) if and only 
if 6-'aI'. contains an element of 'pgq,r). But 


a’ U\ "(a b\_ (da-ve db-vd 

c od c dj) \a@dce-ca ald~c'b 
represents G~'a so that dante € RU {oo} in order for aI’. to be 
on Bl pai): Thus 


Im(d’a — b'c)(a'c — c’a) = 0. 
Expanding and dividing by |c|? we obtain 
+t a\? au ee ated yy __ 
Im(c'@) |= +Im ((a'd Bc’) =) + Im(a’b’) = 0, 
that is, ¢ is on the Buclidean circle 
Im(c’d’)(x? + y?) + Im(a'd' — b'c’)x + Re(a’d’ — 8'c’)y + Im(a’b’) = 0; 


compare Subsection 3.1.4. 

The above two subgroups of [ are essentially unique. Any 4-dimen- 
sional connected subgroup of I is conjugate to ,., by Theorem A2.3.16. 
A connected 3-dimensional subgroup of I is conjugate to one of the 
three groups SO3(R), PSL2(R), and {z + e’“z+b|beEC,t € R} 
for some c € R, c # 0; see also Theorem A2.3.16. A group of the last 
kind cannot occur as the stabilizer of a circle since such a group fixes 
a point. Similarly, SO3(R) cannot occur either because this group can 
only act transitively or trivially on S?; see Montgomery—Zippin [1955] 
Theorem 6.7.1. This shows that the stabilizer in [ of a circle must be 
isomorphic to PGL2(R). In fact, up to conjugacy in T., we can assume 
that this stabilizer is the standard subgroup I’pgi1,R)- 


3.2 Derived Planes and Topological Properties 


In this section we describe the main link between spherical circle planes 
and R?-planes. Later this relation will be an important tool in the clas- 
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sification of spherical circle planes with respect to their automorphism 
groups. We also determine the topological structure of the circle space 
and investigate the topological behaviour of the geometric operations. 


3.2.1 Derived R?-Planes 


The idea of representing the classical flat Mobius plane in the Euclidean 
plane can be extended as follows. 

Remember that the derived plane at a point p of a spherical circle plane 
consists of all points different from p and, as lines, all circles passing 
through p but punctured at p. This is an R*-plane. In the case of a 
flat Mobius plane we even obtain a flat affine plane, the derived affine 
plane at p; Axiom B2 implies the parallel axiom of an affine plane. Even 
stronger we obtain the following theorem. 


THEOREM 3.2.1 (Characterization via Derived Planes) A ge- 
ometry M of topological circles on S? is a spherical circle plane if and 
only if the derived geometry at every point of S* is an R?-plane. It is a 
flat Mobius plane if and only if the derived plane at every point is a flat 
affine plane. 


Each derived affine plane of the classical flat Mébius plane is the 
Euclidean plane; see Subsection 3.1.2. 

The derived affine plane at a point p of a flat Mobius plane extends 
to a flat projective plane. We call this plane the derived projective plane 
at p. Derived planes link spherical circle planes to R?-planes or flat 
affine and projective planes. One can consider a spherical circle plane 
as many intersecting R*-planes glued together. We may therefore use 
many of the results on these flat linear spaces in proving results about 
spherical circle planes. This, in fact, is one of the main techniques in 
studying spherical circle planes since many results on R?-planes or flat 
affine and projective planes carry over from derived planes to spherical 
circle planes. For example, the proof of the following result shows how 
to use the fact that lines in an R?-plane intersect transversally to prove 
the corresponding result for spherical circle planes. 


THEOREM 3.2.2 (Intersection of Circles) Two distinct circles in 
a spherical circle plane intersect in at most two points. If they intersect 
in exactly one point, then they touch topologically. If they intersect in 
two points, then they intersect transversally at these points. 


146 Spherical Circle Planes 


Proof. Axiom B1 implies that two circles in a spherical circle plane can 
intersect in no more than two points. Intersecting circles either intersect 
transversally in a point of intersection or they touch topologically at 
this point. By the Jordan—Schoenflies Separation Theorem A1.2.4 and 
the connectedness of circles, two circles that intersect transversally in a 
point certainly have a second point in common. If two circles intersect 
in two points p and q, consider the two circles as lines of the derived 
plane at p. Then it follows from Theorem 2.2.1 that the lines/circles 
have to intersect transversally in qg and therefore also in p. CO 


This result implies that we can decide locally in the neighbourhood of 
a point of intersection of two circles whether or not these circles have a 
second point in common. 


3.2.2 Affine Parts 


A circle C not passing through the distinguished point p induces a closed 
topological arc in the derived plane at p. In the case of a flat Mobius 
plane we even obtain a topological oval in the derived affine plane at p. 
A spherical circle plane can be described in one of its derived planes A 
by the lines of A and a collection of closed topological arcs. We call the 
induced geometry the affine part. The affine part of the classical flat 
Mobius plane is just the geometry of Euclidean lines and circles on R?; 
see Subsection 3.1.2. 

Conversely, let A be a geometry with point set R? whose line set con- 
tains both topological lines and circles. Let £ be the set of all lines that 
are topological lines and let C be the set of all lines that are topological 
circles. Define a geometry M whose point set is the one-point compact- 
ification of R? by a point oo and whose circles are all elements of C and 
all elements of £ to which the extra point oo has been adjoined. This 
means that M is a geometry of circles on a sphere and A is the affine 
part of a spherical circle plane or flat Mobius plane plane if and only 
if M is such a plane. If M’ is a second spherical circle plane that has A 
as one of its affine parts, then M is topologically isomorphic to M’; see 
also Polster-Steinke [1994] Proposition 1. 


3.2.3 Continuity of Geometric Operations 


In a spherical circle plane M = (S?,C) there are two geometric opera- 
tions; joining three points by a circle and intersecting two circles. A flat 
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MObius plane further admits the operation of forming tangent circles. In 
order to be more precise, let P** denote the set of all triples of pairwise 
distinct points of S?. Furthermore, let C?* be the collection of all pairs 
of distinct circles that have nonempty intersection and let P1? be the 
quotient space of S? x S* under the equivalence relation (x,y) ~ (u,v) 
if and only if z = u, y= vorz =v, y=u. Thena: P* —C is de- 
fined by a(z, y, z) being the unique circle through the points z, y, and z 
and y : C** — P1 is defined by y(C, D) = CMD. In the case that M 
is a flat Mdbius plane we also have the map 6 : B —C from the set B 
of all triples (p, C,q), where p and q are distinct points and C is a circle 
through p, to the set of circles which assigns (p,C,q) the unique circle 
through p and q that touches C at. p. 

The sets P3* and P! carry natural topologies. As for the line set. of 
a flat linear space, it is possible to provide the circle set of M with a 
number of equivalent ‘natural’ topologies. For example, we can define 
convergence of circles in the sense of Hausdorff and the H-topology as 
in Section 2.3. Alternatively, we may topologize C with respect to the 
Hausdorff metric, that, is, 


d(C, D) = max {suPycpinfrec|£ — y|,supzecinfyep|z — y|} 


for two circles C and D, where |z—y| is the Euclidean distance between x 
and y; compare p. 430. This metric yields topologies on C?* and the 
domain B of £. 

With respect to these topologies the geometric operations are contin- 
uous; see Wolk [1966] and Strambach [1970d]. 


THEOREM 3.2.3 (Continuity) Let M be a spherical circle plane 
with circle set C. Then the following hold: 


(i) @ ts continuous and open; 


(ii) the collection of all pairs of circles that intersect in precisely two 
points is an open subset of C x C and y is continuous. 


In the case of a flat Mobius plane we further have 
(iii) B is continuous. 


The Euclidean topology of S? and the continuity of the geometric 
operations in fact uniquely determine the topology on C; see Wolk [1966] 
Satz 5.2 and Strambach {1970d] 1.2 and 2.8. 
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THEOREM 3.2.4 (Topology of S? — Topology of Circle Space) 
The topology of the circle space C of a spherical circle plane is uniquely 
determined by the topology of S*; it is the finest topology with respect to 
which the map a of joining three pairwise distinct points by a circle is 
continuous. In particular, the sets a(O,,O2,O03), where Oi, O2,O3 are 
disjoint nonempty open subsets of the point space S*, form a basis for 
the topology of the circle space. 


We can obtain neighbourhoods of a circle of the form a(O;, O2, O3) 
for much smaller sets O1,O2, and O3; see W6lk [1966] Lemma 5.3 and 
Strambach [1970d] 1.3. 


THEOREM 3.2.5 (Neighbourhood Bases for Circles) Let C be 
a circle of a spherical circle plane M. For three distinct points py, pe, p3 
on C let C, C2, C3 be three circles such that C; intersects C in precisely 
two points including the point p;, 1 = 1,2,3, and let U; be a neighbour- 
hood of p, on C; such that U,,U2,U3 are pairwise disjoint. Then the 
set a(U\,U2,U3) is a neighbourhood of C and the sets of this type form 
a neighbourhood basis of C. 


As an immediate consequence of Theorem 3.2.5 and the fact that 
all circles are homeomorphic to S! we derive the following result; see 
Strambach [1970d] 2.9. 


COROLLARY 3.2.6 (Circle Space Locally R°) The circle space 
of a spherical circle plane is locally homeomorphic to R3. 


Conversely, we can obtain the topology of S? from the topology of the 
circle set. 


LEMMA 3.2.7 (Topology of Circle Space — Topology of S”) 
Let K be an open subset of the circle space of a spherical circle plane. 
Then the set K = Ucex € of all points on circles in K is open in S?. 
Furthermore the sets of the form K form a subbasis for the topology 
of S?. 


Since the topologies are uniquely determined, we do not have to worry 
about them. So, in this chapter, we do not refer to the topologies in- 
volved and we always assume that these are the topologies as above. 

The topology of the point space is, of course, the usual Euclidean 
topology of S? but one can also describe it geometrically; compare also 
Lemma 3.2.13. Let Ci, C2, C3 be three circles that pairwise intersect in 
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two points and such that C,; MN C2 C3 consists of a single point g. Let 
the triode D(C, C2,C3;q) be the collection of all points in the interior 
of the triangle formed by the lines induced by C, C2, C3 in the derived 
plane at the point g. The vertices of the triode D(C,, Co,C3;¢) are 
the points (C; C;) \ {a}, 1,9 € {1,2,3}, ¢ #7. With this definition 
Strambach [1970d] 3.1 shows the following. 


LEMMA 3.2.8 (Triodes Form Neighbourhood Basis) For a fixed 
point q the triodes that contain the point p # q form a basis for the 
neighbourhoods of p. 


3.2.4 Topological Mobius Planes 


A topological Mobius plane is a Mobius plane whose sets of points and 
circles carry nonindiscrete topologies such that the geometric operations 
of joining, touching, and intersecting distinct circles are continuous on 
their domains of definition. The results of the previous sections imply 
that the flat Mobius planes are topological Mobius planes. 

We refer to a topological geometry as an X geometry if its point space 
is a topological space of type X. The following result characterizes the 
flat Mobius planes among the topological Mobius planes; see Wolk [1966] 
Satz 6.1. 


THEOREM 3.2.9 (Topological Characterization) The flat Mobius 
planes are precisely the 2-dimensional compact connected Mobius planes. 


The dimension of a topological locally compact finite-dimensional 
Mobius plane is either 0 or 2, there are no ‘4-dimensional Mobius planes’; 
see Buchanan—Hahl-Léwen [1980] and Lowen [1981d]. 

From our definitions of the topologies on the circle and line spaces of 
spherical circle planes and R?-planes, it is clear that the natural topology 
on the line space of a derived R?-plane coincides with the topology the 
line set inherits from the topology on the circle space of the spherical 
circle plane. 

A fundamental question for general topological MGbius planes is to de- 
cide whether the continuity of the geometric operations in such planes 
gives rise to continuous geometric operations in the derived affine planes, 
that is, whether the derived planes are topological, and whether the ovals 
induced by circles in derived affine planes are ‘topological’, or equiv- 
alently, have the secants-tend-to-tangents property specified in Theo- 
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rem 2.4.13. By the preceding remark, we know that the first question 
can be answered in the affirmative for flat Mobius planes. 


THEOREM 3.2.10 (Derived Planes, Arcs and Ovals) Each de- 
rived plane of a spherical circle plane at a point p is an R2-plane. The 
natural topology on the line set of the R?-plane is the restriction of the 
natural topology on the circle set to the set of circles through p. 

Circles not passing through the point p are closed topological arcs in 
the derived plane at p. They are topological ovals if the spherical circle 
plane is a flat Mébius plane. 


The second part of this result is an immediate consequence of Ax- 
ioms B1 and B2. 

Wolk [1966] for flat Mébius planes and later Strambach [1970d] for 
spherical circle planes considered the so-called coherence axiom. In fact 
Wolk made this coherence condition part of his definition of flat, Mébius 
planes. Strambach then showed that the coherence axiom is automati- 
cally satisfied in flat Mobius planes. The coherence axiom as introduced 
by Wolk as Axiom K1 reflects the fact that ovals induced in derived 
projective planes must be topological. In flat Mobius planes this trans- 
lates into the fact that touching is the limit of proper intersection. More 
precisely, we say a flat Mobius plane is coherent if for each circle C and 
points tn,p € C, tn # p for n EN, and q ¢ C the circles a(n, p,q) 
joining zp, p, and q converge to the tangent circle B(p,C,q) through p 
and q that touches C at p if the 2, converge to p on C. 


THEOREM 3.2.11 (Coherence) Every flat Mobius plane is coherent. 


To prove this just note that in the derived flat affine plane at q the 
circle C' becomes a topological oval. Now the above result stated in the 
language of topological ovals in flat linear spaces is Theorem 2.4.13. 

The following lemma shows that spherical circle planes are, in a way, 
not too far away from flat Mébius planes. We always find a tangent 
circle as in Axiom B2 of a flat Moébius plane. However, there may be 
more than one. 


LEMMA 3.2.12 (Existence of Touching Circles) Let C be a circle 
of a spherical circle plane M and let p € C and q ¢ C be points. Then 
there is at least one circle through q that touches C at p. 


The above lemma follows from the fact that in the derived R?-plane 
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at p there is at least one line LZ through qg that does not meet the line 
induced by C; see Theorem 2.3.6(i). The circle corresponding to Z then 
touches C' at p and passes through gq. 

The circles that touch the circle C at p induce in the derived plane A, 
at p a family of asymptotes to the line that comes from C’. This family 
contains a sequence of lines that converge to infinity. In particular, given 
a compact subset K of Ap, there is such a line that does not meet K. 
Since the complement of an open neighbourhood U of p is compact, 
we thus can find a circle completely contained in U. By the continuity 
of the geometric operations, we can change that circle a little bit so 
that the resulting circle C’ is still contained in U and such that the 
connected component of S? \ C’ entirely contained in U contains the 
point p; compare Strambach [1970d] 2.5. 


LEMMA 3.2.13 (Small Circles) Let M be a spherical circle plane. 
Then the connected components of the complements of circles that con- 
tain a point p form a neighbourhood basis of p. In particular, for every 
nonempty open subset U of S? there is a circle of M entirely contained 
in U, that is, M contains ‘small circles’. 


For more information about topological circle planes see Heise [1969], 
Léwen (1981d], and Fértsch [1982]. Also, Petkantschin [1940], [1941], 
Kroll [1970], [1971], [1977a], and Meyer [1987] are concerned with or- 
dered circle planes. 


8.2.5 Circle Space and Flag Space 


From Corollary 3.2.6 and Theorems 2.3.6(i) and (iii), which describe 
the line space of an R?-plane and the shape of a pencil of lines, we 
readily obtain the following topological determination of the circle set 
and certain bundles of circles. 


PROPOSITION 3.2.14 (The Space of Circles I) The circle space 
of a spherical circle plane is a 3-dimensional manifold. With respect 
to the induced topology the bundle of circles through a point is homeo- 
morphic to a Mobius strip and the bundle of circles through two points 
is homeomorphic to the 1-sphere S'. 


For flat Mobius planes we can determine explicitly what the circle 
space looks like. 
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THEOREM 3.2.15 (The Space of Circles II) The circle space of a 
flat Mobius plane is homeomorphic to the real 3-dimensional projective 
space with one point deleted. 


For the proof see Strambach [1974b]. In the following we only sketch 
this proof. The first step is to introduce coordinates for the circle space 
of a flat Mobius plane. To this end it is shown that M admits for any two 
points n and s a flock with carriers n and s, that is, a collection of circles 
of M that partition S? \ {n,s}; see Subsection 3.8.4. For each circle C 
in such a flock the points n and s are in different connected components 
of S?\C. Furthermore, the bundle B of circles through n and s is used. 
The points n and s represent the north and south poles, respectively, 
circles in a flock F with carriers n and s represent the parallels of latitude 
and circles in 8 represent meridians. We parametrize F by the open 
interval (—1,1) and B by the half-open interval 0,27). Each circle C 
of M is then given a quintuple of coordinates (c1,...,¢s5). The first two 
entries c,; and cg are the northern and southern latitude, respectively, 
that is, the parameter values of the unique circles C, and C2 in F that 
touch C, or +1 if C passes through n and —1 if it passes through s. 
This means that c, € (—1,1] and cg € [-1,1) and cz < cq. The third 
coordinate cz equals max{|c|, |c2{}—1 or 1—max{|cy|, |co|} depending on 
whether or not C’ separates the points n and s; if C passes through nor s, 
then cz = 0. The coordinate c4 is determined as follows. Let m, and m2 
be the parameter values of the meridians of the points of intersection 
of C with C; and C2, respectively. (The circle C touches C; and C2 at 
these points.) If |c,| 4 |cg|, then cq = m, as long as 1 —c) > 1+; 
otherwise cy = mo. If |c,| = |co|, then cg = oo. Finally, the last entry cs 
is determined by cs = $(m2 + fes,c, (11) — fes,c,(0)) if C is not in F 
and does not pass through n or s. Here f,.,c,(m) is the parameter 
value of the meridian of the point of intersection of Cy with the unique 
circle through the point on C2 of meridian m that touches both circles C) 
and C» and does not separate the points n and s. (Such a circle exists by 
Groh [1972] Theorem 1.) If C isin B, then cs is the parameter value of C, 
and if C € F or C passes through either n or s, we set cs = oo. Each 
circle uniquely determines its coordinates and the set of all coordinates 
forms a well-defined subset of 


(-1, 1] x [-1,1) x [-1,1) x ([0, 27) U {oo}) x ([0, 27) U {oo}) 


which is the same for any flat Mobius plane. 
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Furthermore, the map C' + (c),...,¢5) is continuous. If the symbol oo 
does not occur in the coordinates, continuity is a simple consequence of 
the continuity of the geometric operations in M and coherence. If co 
does occur, appropriate neighbourhoods are defined so that the above 
map indeed becomes continuous. It then follows that the map that takes 
a circle in one flat Mébius plane to the circle in a second Mobius plane 
that has the same coordinates is a homeomorphism between the circle 
spaces. In particular, the circle space of any flat Mobius plane must be 
homeomorphic to the circle space of the classical flat Mobius plane. 

In the classical flat Mébius plane the topological structure of the circle 
space can be determined as follows. We have a nondegenerate elliptic 
quadric Q in 3-dimensional real projective space PG(3, R). This quadric 
defines a polarity 7 on PG(3,R). A point on Q is assigned the tangent 
plane to Q at this point. A point p not on Q is an exterior point if the 
plane 7(p) intersects Q in at least three points; p is called an inner point 
if t(p) does not intersect Q. If Q is given in homogeneous coordinates 
by the symmetric bilinear form 7, then a point with homogeneous co- 
ordinates x is an exterior point if and only if G(z,x) > 0, a point on Q 
if and only if @(z,x) = 0, and an inner point if and only if @(z, x) < 0. 
The circle space of the classical flat M6bius plane is therefore homeo- 
morphic to the space of exterior points, that is, PG(3,R) \(QUJ(Q)), 
where J(Q) denotes the set of inner points of Q. However, QUJ(Q) can 
be contracted to an inner point. Hence C is homeomorphic to PG(3, R) 
with one point deleted. 

We include one more proof of the fact that the circle space of the 
classical flat Mobius plane is homeomorphic to PG(3, R) with one point 
deleted. Recall that the affine part of this plane consists of the curves 


{(x,y) € R? | a(x? + y”) + ba + cy+ d=0} 


where a,b,c,d € R, b? + c* — 4ad > 0; see Subsection 3.1.2. Of 
course, each Euclidean circle or line is uniquely determined by the vec- 
tor (a,b,c,d) up to real scalar multiples. This shows that Euclidean 
circles and Euclidean lines correspond to elements of real 3-dimensional 
projective space in the outside of the quadric given by b* +c? — 4ad = 0. 
This argument generalizes to ovoidal flat Mébius planes; see Subsec- 
tion 3.3.1 for ovoidal planes. The affine part of an ovoidal flat Mébius 
plane has circles 


{(x,y) € R? | af(z,y) + bz + cy +d =0} 
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where a, b,c,d € R, not all zero, provided that set contains at least three 
points. We again identify circles with certain points in projective 3- 
space. Depending on the explicit form of f a condition on the four 
coefficients a, b, c, and d is obtained. 

Strambach’s proof does not carry over to spherical circle planes that 
are not Mobius planes as tangent circles are used in an essential way at 
several stages in the process of introducing coordinates for circles. 

We just mention one more result about circle sets in spherical circle 
planes; see Strambach [1970d] 2.6. 


LEMMA 3.2.16 (Large Circles) Let M be a spherical circle plane. 
Then for every e € R*, the setC. = {CEC | sup, yeclx — y| > €} of 
‘large circles’ is compact. 


Recall that a flag is an incident point-circle pair (p,C’), where p is a 
point and C is a circle through p. 


PROPOSITION 3.2.17 (The Space of Flags) The flag space F of 
a spherical circle plane is a 4-dimensional connected manifold. 


3.3 Constructions 


In this section we present some of the most important construction meth- 
ods for nonclassical flat Mobius planes and spherical circle planes. These 
methods allow us to construct most of the most homogeneous spherical 
circle planes and flat Mobius planes and, on the other end of the spec- 
trum, rigid planes. 


3.3.1 Ovoidal Planes 


Let O be an ovoid in 3-dimensional real projective space PG(3, R), that 
is, a set of points such that each line intersects O in at most two points 
and such that, given any point of the set, the collection of all tangent 
lines at that point fills a plane, called the tangent plane at that point. 
Examples for ovoids are the elliptic quadrics, or take a hemisphere and 
half of an ellipsoid and paste the two together along a common equator, 
for example, 


{(z,y,z) € R3 | 22 +y%+27 =1,2>0} 
U {(z,y,z) € R? | (t/a)? +y? +2? = 1,2 < 0}, 
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where a € R*. One obtains a quadric for a = 1 and one obtains proper 
ovoids, that is, not quadrics, for a # 1. 

Points of the ovoidal Mobius plane M(Q) are the points of O; circles 
are the intersections of O with planes in PG(3, R) provided they intersect 
in at least three points. Axioms B1 and B2 are verified in the same way 
as for the classical flat Mobius plane. Of course, for flat M6bius planes 
one requires ovoids that are homeomorphic to S?._ These ovoids are 
exactly the topological ovoids, that is, the differentiable strictly convex 
topological spheres. We only remark that it is possible to construct 
ovoids in PG(3, R) that are not of this form using transfinite induction; 
see Heise [1971] Satz 3.4. 

The affine part can be found as follows. Let f : R? — R be a func- 
tion such that {(x, y, f(z, y)) | z,y € R} extended by the infinite point 
of the third coordinate axis describes an ovoid O(f) in 3-dimensional 
real projective space. We obtain a Mobius plane as follows. Stereo- 
graphic projection from that infinite point onto the xy-plane, that is, 
the projection (x,y,z) ++ (z,y) of points of R° onto the first and sec- 
ond coordinates, yields the following planar description of the ovoidal 
Maébius plane M(f) over O(f). The point set of M(f) is R?U {oo} and 
the circles of M(f) are the Euclidean lines 


{(z,y) € R? | ax + by +c = 0} 
extended by oo and circles of the form 
{(z,y) ER? | f(x,y) + ar + by+c=0} 


provided this set contains at least three points. As for the classical flat 
Mobius plane we can combine both descriptions of the affine parts of 
circles into 


{(z,y) € R? | af(x,y) + br + cy +d =0}, 


where a,b, c,d € R, a, b,c not all zero, provided that set contains at least 
three points. In particular, we see that the derived affine plane at the 
distinguished point from which we project is the Euclidean plane. This 
remains true for any point of an ovoidal Mobius plane. 

Note that every ovoid in PG(3, R) can be obtained in the form O(f). 
One just has to choose one point p of the ovoid. One then introduces 
coordinates (x1 : 22 : Z3 : Z4) in such a way that the tangent plane to 
the ovoid at p becomes the plane x4 = 0 at infinity and p becomes the 
point (0:0: 1:0). If the ovoid we started with is topological, then the 
function f is clearly a strictly convex or concave differentiable function. 
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PROPOSITION 3.3.1 (Maps Describing Topological Ovoids) 
Let f : RR? = R be a continuous strictly convex function and define O(f) 
as above. Then O(f) is a topological ovoid in 3-dimensional real projec- 
tive space if and only if f satisfies the following conditions. 


e The function f is differentiable. 
e The function grad f is ‘strictly increasing’, that is, 


(grad f(x) — grad f(y))-(x—y) >0 


for allz,y€R?,24y. 
e limp oo(grad f(x + ty)-y) = 00 for all z,y € R?, y £0. 


For a proof see Hartmann [1984] Satz 2. Note that a strictly concave 
continuous function R? — R describes an ovoid if and only the strictly 
convex function —f does. 

We obtain a spherical circle plane if we replace the ovoid by a strictly 
convex topological sphere ‘with corners’. For example, 


{(z,y,z) €R3 | a? +y? +22 =1,2 >0} 
U {(x,y,z) € R3 | 2? -2ar+ y? +22 =1,2 < O}, 


where a € R, a > 0, is such a convex set. It is made up of a hemisphere 
and a spherical cap from a bigger sphere. One obtains an ovoid only 
for a = 0. For a > 0 the resulting set is not an ovoid since at the 
points (0, y,z), y+ 2% =1, there are too many tangents and therefore 
Axiom B2 is no longer satisfied. 

Finally, we consider isomorphisms between ovoidal flat Mébius planes, 
and their automorphisms. Let O be some topological ovoid in 3-dimen- 
sional projective space PG(3,R) and let M(Q) be the associated flat 
Mobius plane. It is obvious that every collineation of PG(3, R) produces 
another copy of the ovoidal plane and each collineation that leaves O 
invariant induces an automorphism of M(Q). Conversely, Maurer [1967] 
showed that every isomorphism between ovoidal flat Mébius planes and 
every automorphism of M(Q) can be obtained in this way. 


THEOREM 3.3.2 (Isomorphisms of Ovoidal Planes) Two ovoidal 
flat Mobius planes M(O) and M(O’) are isomorphic if and only if 
the ovoids O and O' are projectively equivalent in PG(3,R), that is, 
there is a collineation of PG(3,R) that maps O to O'. In particular, 
the automorphisms of an ovoidal flat Mobius plane M(O) are precisely 
the collineations of the ambient projective space PG(3,R) that leave the 
ovoid O invariant. 
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For example, if O is an elliptic quadric, we can represent points of 
the projective space not on © by certain involutions (compare Subsec- 
tion 3.3.4), and the associated collection of fixed circles. An automor- 
phism M(Q) must preserve these configurations and therefore extends 
to a collineation of the ambient projective space. 


3.3.2 Ewald’s Planes 


The first examples of nonovoidal flat Mébius planes were constructed 
by Ewald [1960]. In Ewald [1967] seven constructions of Mobius planes 
are presented to account for some Hering types; see Section 3.5. Several 
of these planes are ovoidal and the other constructions are in terms 
of affine parts. In any case, when representing these planes by their 
affine parts with respect to suitable points, they all use Euclidean lines. 
The Euclidean circles, as used in the classical flat Mobius plane, become 
modified and replaced by topological circles. Besides the representations 
of ovoidal flat Mobius planes by ovoids in 3-dimensional projective space 
there are three basic principles involved in Ewald’s constructions. In 
the following we describe the affine parts at the point oo of the flat 
Mobius planes in these constructions. In all three cases all Euclidean 
lines (extended by oo) are included as circles. 


Fig. 3.3. Circles are the Euclidean lines and the images of a topological oval 
under all possible translations and positive dilatations 


Type 1: Let O be an arbitrary topological oval in the Euclidean plane, 
that is, a differentiable strictly convex simply closed curve. We consider 
all Euclidean lines and all possible images of O under the group 


{(z,y) > (rz +a,ry +b) | a,b,r € R,r > 0} 
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as circles, that is, we first stretch and shrink O from one point with 
all possible positive factors and then translate the resulting ovals in all 
possible directions. The nonclassical among these planes are precisely 
the flat MGbius planes of Hering type ITI; see Subsection 3.5.2. Note that 
if we start with a Euclidean circle, we generate all Euclidean circles in 
this manner and, consequently, we obtain the affine part of the classical 
flat Mobius plane. 

Type 2: Again we start off with an arbitrary topological oval O in the 
Euclidean plane. We choose r > 0 and construct the outer envelope at 
distance r to O, that is, the boundary curve of the convex hull formed 
by all Euclidean circles of radius r with centres on O; see Figure 3.4. 
This outer envelope is again an oval in the Euclidean plane. 


Fig. 3.4. The outer envelope at distance r of a topological oval 


Now, the circles of the affine part of a flat Mobius plane are all Eu- 
clidean lines, Euclidean circles of radius at most r, and all outer en- 
velopes at distance r to images of O under all possible translations and 
positive dilatations. 

Type 3: This construction is a special cut-and-paste method; see Sub- 
section 3.3.4 for more information about cut and paste in flat Mébius 
planes. We start with two ovals O; and O2 and the group G of trans- 
lations and positive dilatations. (In Ewald’s constructions O2 is a Eu- 
clidean circle or an outer envelope of O;.) Then circles of an affine part of 
a flat Mobius plane are the Euclidean lines and the images of O under G 
entirely contained in the left half-plane Hy, = {(x,y) € R? | x < 0}, 
the images of the oval Oz under G entirely contained in the right half- 
plane Hp = {(x,y) € R? | x > 0}, and suitable unions of traces in Hy, 
of images of O,; under G that intersect the y-axis in two points with 
traces in Hp of images of O2 under G that intersect the y-axis in the 
same two points. 
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8.3.8 Semi-classical Flat Mobius Planes 


The construction of the so-called semi-classical flat Mobius planes is 
a special case of the cut-and-paste constructions described in Subsec- 
tion 3.3.4. Furthermore, some of these planes can be found among 
Ewald’s type 3 planes described above. 

The construction of semi-classical flat Mobius planes can be imagined 
as two halves of a classical flat Mébius plane being pasted together 
along a circle. One can abstractly define a semi-classical flat Mobius 
plane to be a flat. Mobius plane whose point set is the union of two closed 
connected subsets P, and P intersecting in a circle such that the induced 
geometry on each P; is isomorphic to the geometry induced from the 
classical flat, Mobius plane on a hemisphere. This construction extends 
a corresponding method for flat projective planes; see Subsection 2.7.2. 


O 


Fig. 3.5. The different kinds of circles in the affine part of a semi-classical flat 
Mobius plane 


Semi-classical flat Mobius planes were classified by Steinke [1986a]. 
Both closed connected subsets are hemispheres and their common bound- 
ary consists of precisely one circle. Explicitly, we use the right hemi- 
sphere 


{(x,y) € R® | x > OF U {oo} 
and the left hemisphere 
{(z,y) € R® | 2 < O}U {oo} 
such that the common boundary consists of the circle 
{(0,y) | ye R}U {oo}, 


that is, the extended y-axis. Now let g and h be orientation-preserving 
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homeomorphisms of R fixing 0, and further suppose that the graph of h 
is symmetric about the origin, that is, h(—x) = —h(x) for all cr € R. 
The point set of a semi-classical flat Mobius plane M(g, h) is R? U {oo}. 
Circles of M(g, h) are of the following form; see also Figure 3.5. 


e The vertical Euclidean lines extended by co 
{(cy) | yE R}U {oo}, 


where cE R. 
Halves of nonvertical lines pasted together at the y-axis and extended 
by co 


{(z,mxz+t)|x2éER,x>0} 
U {(x, 97" (h(m)z + 9(t))) | t € R, x < Of U {oo}, 
where m,t€ R. 
The Euclidean circles in the right half-plane intersecting the y-axis in 
at most one point 


{(z,y) € R® | (w@— a)? + (y— 6)? =r}, 


where a >r > 0. 
The modified Euclidean circles in the left half-plane intersecting the 
y-axis in at most one point 


{(z,y) € R? | (x — a)? + (g(y) — 6)? =r}, 


where -a>r>0. 
Circles intersecting the y-axis in two points 


{(z,y) € R? | x > 0,(x—a)? + (y— 6)? = 77} 
U {(2,y) € R? | x <0,(a- a’)? + (g(y) — 0’)? = (r')?}, 


where 
A(o(0-+ VF aa) — afb — VF=aP) Mal VFA), 
b= 3(9(b+ Vr? — a?) + g(b- Vr? —a?)), 
= Halb-+ VP a a) - gb VFA) 1 + Mao 
and a,b,r € R, |a| <r. 


Clearly, the geometries induced by M(g, A) on the left and right half- 
planes of the y-axis are isomorphic to the geometries induced by the 
classical flat Mébius plane on the same sets; an isomorphism for the left 
hemisphere is given by the coordinate transformation (x,y) + (2, 9(y)). 
Circles that intersect the y-axis in precisely two finite points p and q are 
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pasted together in such a way that the two halves have the same tangent 
line at p and gq. 


THEOREM 3.3.3 (Characterization of Semi-classical Planes) 
A flat Mobius plane M is semi-classical, that is, M is isomorphic to 
a Mobius plane M(g,h) for suitable orientation-preserving homeomor- 
phisms g and h, if and only if there is a circle C in M such that the 
induced geometry on each connected component of S* \ C is isomorphic 
to the geometry induced from the classical flat Mobius plane on a hemi- 
sphere. Furthermore, each semi-classical flat Mobius plane is isomorphic 
to a plane M(g,h), where g(1) = 1. 


Each derived affine plane at a point of Co, the circle at which both 
halves of a semi-classical flat Mobius plane are glued together, is a semi- 
classical flat affine plane; see Subsection 2.7.2 for more information about 
these special kinds of affine planes. Since each derived affine plane of 
an ovoidal flat Mobius plane is the Euclidean plane, we obtain from 
Proposition 2.7.1 the following characterization of the ovoidal planes 
among the semi-classical flat Mobius planes. 


PROPOSITION 3.3.4 (Ovoidal Semi-classical Planes) Let H, 
be the collection of all orientation-preserving additive homeomorphisms 
of R to itself, that is, Hg comprises precisely the homeomorphisms of 
the form R= R: xr ra, wherer € R*. With this notation we have 
the following characterizations. 


(i) A semi-classical flat Mobius plane M(g,h) is ovoidal if and only 
ifg,he He. 
(ii) A plane M(g,h) is classical if and only if h =id and g € Ha. 


An ovoidal semi-classical flat Mobius plane can be obtained from a 
hemisphere and half of an ellipsoid pasted together along a common 
equator, for example, 


{(z,y,z) € R8 | a? +y? +2? =1,2>0} 
U {(z,y,z) © R9 | (e/a)? +y? +2? =1,2 < 0}, 


where a € R*. 

Of course, the circle Co = {(0,y) | y € R} U {co} at which the two 
halves of a semi-classical flat Mobius plane are glued together plays a 
special role and is distinguished among all circles of a semi-classical flat 
Mobius plane, at least in the nonclassical case. It therefore must be 
taken to itself under any automorphism or isomorphism. 
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PROPOSITION 3.3.5 (Semi-classical Isomorphisms I) An iso- 
morphism between nonclassical semi-classical flat Mobius planes M(q, h) 
and M(g',h') takes the distinguished circle Co to itself. In particular, 
every automorphism of a nonclassical plane M(g,h) fires Co. 


Since both classical subgeometries of a semi-classical flat Mobius plane 
can be uniquely embedded, up to automorphisms of the classical flat 
Mobius plane, into the classical flat. Mébius plane (see Steinke [1983a]), 
automorphisms of and isomorphisms between semi-classical planes can 
be explicitly determined. This was carried out in Steinke (1986a] and 
the semi-classical flat MGbius planes were classified according to their 
group dimensions and their Hering types. 

We say that two homeomorphisms f and f’ of S! are projectively equiv- 
alent if and only if there are fractional linear functions a, 8 € PGL2(R) 
such that f' = ao fof. Obviously this defines an equivalence relation 
on the set of all homeomorphisms of S! and, consequently, also on the 
set. of all homeomorphisms of S! that fix co and 0. 


THEOREM 3.3.6 (Semi-classical Isomorphisms II) Two semi- 
classical flat Mébius planes M(g,h) and M(g',h’) are isomorphic if and 
only if g' is projectively equivalent to g and h' =h or gq’ is projectively 
equivalent to g~! andh’ =h7}. 


For example, the transformation (x, y) ++ (—z, 9(y)) and co + oo is an 
isomorphism from M(g,h) onto M(g~!,h~!). Under this isomorphism 
the right half of M(g,h) is taken onto the left half of M(g~!,h7!) and 
the left half of M(g,h) is taken onto the right half of the other plane. 
This phenomenon essentially accounts for the two different conditions in 
the above theorem. Note also that Theorem 3.3.6 implies that two semi- 
classical flat Mébius planes M(g,h) and M(g’,h’) are never isomorphic 
if h’ 4A h,h7!, irrespective of g and g’. The family of semi-classical flat 
Mobius planes therefore contains many nonisomorphic planes. 

We conclude this subsection with the group-dimension classification 
of the semi-classical flat Mobius planes. These planes account for most 
of the possible group dimensions (= dimension of the full automorphism 
group; see Subsection 3.4.1). In order to be able to state this result, we 
define a semi-multiplicative homeomorphism R — R to be one of the 
maps hg,r, where d,r € R* given by 


4 for «>0 
har(z) = 4” ee 
ar(x) { —r|z|¢ for x <0; 
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compare the end of Section A1.4. 


THEOREM 3.3.7 (Classification of Semi-classical Planes) A 
semi-classical flat Mobius plane M(g,h) has group dimension 
6 if and only if h =id and g € Ha; 
3 af and only if h Aid and g € Ha; 
1 af and only if g ¢ Ha is projectively equivalent to a semi-multi- 
plicative homeomorphism; 
0 if and only if g is not projectively equivalent to a semi-multipli- 
cative homeomorphism. 


3.3.4 Different Ways to Cut and Paste 


There are essentially two different kinds of cut-and-paste techniques to 
construct new spherical circle planes or flat Mobius planes from old ones. 

One kind uses a separating set of the point set S?. Examples for planes 
that have been constructed using this kind of cut-and-paste technique 
are the semi-classical flat Mobius planes discussed in Subsection 3.3.3 
and Ewald’s type 3 planes described in Subsection 3.3.2. More generally, 
one can start with two spherical circle planes or flat Mobius planes M, 
and Mz that have a circle C in common. The circle C separates S” 
into two connected components C* and C7 by the Jordan-Schoenflies 
Separation Theorem A1.2.4. The circle set of a new circle plane consists 
of three types of circles: (1) all circles of Mj, that are contained in 
the topological closure of C*; (2) all circles of Mz that are contained 
in the topological closure of C~; (3) here one first has to specify a 
rule that. matches circles of Mj, that intersect C’ in two points with 
circles of M2 that intersect C in the same two points; circles of the 
pasted spherical circle plane that intersect C in two points are of the 
form (DN Ct) U (D'N C7) U {p,q}, where D is a circle of My, that 
intersect C' in the two points p and q, and D’ is its corresponding circle 
in Mp2 intersecting C in the same two points p and q; if one matches 
circles carefully enough one obtains a spherical circle plane or even a flat 
Mobius plane; a general rule for a matching such as this is difficult to 
specify, may even be impossible in general, and has only been carried out 
in full generality for the case that both M, and Mg are isomorphic to the 
classical flat Mobius plane and the new plane is a flat Mobius plane; see 
Subsection 3.3.3. We have already encountered a corresponding general 
kind of cut-and-paste construction in the case of flat linear spaces; see 
Subsections 2.7.2, 2.7.10, and 2.7.11. 


164 Spherical Circle Planes 


In the following we focus on a second kind of cut-and-paste method, 
namely cutting and pasting along (X-embedded) separating sets in the 
circle space. Here X stands for some geometric property that describes 
a collection of circles. More precisely, an X-embedded separating set is 
a set S of topological circles on S? that satisfies the following conditions. 


(i) If S is X-embedded in the circle set of a spherical circle plane, that 
is, is embedded in a certain prescribed way X, then it separates 
the circle set into a finite number n > 2 of connected components. 

(ii 

(iii) Let M,;, i = 1,2, be two spherical circle planes containing S. 
Then there are labellings of the connected components of the 
circle sets of both planes with numbers from 1 to n such that 
replacing component number m in the circle set of Mj, by the 
respective component in the circle set of M2 gives a circle set of 
a new spherical circle plane. 


anes 


The number n is the same for all X-embeddings of S. 


If there is no special requirement on how S is to be embedded in circle 
sets, we omit the ‘X-embedded’ and just refer to S as a separating 
set. Finally, strong (X-embedded) separating sets have the additional 
property that the spherical circle plane we arrive at by combining two 
flat Mobius planes as in (iii) is also a flat Mobius plane. 

Let M = (S?,C) be a spherical circle plane. We fix one circle C 
and consider the set C! consisting of C and all circles that intersect C 
in exactly one point. The circle C separates S? into two connected 
components C+ and C~. We define C+ to be the collection of all circles 
that are completely contained in C+. Finally, let C? be the set of all 
circles that intersect C' in precisely two points. The following result 
shows that C! is a strong X-embedded separating set. Here X stands 
for the requirement that there is a circle C as above that defines the 
set C!. Clearly, the number of connected components n as in the above 
definition is 3 and the three connected components are C?, C+, and C~. 


PROPOSITION 3.3.8 (Cut and Paste I) Let M; = (S?,C;), 
i = 1,2,3, be three spherical circle planes. Suppose that CyNC2NC3 D C} 
for some common circle C. Let C = ChUC?UCT UC; .. Then M = (S?,C) 
is a spherical circle plane. If the three planes we started with are flat 
Mobius planes, then so is M. 


Proof. We show that each derived geometry Mp = (S? \ {p},Cp) of M 
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at a point p € S? is an R?-plane. Then M is a spherical circle plane by 
Theorem 3.2.1. 

If p € C, then obviously C, = (Ci)p. Hence My = (M1), is an R?- 
plane. If p ¢ C, say p € C*, then the derived planes (M1), and (M2)p 
are two R?-planes that have a simply closed topological arc O induced 
by C' in common and whose line sets have all tangents to O in com- 
mon. The set M, is obtained from (M1)p and (M2)» by replacing the 
exterior lines of O in (Mj), by the exterior lines of O in (M2)p. By 
Proposition 2.7.18 this yields an R?-plane. If p € C~, then Mp, is ob- 
tained from the R?-planes (Mi), and (M3), in a similar fashion. This 
shows that each derived geometry M, is an R?-plane. 

If the three planes we started with are flat Mébius planes, then the 
same arguments show that all derived planes of the new geometry are 
flat affine planes. This in turn implies that the new geometry is a flat 
Mobius plane as well. O 


Further X-embedded separating sets are generalizations of special sets 
of circles in the ovoidal spherical circle plane M(QO) over an ovoid O. 
Circles of the Mébius plane are the nontrivial intersections of planes 
in projective 3-dimensional space PG(3, R) with the ovoid O. We now 
choose two points p and q of PG(3, R) and let L be the line through them. 
Since the line L is homeomorphic to S!, the complement L \ {p,q} has 
precisely two connected components C; and C2. Every plane of PG(3, R) 
that does not contain D intersects L in precisely one point. It readily 
follows that the collection of all planes of PG(3,R) that pass through 
the points p and/or q is a ‘separating set’ in the space of all planes 
of PG(3,R). The complement has two connected components, namely 
all planes that intersect L in precisely one point of the component C) and 
all planes that intersect L in precisely one point of the component C2. 
Since we can always find a plane in each of the two components that 
intersects O in a circle, we correspondingly obtain a ‘separating set’ C?»? 
in the circle set C of the ovoidal spherical circle plane M(Q) by taking all 
circles that come from planes through the point p or g. Moreover, each of 
these components is path-connected. A point in PG(3, R) is contained 
in ©, it is an inner point, or it is an outer point of the ovoid. In Polster— 
Steinke [20XXa] all possible configurations of the two points p and q 
and their connecting line L with respect to the ovoid O were considered 
and the corresponding ‘separating sets’ in the ovoidal plane M(Q) were 
generalized to X-embedded separating sets in spherical circle planes. 

If p and q are two points of S* this is no problem. Let M = (S?,C) 
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be a spherical circle plane and let C?% be the set of all circles in C 
that contain p and/or g. Then C4? separates C into two connected 
components Ct and C~. Here C+ and C~ are the sets of all circles C 
such that the points p and gq are contained in the same or different 
components of S? \ C, respectively. Then the following result shows 
that C?-? is a strong separating set; see Polster-Steinke [20XXa]. 


PROPOSITION 3.3.9 (Cut and Paste II) Let M; = (S?,C,), 
i = 1,2, be two spherical circle planes. Suppose that C} NC. D CP" 
for two points p and q. Let C =CP4 UCT UCZ. Then M = (S?,C) is a 
spherical circle plane. If the two planes we started with are flat Mobius 
planes, then so is M. 


8.8.4.1 Inner and Outer Involutions 


It does not make sense to speak of inner and outer points of general 
spherical circle planes, but it turns out that certain involutory homeo- 
morphisms of S$? to itself can play the role of such points. 

Consider the ovoidal flat Mébius plane M = M(Q) associated with 
an ovoid O in PG(3, R) and let p be a point of this space not contained 
in O. The bundle involution y of O associated with p is defined just 
as the bundle involution of a topological oval in a flat projective plane 
associated with a point not on the oval; see p. 120. If a line through 
the point p intersects the ovoid in one point, this point is fixed by y. If 
it intersects in two points, these two points get exchanged by y. The 
bundle involution y has the following properties. 


(i) If p is an inner point of O, then 7¥ is fixed-point-free. 

(ii) If p is an exterior point of O, then the fixed-point set of y is 
a topological circle F on O and y exchanges the two connected 
components of O \ F. 

(iii) A circle is contained in the set Fix(y) of all circles in M that 
are globally but not pointwise fixed if and only if it contains a 
point qg and its image y(q), where gq # 7(q). 


Note that -y is not necessarily an automorphism of M and that the 
set Fis not necessarily a circle of M. Bundle involutions associated with 
points of PG(3, R)\O should not be confused with bundle involutions as- 
sociated with two points of a spherical circle plane; see Subsection 3.4.2. 

Now, let M = (S?,C) be a spherical circle plane and let y be an 
involutory homeomorphism of the point set S? to itself. We call y an 
inner involution if it satisfies the properties listed in (i) and (iii) above. 


8.8 Constructions 167 


We call it an outer involution if it satisfies the properties listed in (ii) 
and (iii). Note that both inner and outer involutions are orientation- 
reversing homeomorphisms. The following result is an immediate con- 
sequence of the above definition of inner and outer involutions. 


LEMMA 3.3.10 (Inner and Outer Involutions) Let M; = (S?,C;), 
1 = 1,2, be two spherical circle planes. Suppose that yy is an inner or 
outer involution of M, and that Fix(y) is a subset of C2. Then y is 
also an inner or outer involution of M2, respectively. 


Inner and outer involutions are ‘virtual’ inner and outer points that 
can play the same role in the construction of separating sets as inner 
and outer points. 

Let 7 be an inner involution of a spherical circle plane M = (S?,C) 
with fixed-circle set Fix(7y). A circle is contained in Fix(y) if and only if 
it contains some point p and its image y(p). This property implies that 
the complete bundle of circles through a point and its image under 7¥ is 
contained in Fix(y). Hence any two points of S? that are not exchanged 
by ¥ are contained in exactly one circle in Fiz(7). 

Here are some other useful properties of inner involutions. 


LEMMA 3.3.11 (Properties of Inner Involutions) Let y be an 
inner involution of a spherical circle plane M = (S*,C). Then the 
following hold. 


(i) Let p be a point of M. Then every circle in M through p and y(p) 

is contained in Fix(y). 

(ii) Two distinct circles in Fix(y) have exactly two points in common. 
These two points get exchanged by y. 

(iii) Let C' be a circle not in Fix(y). Then C is disjoint from its image 
under the involution. 

(iv) Let r, s, y(r), and y(s) be four distinct points on a circle C 
in Fix(y). Then r and y(r) are contained in different connected 
components of C'\ {s,(s)}. 


For a proof of this lemma see Polster—Steinke [20XXa]. 

We give two examples of cut-and-paste construction techniques based 
on inner involutions. Let M = (S?,C) be a spherical circle plane that 
admits the inner involution y, let p € S?, and let C?'7 be the set of 
all circles in C that contain p and/or are contained in Fiz(y). Ifa 
circle is not fixed under 7, then it is disjoint from its image under 4; 
see Lemma 3.3.11. Consequently, C?:? separates C into two connected 
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components Ct and C~. Here Ct consists of all circles C ¢ C?7 such that 
the point p and the topological circle y(C) are in different components 
of S?\C and C~- =C \ (C+ UC”). The following result together with 
Lemma 3.3.10 shows that C?:7 is a strong separating set. 


PROPOSITION 3.3.12 (Cut and Paste III) Let M; = (S?,C;), 
i = 1,2, be two spherical circle planes and let y be an inner involution 
of M,. Let p be a point and suppose that C} NC2 DCP. Furthermore, 
letC =C?7 UCT UCT. Then M = (S?,C) is a spherical circle plane. If 
the two planes we started with are flat Mobius planes, then so is M. 


Let M = (S?,C) be a spherical circle plane with two inner involu- 
tions y, and y2 such that 7(p) = ‘yo(p) is satisfied for exactly two 
points p,; and po. If a circle is not fixed under +;, then it is disjoint from 
its image under ¥;; see Lemma 3.3.11. Then C%72 = Fix(y,) U Fiz(y) 
separates the circle set C into two connected components C+ and C-. 
Here C+ consists of all circles C € C \C™>72 such that 71(C) and y2(C) 
are in different connected components of S*\C, and C7 = C\(C*+ UC”). 
The following result together with Lemma 3.3.10 shows that C7)? is a 
strong separating set. 


PROPOSITION 3.3.13 (Cut and Paste IV) Let M; = (S?,C;), 
4 = 1,2, be two spherical circle planes and let y and 6 be two inner 
involutions of M, that agree at exactly two points. Furthermore, suppose 
that Cy Cy 2 C?* and let C = CY* UC} UCT. Then M = (S?,C) is a 
spherical circle plane. If the two planes we started with are flat Mobius 
planes, then so is M. 


Certain X-embedded separating sets involving outer involutions have 
also been constructed. In all known cases the condition X is rather 
complicated and we will not give any examples. For the above and 
further cut-and-paste constructions involving separating sets associated 
with points and virtual points of spherical circle planes; see Polster— 
Steinke [20X Xa] and, for some preliminary results, Polster—Steinke [1995]. 

In Subsection 3.8.2 we investigate the fix-geometries of inner and outer 
involutions. 


3.3.5 Integrals of R*-Planes 


In Subsubsection 5.3.4.1 we describe a way to construct flat Laguerre 
planes by ‘integrating’ flat affine planes. It is also possible to integrate 
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R?-planes in such a way that the resulting geometries can be turned 
into spherical circle planes. Not much is known about these construction 
techniques. The known results are summarized in Subsubsection 5.3.4.1. 


3.4 Groups of Automorphisms and Groups of Projectivities 


In this section we investigate automorphisms and projectivities in spher- 
ical circle planes. These transformations are homeomorphisms of S? 
and S!, respectively. With respect to composition we obtain groups, 
and, with respect to automorphisms, we classify the most homogeneous 
spherical circle planes. Most of the results presented in this section on 
groups of automorphisms are due to Strambach [1967c], [1970d], [1972], 
[1973], and [1974al]. 


8.4.1 Automorphisms and Automorphism Groups 


An automorphism of a spherical circle plane that fixes a point p induces 
an automorphism of the derived plane at p. This allows us to prove 
results about the automorphisms and automorphism groups of spherical 
circle planes based on the respective results for flat linear spaces. 


LEMMA 3.4.1 (Induced Automorphism Groups) Let T be a group 
of automorphisms of a spherical plane M. If T fizes a point p of M, 
then T’ induces a group of collineations of the derived R?-plane at p. 


As a first application of essentially this technique we find that, just 
as for R?-planes, each isomorphism between spherical circle planes is 
continuous; see Strambach [1970d] Satz 3.4. 


THEOREM 3.4.2 (Isomorphisms Are Continuous) Every isomor- 
phism between spherical circle planes is continuous. In particular, every 
automorphism of a spherical circle plane is continuous. 


One can model a proof on the corresponding result for R?-planes; see 
Theorem 2.4.2. Alternatively, one uses that result and derived planes. 
If y is an isomorphism from a spherical circle plane Mj, to a spherical 
circle plane Mg and p is a point of M;, then the restriction yp of y to 
the derived planes at p and ¥(p) is an isomorphism of R?-planes. But 
such a map is continuous by Theorem 2.4.2. Hence y is continuous at 
all points except p. Passing over to a different point yields that y is 
continuous everywhere. 
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Remember that any tripod and its image under an automorphism 
of a flat linear space determine the automorphism; see Corollary 2.4.3. 
Similarly, we want to show that four points in ‘general position’ and their 
images under an automorphism of a spherical circle plane determine the 
automorphism. As a first step in this direction we consider the subplane 
generated by four points; compare Strambach (1970d] 3.3. 


LEMMA 3.4.3 (Triodes Generate Dense Subplanes) The vertices 
of a triode D(C), C2,C3;q) (as defined on p. 149) together with a point 
in the interior of the triode generate a dense subplane. 


Proof. Let p,, p2, and ps be the three vertices of the triode and let po 
be a point in its interior. In the derived plane at g the four points 
generate a dense (linear) subplane by Theorem 2.4.1. Hence the points 
of the circular subgeometry S generated by po, pi, po, and p3 also form 
a dense subset of S?. Consequently, the circles of S are dense in C, too, 
because the sets of the form a(O,, O2, O3), where O, O2, O3 are disjoint 
open subsets of the point space S?, form a basis for the topology of the 
circle space; see Theorem 3.2.4. 


Given four nonconcircular points, we can always find a triode that 
has three of the points as vertices and the fourth point in its interior. 
Since an isomorphism between spherical circle planes takes nonconcir- 
cular points to nonconcircular points, and by continuity, we readily ob- 
tain that an isomorphism is uniquely determined by four nonconcircular 
points and their images under the isomorphism; see Strambach [1970d] 
Satz 3.4. 


LEMMA 3.4.4 (Triodes Determine Isomorphisms) Each isomor- 
phism between two spherical circle planes is uniquely determined by four 
nonconcircular points and their images. In particular, the identity is the 
only automorphism of a spherical circle plane that fixes four points not 
on a circle. 


An immediate consequence of the above lemma is the following result. 


COROLLARY 3.4.5 (Fixed Points Are Concircular) Fized points 
of an automorphism y # id of a spherical circle plane are concircular. 


We want to show that the automorphism group [ of a spherical 
circle plane is a Lie group. Clearly, I acts effectively on S*. Hence 
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by Theorem A2.3.5 all we have to show is that T is locally compact. 
When endowed with the compact-open topology, a sequence of automor- 
phisms (7,) in I converges to an automorphism ¥ if and only if y,(pn) 
converges to y(p) whenever the sequence (p,) of points converges to p. 
We fix four nonconcircular points p),p2,p3,p4. The first three points 
form the vertices of a triode t = D(C\,C2,C3;pa). We now identify 
an automorphism y with the quadruple (y(p1), y(p2), y(p3), y(pa)) and 
then carry over the topology on the set of quadruples of nonconcircular 
points onto [. This topology on I is called the topology of convergence 
on t. 


THEOREM 3.4.6 (Automorphism Group) Let M be a spheri- 
cal circle plane and T its automorphism group. Then the compact-open 
topology on I coincides with the topology of convergence on any of the 
triodes of M. 

Let Q be the collection of all quadruples of nonconcircular points of a 
spherical circle plane M and let q = (pi,p2,p3,pa) € Q. Let T be the 
automorphism group of M. Then Q is an 8-dimensional manifold and 
the map given by 7 +> (y(p1), Y(p2); ¥(P3), ¥(pa)) is @ homeomorphism 
from T onto a closed subset of Q. In particular, T is locally compact, 
separable and of dimension at most 8. 


For the proof see Strambach [1970d] 3.6-3.8. Theorem 2.4.5 is the 
corresponding results for ideal flat linear spaces. 

In Subsection 3.1.4 we have seen that the automorphism group of 
the classical flat Mobius plane contains the group PSL2(C). From the 
description of the classical flat MGdbius plane in Subsection 3.1.2 we 
readily see that complex conjugation K : z + Z, that is, the trans- 
formation (x,y) ++ (z,—y), co + oo is also an automorphism. In fact, 
the full automorphism group I of the classical flat, Mébius plane is gen- 
erated by PSL2(C) and «, that is, F = PSL2(C) U PSLe(C)x. Hence L 
is 6-dimensional. Since the automorphism group of the classical model of 
a geometry usually has the highest dimension, we expect that the upper 
bound given in Theorem 3.4.6 for the dimension of the automorphism 
group of a spherical circle plane M, that is, the group dimension of M, 
can be improved to 6. We say that a spherical circle plane M has group 
dimension n if the (full) automorphism group of M has dimension n. 

To this end we study inversions of a spherical circle plane. Let C be 
a circle of a spherical circle plane M. An inversion at C is an automor- 
phism of M that fixes precisely the points of C. For example, in the 
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classical flat Mobius plane complex conjugation « : z + Z is an inversion. 
If O is a topological ovoid in 3-dimensional projective space PG(3, R) 
and M(Q) is the associated flat Mobius plane, then every automor- 
phism of M(Q) is induced by a collineation of the ambient projective 
space PG(3,R) that leaves the ovoid © invariant; see Theorem 3.3.2. 
Hence, in this case, an inversion at a circle C comes from a reflection 
in PG(8, R) about the plane that determines C such that O is invariant. 

In the derived R?-plane at a point p of C an involution at C induces 
a collineation that fixes precisely the points of the line C \ {p}. In 
R?-planes there can be many such collineations. For spherical circle 
planes, however, the possibilities for inversions are severely restricted; 
see Strambach [1970d] Satz 3.12. 


PROPOSITION 3.4.7 (Inversions Are Unique) Each inversion 
at a circle C in a spherical circle plane M is involutory and exchanges 
both connected components of S?\\C. Moreover, M admits at most one 
inversion at C. 


If -y is an inversion at the circle C of the spherical circle plane M, let q 
be a point not on C. We can then find a circle D through q and (gq) 
that intersects C’ in two points p; and po. This, of course, is no problem, 
if g and ¥(q) are separated by C. If g and 7(q) are in the same connected 
component of S? \ C, then Strambach [1970d] even shows the following; 
see also Theorem 6.8.1. 


LEMMA 3.4.8 Let C be a circle in a spherical circle plane M and let p 
and q be two distinct points in the same connected component of S*\ C. 
Then the pencil of circles through p and q contains precisely two circles 
that touch C. 


By the continuity of intersection there is another circle D’ # D 
through g and +(q) that intersects C' in two points p{ and p}. It readily 
follows that both D and D’ are fixed under ¥ so that {g,(q)} is in- 
variant as well. Hence ¥? fixes both q and 7(q) and all points on C 
and 7? = id by Lemma 3.4.4. This shows that y is involutory. In the 
derived plane at a point of C the inversion 7 then induces a reflection 
at the line L induced by C’. But such a collineation must exchange the 
two sides of LZ. This further implies that an inversion at a circle C is 
unique (if one exists). If y, and ‘2 are inversions at C’, then y = y172 
fixes all points of C and both connected components of S?\\C so that 
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cannot be an inversion. Hence 7¥ fixes at least one further point p ¢ C. 
But then y = id by Lemma 3.4.4. 

We are now ready to show that the upper bound given in Theo- 
rem 3.4.6 for the group dimension of a spherical circle plane can be 
reduced to 6, the group dimension of the classical flat Mobius plane; see 
Strambach [1970d] Satz 3.4. 


THEOREM 3.4.9 (Maximal Group Dimension) The automor- 
phism group I of a spherical circle plane M is a Lie group with respect 
to the compact-open topology (or, equivalently, the topology of uniform 
convergence on S*) of dimension at most 6. 


Proof. The automorphism group I of a spherical circle plane M is a lo- 
cally compact finite-dimensional transformation group acting effectively 
on S* by Theorem 3.4.6. Therefore the connected component I! of TL is 
a Lie group by Theorem A2.3.5 and I is a Lie group, too. 

From Theorem 3.4.6 we know that I is at most 8-dimensional. Sup- 
pose that the dimension of I is at least 7. Then the stabilizer I, 
of a point p of M has dimension at least 5 by the dimension for- 
mula A2.3.6. The derived plane of M at p must be the Euclidean plane 
as a consequence of Theorems 2.6.3 and 2.6.4. Furthermore, the group of 
collineations induced by I, contains the group of orientation-preserving 
collineations of the Euclidean plane fixing some point at infinity or the 
group of area-preserving affinities; see Salzmann (1967b] 4.3 and Theo- 
rem 4.4. In any case, we have noninvolutory axial collineations. How- 
ever, this contradicts Proposition 3.4.7. OC 


In fact, if the group dimension of a spherical circle plane is at least 4, 
then the plane is classical; see Theorem 3.4.17. Examples in all other 
possible dimensions can be found as follows. We define f(x) = x 
and g(x) = sinh(x) for x € R extended onto S' = RU {oo} by set- 
ting f(co) = g(co) = oo. Then we obtain the following flat Mébius 
planes; compare Theorem 3.3.7. 


(i) The classical flat Mobius plane has group dimension 6. 
(ii) The semi-classical plane M(id, f) has group dimension 3. This 
plane admits the transformations 


(ty) > ( 


xz acx® + (ay + b)(cy + d) 
c2a? +(cy+d)?’ — c?a? + (cy +d)? ; 


174 


(iii 


SS 


Spherical Circle Planes 


where a, b,c,d € R, ad— be = 1, as automorphisms. After identi- 
fying the point (x, y) with the complex number z = z + iy these 
maps turn into 

az +b 

—icz +d 
(The set of all these transformations is just the stabilizer of the 
circle C = {iy | y € R}U {oo} in the classical flat Mobius plane.) 
Let M be the flat Mobius plane whose circles are of the following 
form. 


All Euclidean lines extended by oo. 
e All Euclidean circles 


{(z,y) € R? | (w— a)? + (y—6)? = 17}, 


where a,b,r € R, r > 0, a < —r1, that are entirely contained in 
the left half-plane Hy = {(x,y) € R? | x < 0}. 
All curves 


{(x,y) € R? | (x —a)* + (y—6)* = 14}, 
where a,b,r € R, r > 0, a > 71, that are entirely contained in 


the right half-plane Hr = {(z, y) € R? | z > O}. 
All curves that are made up of O’N Hp, where O’ is a curve 


{(z,y) € R? | (x — a)* + (y — b)* = r4}, 


where a,b,r € R, r > 0, |a| < r, that intersects the y-axis 
in precisely two points p and gq, and of C’N H_, where C’ is 
a Euclidean circle through p and q that has the same tangent 
at p as O’, that is, 


{(x,y) € R? | (cx —a)* + (y—b)4 = 14,2 > 0} 
U {(x,y) € R? | (u — yee)? + (y — 6)? 
Ses 


Tr’ —-a 


where a,b,r € R, r > 0, Jal <r. 


Circles are pasted together along the circle Co = ({0} x R)U{oo}. 
On the left half, circles come from the classical flat Mobius plane, 
and on the right half, circles come from an Ewald type 1 plane and 
we have a flat Mobius plane; see Ewald [1967]. Moreover, M has 
group dimension 2. The derived plane at oo is the only derived 
affine plane that is Desarguesian so that every automorphism 
of M fixes oo. Also each automorphism must fix the circle Co. 
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Hence the automorphisms of M are extensions of collineations of 
the Euclidean plane that fix the y-axis, that is, on the affine 
part we have the transformations (z,y) > (ra, sy + tz + u) 
for r, s,t,u € R, r,s #0. It readily follows that this plane admits 
the transformations 


00 & 00, (z,y) H (rz,ry +t), 


where r,t € R, r > 0, as automorphisms and that these are the 
only automorphisms that correspond to elements of the above 
group of automorphisms of the Euclidean plane. 

(iv) The semi-classical plane M(f,2d) has group dimension 1. This 
plane admits the transformations 


Koes teas (rz,ry) for x > 0, 
“ed (f(r)z,ry) for 2 <0, 


where r € R*, as automorphisms. 
(v) The semi-classical plane M(g,id) has group dimension 0. 


3.4.2 Compact Groups of Automorphisms 


Compact groups play a crucial role in the theory of locally compact 
groups and Lie groups. They can often act only in certain ways on 
certain manifolds; see for example Theorem A2.3.15. Compact groups 
furthermore contain involutions which again have a prominent role; see 
for example Subsection 3.6.3. 

We begin with a classification of involutory automorphisms of spher- 
ical circle planes. We already encountered inversions. A second kind of 
involutory automorphism is a bundle involution, that is, an involutory 
automorphism that fixes two points and every circle through both points. 
It readily follows that the two fixed points are the only points fixed by a 
bundle involution; compare the beginning of Subsection 3.5.2. The two 
fixed points are the centres of the bundle involution. By Theorem A1.4.5, 
every involutory homeomorphism of S? is topologically equivalent to a 
reflection of S? about its centre, a line through the centre, or an equa- 
torial plane. We thus have the following result. 


LEMMA 3.4.10 (Involutory Automorphisms) An involutory auto- 
morphism of a spherical circle plane is either an inversion, a bundle 
involution, or fixed-point-free on S?. Furthermore, in the first and third 
cases, the automorphism is orientation-reversing. 
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Note that bundle involutions, as defined above, should not be con- 
fused with bundle involutions of an ovoid O associated with points 
of PG(3, R) \ O; see Subsubsection 3.3.4.1. 

Since a bundle involution induces an involutory automorphism in the 
derived plane at one of its centres, we see from Salzmann et al. [1995] 
Lemma 32.12 that a bundle involution is determined by its fixed points. 


LEMMA 3.4.11 (Centers Determine Bundle Involution) For two 
distinct points in a spherical circle plane there is at most one bundle 
involution with centres these two points. 


A compact connected Lie group © acting effectively on S? has di- 
mension at most 3 by Theorem A2.3.13. If & is a 1-dimensional com- 
pact connected Lie group, then © ~ SO2(R). If & is 2-dimensional, 
then © ~ SO2(R) x SO2(R). Finally, if & is 3-dimensional, then © 
contains a torus subgroup SO2(R) x SO2(R) or ¥ is isomorphic to a 
covering group of SO3(R), that is, © ~ SO3(R) or © ~ SU2(C). The 
torus group SO2(R) x SO2(R) and the group SU2(C) cannot act ef- 
fectively on S?. Hence, we only have to consider the groups SO2(R) 
and SO3(R). 


PROPOSITION 3.4.12 (Actions of SO2(R)) Let ® = SO2(R) be 
a group of automorphisms of a spherical circle plane M. Then ® fixes 
precisely two points a and b of M and operates effectively and sharply 
transitively on every orbit ®(c), c # a,b. Furthermore, the orbits ®(c) 
are circles of M and every arc from a to 6 along a circle of M meets 
every orbit of ® in precisely one point. 


Note that in the notation of Subsection 3.8.4 the orbits of ® form a 
flock of M with carriers a and 5. 

For the proof see Strambach [1970d] Lemma 4.1. The existence of 
the two fixed points a and 6 and the partition of S? \ {a,b} into orbits 
homeomorphic to S! and the statement on arcs from a to 6 follow from 
the fact that any action of SO2(R) on S? is equivalent to the standard 
action of SO2(R) on S? as a group of Euclidean rotations about a fixed 
axis; see Theorem A2.3.15. 

In order to verify that nontrivial orbits of ® are circles Strambach uses 
the involution o contained in ®. This automorphism, as an element in 
the connected group ®, is orientation-preserving and must be a bundle 
involution by Lemma 3.4.10. It fixes the two points a and b and every 
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circle through both of them. Using order properties of R Strambach 
then determines the structure of all circles fixed by o. 


PROPOSITION 3.4.13 (Structure of Bundle Involutions) Let o 
be a bundle involution of a spherical circle plane M with centres a and b. 
For each point p # a,b of M there are precisely two circles through p 
that are invariant under a. One is the circle through a, b, and p and the 
other circle separates the centres a and b. 


Proof. The circles fixed by o and not passing through a and b partition 
the set S? \ {a,b} and the collection F of these circles is homeomorphic 
to R. Since © is abelian, F is invariant under ®. Therefore ® ~ SO2(R) 
acts on F ~ R as a transformation group. By Corollary A2.3.10, this 
action must be trivial so that ® fixes every circle in F. If p € S* \ {a,b} 
and C is the circle in F that passes through p, then the orbit ®(p) of p 
must be contained in C. In fact, (p) = C, because ®(p) is closed and 
open in C and C is connected. 


The existence of a subgroup isomorphic to SO3(R) leads to the clas- 
sical flat Mobius plane. 


PROPOSITION 3.4.14 (SO3(R) Equals Classical) Jf a spherical 
circle plane M admits a group isomorphic to SO3(R) as a group of auto- 
morphisms, then M is isomorphic to the classical flat Mobius plane. 


Proof. Proposition 3.4.12 is the crucial step here. To begin with, let the 
group © ~ SO3(R) be a group of automorphisms of the spherical circle 
plane M. By Theorem A2.3.11 the action of © on S? is equivalent to 
the standard action of SO3(R) on S? as group of Euclidean rotations, 
that is, there is a homeomorphism w of S* such that wow! is a ro- 
tation for each o € &. It then follows that ~ is even an isomorphism 
from M onto the classical flat Mobius plane. To see this one only has 
to verify that #(C) is a circle of the classical flat Mébius plane for every 
circle C of M. The stabilizer Nc of C contains a subgroup ® isomorphic 
to SO2(R). By Proposition 3.4.12, the circle C then is an orbit under 
the group ®. Thus 7@y—! < SO3(R) is a group of rotations. But the 
nontrivial orbits of this group are all circles of the classical flat Mébius 
plane. In particular, 7(C) is, as claimed, a circle of the classical flat 
Mobius plane. CO 


A direct consequence of Proposition 3.4.14 is the following character- 
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ization of the classical flat Mobius plane in terms of transitivity of its 
automorphism group on $?; see Strambach [1970d] Korollar 4.3. 


THEOREM 3.4.15 (Transitive Group Equals Classical) A spher- 
ical circle plane is isomorphic to the classical flat Mobius plane if and 
only if its automorphism group is transitive on the set of points. 


Proof. As seen in Subsection 3.1.4, the automorphism group of the 
classical flat MGbius plane is flag-transitive and thus transitive on the 
point set. 

Conversely, suppose that the automorphism group [ of a spherical 
circle plane M is point-transitive. Then I°!, the connected component 
of the identity, is an effective transitive transformation group of S?. By 
Theorem A2.3.11, such a group is isomorphic and acts equivalently to 
either SO3(R), PSL2(C), or PSL3(R). The latter group is not possible, 
since the group [ can be at most 6-dimensional. In the first two cases 
the spherical circle plane admits a group of automorphisms isomorphic 
to SO3(R) so that M must be isomorphic to the classical flat Mobius 
plane by Proposition 3.4.14. im) 


As outlined at the beginning of this subsection, Proposition 3.4.14 
implies the following characterization of the classical flat Mobius plane; 
compare Strambach [1970d] Satz 4.2. 


THEOREM 3.4.16 (Compact 2-Dimensional Equals Classical) 
A spherical circle plane is isomorphic to the classical flat Mobius plane 
af and only if it admits a compact group of automorphisms of dimension 
at least 2. 


For further characterizations of the classical flat Mobius plane in terms 
of transitive groups of automorphisms see Theorem 3.6.7. 


3.4.3 Classification with Respect to Group Dimension 


Strambach classified spherical circle planes admitting an automorphism 
group of dimension at least 3 in a series of papers; see Strambach [1972], 
[1973], and [1974a]. In most cases Mobius planes are obtained. The re- 
sults are rather involved and the description of the planes obtained takes 
several pages in Strambach’s papers. We only summarize his results. 
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THEOREM 3.4.17 (4-Dimensional Equals Classical) A spherical 
circle plane is isomorphic to the classical flat Mobius plane if and only 
af it admats a group of automorphisms of dimension at least 4. 


To prove the above theorem Strambach assumes that the spherical 
circle plane M admits a closed connected group © of automorphisms 
and considers the cases dim © = 6,5, 4 separately. Some arguments in 
the different cases are very similar, so we outline a different route. 

By Halder’s Theorem A2.3.14, the group © has a fixed point, or a 1- 
dimensional orbit homeomorphic to S!, or is transitive on S?. In our 
situation, © cannot have an orbit homeomorphic to S!. Since © cannot 
be effective on such an orbit B by Corollary A2.3.9, the kernel X)g) of 
the action of © on B is at least 1-dimensional. By Corollary 3.4.5, the 
orbit B must be contained in a circle C so that B = C. But then Lg) 
consists of inversions at C’,, which is impossible by Proposition 3.4.7. 

If © is point-transitive, then M is classical by Proposition 3.4.15. This 
case can only occur if © is 6-dimensional; see Theorem A2.3.11. 

If & fixes a point p and dim © > 5, then the derived plane at p is 
the Euclidean plane by Theorems 2.6.3 and 2.6.4. The induced group of 
collineations contains noninvolutory axial collineations with finite axis 
that comes from a circle of M, which is a contradiction to Proposi- 
tion 3.4.7. 

In the remaining case where » fixes a point p and is 4-dimensional, 
one uses the classification of R?-planes of group dimension at least 4 
and Proposition 3.4.7 to show that the derived plane at p is the Eu- 
clidean plane. Furthermore, the induced group of collineations consists 
of the group of similarities of the Euclidean plane. One can then use the 
following proposition by Buckel [1953] and Van Heemert [1955]. They 
essentially show that a spherical circle plane that admits every orien- 
tation-preserving Euclidean motion in one of its derived planes as an 
automorphism must be the classical flat Mobius plane. 


PROPOSITION 3.4.18 (Special Group Implies Classical) Let M 
be a spherical circle plane that admits the automorphisms 

(x,y) + (xcost — ysint +a,zsint + ycost + b),co oo, 
where a,b,t € R. Then M is the classical flat Mobius plane. 


As seen at the end of Subsection 3.4.1, there are nonclassical flat 
Mobius planes of group dimension 3. A 3-dimensional connected Lie 
group is either almost simple or solvable. More precisely, if such a group 
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is not simple, it contains a nontrivial abelian closed normal subgroup. 
As for the actions on S? of such 3-dimensional groups, we have the 
following result; see Strambach [1970d] Lemma 4.10. 


LEMMA 3.4.19 (Common Fixed Point of Special Groups) Let © 
be a connected group of automorphisms of a spherical circle plane M. 
Suppose that & has a nontrivial abelian normal subgroup. Then & fixes 
a point of M. 


By the above lemma, a connected 3-dimensional group © of automor- 
phisms of a spherical circle plane either fixes a point or is simple. In 
the latter case, © is isomorphic to SO3(R) (and the plane is classical 
by Proposition 3.4.14) or to PSL2(R). In the former case, the resulting 
planes are classified in Strambach [1972] Hauptsatz, pp. 292-295. 


THEOREM 3.4.20 (Nonsimple 3-Dimensional) Let © be a con- 
nected 3-dimensional group of automorphisms of a spherical circle plane. 
If, in addition, % is nonsimple, then & fixes precisely one point oo, the 
derived plane A. at oo is an affine plane, and © operates transitively 
on the points of A... Furthermore, % induces the full translation group 
of Ag and Ag is the Euclidean plane. More precisely, © is the semi- 
direct product of the translation group with one of the one-parameter 
groups 


(i) Ag = {(x,y) % (xd* cost — yd‘ sin t, rd’ sint + yd’ cost) | t € R}, 
wherede€ R, d>1, 

(ii) S. = {(z,y) > (ta, t°'y) |t E Rt}, wherece R, c>1, 

(iii) II = {(x,y) > (e’a + te’y, e’y) | t € R}. 

The group & has precisely two orbits on the set of circles. One orbit 
consists of the circles through co; these are the Euclidean lines extended 
by co. The other orbit consist of all images under % of a single simply 
closed, strictly convex curve C.. 

Two spherical circle planes M, and Mo2 obtained from C, and Co, 
respectively, are isomorphic if and only if the same group & operates on 
them and the curve C, can be taken to C2 by an affinity of the Euclidean 
plane that normalizes X. 


Depending on the form of a 1-dimensional complement of the transla- 
tion group, four different (uncountable) families of planes are obtained. 

If © = A, - R?, one obtains the classical flat Mobius plane by Propo- 
sition 3.4.18. 
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If © = = - R?, one obtains a flat Mobius plane, more precisely, an 
Ewald plane of type 1. 

If 5 = Aq-R?, where d > 1, then the resulting spherical circle plane is 
a Mobius plane. The plane is generated by a circle C' which does not pass 
through oo but contains the point (0,0) and has the x-axis as tangent at 
this point. Furthermore, C is entirely contained in the upper half-plane. 
Then C' can be described by a function h : C \ {0} — R as follows. The 
value h(z) is nonnegative and equals |z| times the distance of the origin 
to the oriented tangent to C' that is parallel to iz. If z= az + iy, then 


C= {(Fo. Fe) zEC\ coy}. 


Note that h(rz) = rh(z) for r > 0. This implies that 8h (rz) = Sh (z) 
and gh (rz) = Bh (z ); therefore the circle 


Cm (ae get) [eR] 


is homeomorphic to S?. The function h further satisfies various other 
conditions; see Strambach [1972]. Planes for different values of d are 
never isomorphic and there are uncountably many nonisomorphic spher- 
ical circle piece for given d > 1. 

If 5 = &,- R?, where c > 1, then the resulting spherical circle plane 
is generated by a circle C' that does not pass through oo but contains 
the points (0,0) and (ap, 1) for some ap € R and has the horizontal lines 
defined by y = 0 and y = 1, respectively, as tangents at these points. 
Let a, < 0 < ag such that C' is completely contained between the vertical 
lines x = a, and x = @2 and has precisely one point on each of these 
lines. The four arcs on C from (0,0) to (a),61), from (a1, b,) to (ao, 1), 
from (0,1) to (a@2,b2) and from (a2, b2) to (0,0) (for suitable b; € [0, 1}) 
are described by four continuously differentiable functions g; that satisfy 
various conditions; see Strambach [1972]. The resulting spherical circle 
plane M is a Mobius plane if and only if the curve C is continuously 
differentiable, that is, C’ has unique tangents at the four exceptional 
points (0,0), (a1,61), (@9,1), and (a2, b2). If M is not a Mobius plane, 
then oo is the only point from which there is more than one tangent to 
circles in M. Planes for different values of c are never isomorphic and 
there are uncountably many nonisomorphic spherical circle planes for 
given c > 1. 

If 3 =T1-R?, then the resulting spherical circle plane is generated by 
a circle C that does not pass through oo but contains the points (0, 0) 
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and (0,1) and has the horizontal lines defined by y = 0 and y = 1, 
respectively, as tangents at these points. The two arcs on C from (0,0) 
to (0,1) can be described in the form {(h;(y), y) | y € [0,1]}, where the 
two functions h; : [0,1] ~ R, j = 1,2, are continuously differentiable. 
These functions satisfy various conditions; see Strambach (1972]. The 
resulting spherical circle plane M is a Mobius plane if and only if the 
curve C’ is continuously differentiable, that is, C has unique tangents at 
the two exceptional points (0,0) and (0,1). If M is not a Mobius plane, 
then oo is the only point from which there is more than one tangent. to 
circles in M. 

Strambach further determines the structure of the full automorphism 
groups and Hering types for each of these planes; compare also Propo- 
sition 3.5.5. 

In Strambach [1973] spherical circle planes M that admit 3-dimen- 
sional simple groups of automorphisms were determined and classified. 
As seen before, only the case [ & PSL2(R) needs to be examined. The 
classification of such spherical circle planes is achieved in a series of 
steps which make strong use of Haupt’s theory of geometric orders; see 
Haupt-Kiinneth (1967]. The results are rather involved. 


THEOREM 3.4.21 (Simple 3-Dimensional) Let © be a connected 
3-dimensional simple group of automorphisms of a spherical circle plane. 
If © is isomorphic to PSL2(R), then © acts in the standard way as a 
subgroup of the group PSL2(C) of fractional linear maps 


az +b 
ar, 
cz+d 
on S? = CU {oo} & R? U {oo}; see Subsubsection 2.9.2.1. 


All such planes are flat Mobius planes and are of Hering type IV.1 
or VII.2. The group © has precisely three orbits on S*. One of these 
orbits is the circle C = {(,0) | ¢ € R} U {co} and the other two orbits 
are the two open connected components of S* \ C. 


asbod € Ryad be = 1} 


The subgeometry of all circles intersecting C in at most one point is 
as in the classical flat Mobius plane (that is, these circles are described 
by Euclidean circles or horizontal lines). The collection of all circles 
that intersect C in two points is an orbit of the pencil Coo,(9,0) of circles 
through oo, (0,0) € C under Z. 


The resulting Mobius planes split into three distinct uncountable fami- 
lies according to the action on the set of circles through two points of C’. 
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The three families of flat Mobius planes can be distinguished accord- 
ing to the action on the set C.o(0,9) of the stabilizer ©. (0,9) and its 
normalizer N = Np(Xo0,(0,0)) in &. 

In the first family, 0o0,(0,0) acts trivially on C.o,(0.0). The Mobius 
planes obtained are isomorphic to the semi-classical planes M (id, h) 
(see Subsection 3.3.3) under the isomorphism (2, y) +> (y,z),00 1+ oo. 
These planes are nonclassical for h # id and classical for h = id. In 
the former case, the full automorphism group is isomorphic to PGL2(R) 
and is generated by & and the involution z+ —Z. 

In the other two families Xoo ,(9,9) acts effectively on Coo,(0,9). In the 
second family, N fixes no circle in Coo,0,0) \ {C} whereas in the third 
family of flat Mobius planes N fixes a circle in Coo,(0,0) \ {C}. Let Fy 
and EF» be the two open connected components of S? \ C. Furthermore, 
let B; = E;UC,j =1,2. Then KNE;, j = 1,2, for K € Coo,(0,0) can be 
described by one or two continuously differentiable functions from [0, co) 
to R. whose derivatives are strictly monotonic. They depend on various 
parameters. The final step is to paste together suitable halves in FE, 
and E. Describing functions of the circles that intersect C in two points 
are not easily written down (it takes several pages in Strambach’s paper) 
and we only refer to Strambach [1973]. 

Strambach [1974a] further investigated what groups © can possibly 
occur as closed subgroups of the automorphism group of a spherical 
circle plane. This is mainly a problem of extensions of the connected 
component S! of S. Under fairly mild restrictions, e.g. © is of dimension 
at least 2 or the connected component ¥! that contains the identity 
contains nontrivial compact subgroups, it is shown that © splits over X!, 
that is, © is the semi-direct product of 51 by a subgroup H & ¥/D!. 
For more detailed information, see Strambach [1974a] Satz 1. 


3.4.4 Von Staudt’s Point of View—Groups of Projectivities 


Following von Staudt’s point of view, the group of all projectivities of a 
circle was investigated by Strambach [1977] and Lowen [1977], [1981d]. 
A projectivity of a fixed circle C is a finite composition of perspectivities 
between circles, the first and last circle being C. A perspectivity between 
two distinct circles B and C is defined via a pencil of circles as follows. 
Let b€ B\C andc€ C\B. Then x = 7(B,b,c,C) : B > C is given by 
the condition that x, 7(z), b, and ¢ are concircular and different with the 
obvious modifications for points of tangency and for x = b and x =. 
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(The circle B is projected onto C via the bundle of circles through the 
points 6 and c.) These maps are continuous by coherence. 

For example, in the classical flat Mobius plane let C, C1, Co, and C3 
be the circles 


C = (Rx {0}) U {oo}, 
Ci = (Rx {2})U {oo}, 
C2 = ({0} x R)U {oo}, 
Cz = {(2,y)¢R? | 2? +y? =1}. 


Easy computations show that the projectivities 


m(Cy, (t,2), (0,0), C) o (C, (0,0), (0,2), C,) fort ER, 
m(C, (0,1), (r, 0), C) o w(C, (1,0), (0, 1), C2) for r € R \ {0}, 
n(C3, (0, =), OO, C) ° n(C, oo, (0, 1), C3) 


are the homeomorphisms of C' given by 


oo} oo and (z,0) + (r+ t,0), 
oo 00 and (2,0) & (rz,0), 
00+ 0,0 ++ 00 and (2,0) + (4,0) for z £0, 


respectively. The perspectivity (C3, (0, —1), 00, C) is just stereographic 
projection from the south pole of the unit circle onto the z-axis in R? 
and 1(C,, oo, (0, 1), C3) is the inverse of the stereographic projection from 
the north pole of the unit circle onto the z-axis in R?. 

The collection of all projectivities of a circle C forms a group IIc. 
Clearly, this group is independent of the circle C, that is, for two 
circles C and C’ the corresponding groups II¢ and IIc: are isomorphic. 
One therefore simply speaks of the group of projectivities of a spherical 
circle plane. For example, the projectivities of the classical flat M6bius 
plane constructed above generate the group PGL2(R) of fractional lin- 
ear transformations of S!; see Subsubsection 2.9.2.1 for the definition of 
this group. In fact, the group of projectivites of the classical flat Mébius 
plane is isomorphic to PGL2(R). 

We endow the group I¢ with the compact-open topology 7. In gen- 
eral, H¢ is not locally compact and rather large. Note, however, that 
for the classical flat MGbius plane this group is locally compact. Stram- 
bach [1977] characterizes the classical flat Mébius plane by this property. 


THEOREM 3.4.22 (Locally Compact Group Equals Classical) 
Let M be a flat Mobius plane and let Wc be the group of projectivities 
of a circle C. Then M is classical if the closure of Ic in the group of 
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all homeomorphisms of C with respect to the compact-open topology T is 
locally compact with respect to Tt. In this case, Ic itself is closed and 
locally compact and isomorphic to PGL2(R) as a transformation group 
of the circle C. 


Note that the group PGLo(R) is sharply 3-transitive on S$! in its 
standard action. Hence the group of projectivities Ig of the classical flat 
Mobius plane is sharply 3-transitive on C. Lowen [1977] investigated IIc 
with respect to transitivity properties. 


PROPOSITION 3.4.23 (High Degree of Transitivity) Let M 
be a flat Mobius plane and let % be the pathwise connected component 
containing the identity in the group of projectivities of a circle C. Then 
the group & is 2-transitive on C. 


Clearly, if 5 is 2-transitive on C, then the full group IIc of projectiv- 
ities of C is 2-transitive on C, too. In general, IIc is highly transitive 
on C and the classical flat Mobius plane is the one with lowest degree 
of transitivity; see Freudenthal-Strambach [1975]. 


PROPOSITION 3.4.24 (Sharply 3-Transitive Equals Classical) 
A flat Mobius plane is classical if and only if the group of projectivities 
of a circle C is sharply 3-transitive on C. 


The above proposition is true for every Mobius plane, finite or infinite, 
where in the finite case one has to exclude the Mobius planes of order 9. 

Pursuing this line of investigation, the following characterization of the 
classical flat Mébius plane was obtained by Léwen [1977] and [1981d]. 


THEOREM 3.4.25 (w-Regular Equals Classical) Let M be a flat 
Mobius plane and let IIc be the group of projectivities of a circle C. 
Then M is classical, if cg acts w-regularly on C, that is, there exists 
a finite set F CC such that the subgroup in II fixing F elementwise is 
discrete with respect to the compact-open topology rT. 


3.5 The Hering Types 


Similarly to the Lenz-Barlotti classification of projective planes with 
respect to central collineations, Mdbius planes can be classified with 
respect to central automorphisms, that is, automorphisms that fix at 
least one point and induce a central collineation in the derived projective 
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plane at that fixed point. This was carried out by Hering [1965]. More 
precisely, he considered subgroups of central automorphisms that are 
linearly transitive, that is, the induced groups of central collineations 
are transitive on each central line except for the obvious fixed points, 
the centre and the point of intersection with the axis. 

Hering studied two types of central automorphisms in Mobius planes. 
These are automorphisms that fix precisely one or two points (except 
the identity) and that induce a translation or homothety in the derived 
projective plane at each of these fixed points. In fact, in his classification 
Hering considered groups of automorphisms and determined their types 
according to transitive subgroups of central automorphisms contained in 
them. In the following we only deal with the full automorphism group. 
We then say that a Mdébius plane M is of Hering type X if the full 
automorphism group of M is of Hering type X. 

Strambach [1970e] determined the possible Hering types in flat Mébius 
planes. Whereas Hering obtained 18 different types, only 8 can be real- 
ized in flat Mobius planes. Strambach [1970d] investigated central auto- 
morphisms as above in spherical circle planes and obtained topological 
results that can serve as a Starting point for an analogous classification 
of spherical circle planes with respect to central automorphisms. 


3.5.1 q-Translations 


The first kind of central automorphisms investigated by Hering are the 
q-translations. They have exactly one fixed point. More precisely, a 
q-translation or translation with centre q of a Mobius plane M = (P,C) 
is an automorphism of M that either is the identity, or fixes precisely 
the point g and induces a translation of the derived affine plane A, at q. 
In order to specify the translation direction, let C' be a circle passing 
through g and let B(q, C) denote the touching pencil with support q, that 
is, B(q,C) consists of all circles that touch the circle C at the point q. 
In the derived affine plane at g the touching pencil represents a parallel 
class of lines and we can look at translations in this direction. Then 
a (q, B(q, C))-translation of M is a q-translation that fixes C (and thus 
each circle in B(p,C)) globally. 

A group of (q, B(q, C))-translations of M is called (¢, B(¢g, C))-transi- 
tive, if it acts transitively on C \ {gq}; a group of q-translations is called 
q-transitive, if it acts transitively on P \ {qg}. We say that the automor- 
phism group [ of M is (¢, B(g, C))-transitive if the group I contains 
a (q, B(q, C))-transitive subgroup of (¢g, B(g, C))-translations. Let 1 be 
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the collection of all pairs (p, B(p,C)), p € C for which the Mobius plane 
is (p, B(p,C))-transitive. Possible types with respect to transitive sets 
of (p, B(p, C))-translations are denoted by the Roman numerals I to VII. 
Hering [1965] shows that exactly one of the following statements is valid. 


I. H is empty. 

II. H consists of a single pair. 

Il. [ fixes precisely one point p and H = {(p, B(p,C)) | p € C}. 
IV. [ fixes precisely one circle C and H = {(p, B(p,C)) | p € C}. 

V. Each point of M occurs in at most one pair in H and the incidence 
structure consisting of the points that occur in } and the circles 
all of whose points occur as centres of translations is a linear 
space with at least two circles. 

VI. For every point p of M there is exactly one touching pencil B(p, C) 
such that (p, B(p,C)) is in H. 

VIL. H = {(p, B(p,C)) |p € P,C €C,p € Ch}, that is, H contains all 
possible pairs. 


Planes of Hering type III have a distinguished point p such that the 
derived affine plane at p is a translation plane and such that all transla- 
tions are induced by automorphisms of the Mobius plane. In flat Mébius 
planes of Hering type II the derived affine plane at p is the Euclidean 
plane; see Proposition 2.4.9. The affine part at p of such a plane con- 
tains all Euclidean lines and all translates of circles in a touching pen- 
cil B(q,C) for some point q # p. 

Planes of Hering type IV have a distinguished circle C and the auto- 
morphism group acts 2-transitively on C. In flat Mobius planes of Her- 
ing type IV the automorphism group must be at least 3-dimensional 
by Brouwer’s Theorem A2.3.8, and must contain a subgroup locally 
isomorphic to PSL2(R). By Theorem 3.4.20, a proper covering group 
of the group PSL2(R) cannot occur. We thus must have the classical 
flat Mobius plane or a plane listed in Theorem 3.4.21. This gives us 
the following characterization of planes of Hering type IV; see Stram- 
bach [1974a]. 


THEOREM 3.5.1 (Hering Type IV) A flat Mébius plane is of Her- 
ing type IV if and only if the connected component of the identity in the 
full automorphism group is isomorphic to PSL2(R). 


Hering types V and VI cannot occur in flat Mébius planes. Given 
a point p in such a Mobius plane M, we can find four nonconcircular 
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points p,, p2, p3, and p, that occur as translation centres in 7 such 
that p # p;, 1 = 1,2,3,4. Then p has a 2-dimensional orbit under the 
group generated by all p,-translations, i = 1,2,3,4. But S? is connected 
and 2-dimensional so that the connected component of the automor- 
phism group of M must be transitive on S?. Hence M is classical by 
Theorem 3.4.15 and thus of Hering type VII. 

Strambach uses weaker assumptions to exclude Hering types V and VI. 
He proves the following result. 


THEOREM 3.5.2 (Hering Types V and VI Are Not Possible) 
Let M be a flat Mobius plane and let T be a collection of translations 
of M such that the centres of translations in T are uncountable and not 
all on a circle. Then M is the classical flat Mobius plane. 


The classical flat Mébius plane is the flat Mobius plane of highest 
Hering type VII. 


PROPOSITION 3.5.3 (Possible Types) A flat Mobius plane is of 
Hering type I, II, II, IV, or VII. 


For examples for types I, II, III, IV, and VII see Subsection 3.5.3. 


8.5.2 The Classification 


Hering further considered a second kind of central automorphisms. These 
are automorphisms that fix precisely two points. Let p and g be two dis- 
tinct points of a Mobius plane M = (P,C). A (p,q)-homothety of M 
is an automorphism of M that either is the identity, or fixes precisely 
the points p and g and induces a homothety with centre q in the derived 
affine plane A, at p. (Then we also obtain a homothety with centre p 
in the derived affine plane A, at q.) A group of (p,q)-homotheties is 
called (p,q)-transitive if it acts transitively on each circle through p 
and q minus the two points p and qg. We say that the automorphism 
group [' of M is (p,q)-transitive if ! contains a (p,q)-transitive sub- 
group of (p, g)-homotheties. 

Let K be the collection of all unordered pairs {p, q} of points for which 
the Mobius plane is (p, q)-transitive. If the Mobius plane under consider- 
ation is not the finite Mébius plane with five points, all possible configu- 
rations of K given the type with respect to (p, B(p, C))-translations were 
determined. The possible types with respect to (p, B(p, C))-translations 
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are further distinguished by Arabic numerals which indicate types with 
respect to (p, q)-homotheties. 

This leads to 18 different types of Mobius planes, some of which are 
known to be empty or to occur only in finite Mobius planes; see Her- 
ing {1965], Krier [1973], and Yaqub [1978]. For flat Mobius planes the 
number of Hering types reduces to 8; see Strambach {1970e]. In the 
following theorem we give a list of those Hering types that can actually 
occur in flat, Mébius planes. 


THEOREM 3.5.4 (The Possible Hering Types) A flat Mobius 
plane M = (S?,C) with automorphism group T is of Hering type I.1, 
I2, U1, 1.2, H0.1, T0.2, IV.1, or VI.2. For these possible types the 
sets H and K are as follows. 


1. H=@ andK=9. 
L.2. H=9@ and K consists of a single unordered pair of points. 
I.1. H consists of a single pair and K = 0. 
II.2. There is a distinguished flag (p,C’) such that H = {(p, B(p,C))} 
and K = {{p,q} | ge C \ {p}}. 
II.1. T fies precisely one point p and H = {(p,B(p,C)) | p € C} 
and K = 9. 
IIL.2. T fies precisely one point p and H = {(p, B(p,C)) | p € C} 
and K = {{p,q} |q€ P,q 4p}. 
IV.1. T’ fives precisely one circle C and H = {(p, B(p,C)) | p € C} 
andK = 9. 
VIL2. In this case H = {(p,B(p,C)) | p € P,C € C,p € C} and 
K={{p,q}ePxP|pFq}. 


No other Hering types can occur in flat Mobius planes. 


For examples for all the types listed in the above theorem see the 
following subsection. 

The stabilizer of the distinguished flag (p, C’) in a flat MGbius plane of 
Hering type II.2 is 2-transitive on C \ {p}. Thus such a plane has group 
dimension at least 2. 

The g-translations and (p,q)-homotheties of a flat Mobius plane of 
Hering type III.2 generate a group of dimension at least 3 and, by Theo- 
rem 3.4.17, a flat Mobius plane of Hering type III.2 must therefore have 
group dimension 3. The affine part of such a plane at the distinguished 
point p contains all Euclidean lines and images of a single circle under 
the group of (positive) dilatations. Thus we have a flat Mébius plane 
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as in Ewald’s type 1 construction; see Subsection 3.3.2. If we iden- 
tify p with the point oo of S*, then the automorphism group contains 
the transformations (z,y) + (ra+b,ry +c), where b,c,r € R, r #0. 
Since these transformations form a nonsimple 3-dimensional group, these 
planes occur in Theorem 3.4.20. 


PROPOSITION 3.5.5 (Hering Types III.1, III.2, and VII.2) 
A flat Mobius plane that admits a nonsimple connected 8-dimensional 
group of automorphisms is of Hering type III.1, II.2, or VIL2. 


As seen in Subsection 3.5.1, planes of Hering type IV must occur 
among the planes described in Theorem 3.4.21. They can be character- 
ized as those flat Mobius planes having the property that the connected 
components of the identity in their full automorphism groups are iso- 
morphic to PSL2(R); see Theorem 3.5.1. 


THEOREM 3.5.6 (Hering Type IV Equals Hering Type IV.1) 
A flat Mobius plane of Hering type IV is of Hering type IV.1. Thus the 
flat Mobius planes of Hering type IV are precisely those planes having 
the property that the connected components of the identity in their full 
automorphism groups are isomorphic to the group PSL2(R). 


Combining Proposition 3.5.5 and Theorem 3.5.6, we obtain the fol- 
lowing result. 


COROLLARY 3.5.7 (Hering Types III.1, III.2, and IV.1) 
A flat Mobius plane of group dimension 3 is of Hering type II.1, II.2, 
or IV.1. 


For spherical circle planes Strambach [1970d], more generally, defines 
a (p,q)-homothety as an automorphism that fixes the points p and g and 
every circle through both points. He shows that p and q are the only 
fixed points of a nonidentical (p, q)-homothety and that the group of 
all (p, g)-homotheties with fixed centres p and q is commutative and at 
most 1-dimensional. 


3.5.3 Examples 


Before we proceed to give examples of flat Mobius planes of the different 
Hering types listed in Theorem 3.5.4, we determine the Hering types of 
the semi-classical flat Mobius planes; see Steinke {1986a] Proposition 6.4. 
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Since the circle Co = ({0} x R) U {oo} along which a semi-classical flat 
Mobius plane is pasted together is fixed by any automorphism of M(g, h) 
in case we are dealing with a nonclassical plane, each centre qg of a g- 
translation and both points p and q of a (p, g)-homothety must be on Co 
and Co must be in the touching pencil of a g-translation. This restriction 
immediately excludes Hering type III. Recall from Subsection 3.3.3 that 
two homeomorphisms f and f' of S! to itself are projectively equivalent 
if and only if there are fractional linear functions a, @ € PGL2(R) such 
that f’ = ao fof. We call a homeomorphism g : R > R semi-linear if 
it is of the form 
px forxz>0, 
ge) = oe for x <0, 


where p,q € R*. For p = q we obtain a multiplication. 


THEOREM 3.5.8 (Hering Types of the Semi-classical Planes) 
A semi-classical flat Mobius plane is of Hering type VII.2, IV.1, I.2, 
or I.1. More precisely, a semi-classical flat Mobius plane M(g,h) is of 
Hering type 
VIL2 if and only if h = id and g is a multiplication; 
IV.1 if and only if h 4 id and g is a multiplication; 
2 af and only if h = id and g is not a multiplication but is projec- 
tively equivalent to a semi-linear homeomorphism; 
L.1 if and only if h # id and g is not a multiplication or h = id and g 
is not projectively equivalent to a semi-linear homeomorphism. 


We now continue by giving examples for flat Mobius planes of the Her- 
ing types listed in Theorem 3.5.4. In the following let DT (DTT) be the 
group generated by all Euclidean translations and (positive) dilatations 
of the Euclidean plane. 


Id 


A semi-classical flat Mobius plane M(g,h) with the functions g = h 
defined by g(x) = h(x) = x°; compare Theorem 3.5.8. 

Of course, any rigid plane is of this type; see Subsection 3.7.1. For 
rigid ovoidal flat Mébius planes see Ewald [1967]. 


2 
A semi-classical flat Mébius plane M(g,2d) with g being semi-linear 
but not a multiplication; compare Theorem 3.5.8. Type I.2 is the only 
Hering type not accounted for in Strambach’s [1970e] classification. 
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In this case K consists of {(0,0),co} only and the automorphisms 
00 > 00, (2, y) + (rx, ry), 
where r € R™, and 


00 + 00, (x,y) + (g(rz), rg(y)), 


where r € R™ are ((0,0),00)-homotheties so that the Mobius plane 
becomes ((0, 0), 00)-transitive. 


IT.1 


Let O be an oval in the Euclidean plane which is centrally symmetric 
about the origin and also symmetric about the z-axis. Circles of the 
Mobius plane consist of the following curves; see Ewald [1967]. 


All Euclidean lines extended by oo. 

e All Euclidean circles that are entirely contained in the left half-plane 
Hr = {(z,y) € R? | x < Of. 

e All images of the oval O under the group DT that are entirely 

contained in the right half-plane Hp = {(z, y) € R? | z > O}. 

All curves that are made up of O’N Hp, where O’ is an image 

of O under an element of DT that intersects the y-axis in precisely 

two points p and q, and of C’N Hr, where C’ is a Euclidean circle 

through p and q that has the same tangent at p as O’. 


In this flat Mobius plane circles are pasted together along the distin- 
guished circle Co = ({0} x R)U {oo}. On the left half circles come from 
the classical flat Mobius plane, and on the right half circles come from 
an Ewald type 1 plane. Furthermore, the resulting plane is of Hering 
type II.1 for suitable O. In particular, O cannot be a conic (this just 
yields the classical flat Mobius plane). An example for O is the set 


{(z,y) € R? | 2*+y4 = 1}. 


In this case the derived plane at oo is the only derived affine plane that is 
Desarguesian. Hence oo must occur as the centre of any translation or as 
one of the two centres of any homothety. One has H = {(co, B(co, Co))} 
and 


oo H+ 00, (2, y) F (z,y +4), 


where t € R, are (00, B(co, Co))-translations so that the Mobius plane 
becomes (oo, B(oo, Co))-transitive. Furthermore, all maps 


00 ++ 00, (a, y) +> (ra, r(y — 6) +4), 
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where b,r € R, r > 0, are (00, (0,6))-homotheties. However, we do 
not obtain automorphisms as above for r < 0. Hence, the group of 
all (oo, (0, 6))-homotheties is not (oo, (0,b))-transitive. Note that the 
group of (co, (0, b))-homotheties is relatively large. For a Mobius plane of 
Hering type II.1 that admits no nontrivial homotheties one pastes circles 
together at a second line. More precisely, the circles are as described 
below. 


e All Euclidean lines extended by oo. 

e All Euclidean circles that are entirely contained in the right half 
plane Hp = {(z,y) € R? | x > 1}. 

All circles of the above Mobius plane that are entirely contained in 
the left half-plane Hj, = {(z,y) € R? | x < 1}. (These circles are 
possibly pasted together along the y-axis from Euclidean circles.) 
All curves that are made up of CN Hj, where C is a circle in the 
above Mobius plane that intersects the line z = 1 in precisely two 
points p and q, and of C’M Hp, where C’ is a Euclidean circle 
through p and qg that has the same tangent at p as C. (These 
circles are possibly pasted together along the y-axis and the vertical 
line z = 1.) 


IT.2 


Let O be an oval in the Euclidean plane that is centrally symmetric about 
the origin and also symmetric about the z-axis such that the points 
of intersection of O with the z-axis are the boundaries of a smallest 
diameter of O. Circles of the Mobius plane consist of the following 
curves; see Ewald [1967]. 


e All Euclidean lines extended by oo. 

e All images of O under the group DT that intersect the y-axis in 
at most one point. (This means that these images are entirely 
contained in the left half-plane Hz; = {(z,y) € R? | x < 0} or the 
right half-plane Hr = {(x,y) € R? | x > 0}.) 

All curves that are made up as follows. Let O’ be an image of O 
under an element of the group DT that intersects the y-axis in 
precisely two points p and q and let r > 0 be the distance of the 
centre of O’ from the y-axis. Among all outer envelopes at distance r 
to images of O under DT one finds exactly one such envelope O” 
that passes through p and q and has the same tangent at p as O’. 
Then (O’N Hr) U(O? N Hr) or (O’N Hr) U(O” N Hz) is a circle 
depending on whether the centre of O’ is in Hy, or in Hp. 
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The resulting plane is of Hering type II.2 for suitable O. In particular, O 
cannot be a conic (this just yields the classical flat Mobius plane). An 
example for O is again {(z,y) € R? | «+ + y* = 1}. In this case the 
derived affine plane at oo is the only derived affine plane that is Desar- 
guesian. Hence co must occur as the centre of any translation or as one 
of the two centres of any homothety. Again let Co = ({0} x R) U {co}. 
In this case H = {(00, B(oo, Co))} and K = {{oo, (0,b)} | be R}. The 
maps 


cor 00, (2,y) > (z,y +4), 


where t € R, are (00, B(oo, Co))-translations so that the Mdbius plane 
becomes (00, B(co, Co))-transitive. Furthermore, all maps 


OO F> 00, (x,y) an (ra,r(y ~ b) + b), 


where b,r € R, r £0, are (oo, (0, b))-homotheties. This means that the 
plane is (00, (0, b))-transitive. 


IIT. 1 


Let O be an oval in the Euclidean plane that is not symmetric about 
any point. Then Ewald’s type 1 construction yields a Mobius plane 
of type III.1. The distinguished point is oo and all translations of the 
Euclidean plane extend to oo-translations of the Mobius plane. Further- 
more, all maps of the form 


00 + 00, (z,y) (r(w — a) +a,r(y —b) +5), 


where r € R*, turn out to be (00, (a, b))-homotheties. However, since O 
is not symmetric about any point, we do not obtain automorphisms as 
above for r < 0. Of course, this means that the group of all (00, (a, b))- 
homotheties is not (oo, (a, b))-transitive. Note, however, that the group 
of (00, (a, b))-homotheties is relatively large. For a Mébius plane of Her- 
ing type III.1 that admits no nontrivial dilatations one employs Ewald’s 
type 2 construction. 


TT.2 


Let O be a nonconic oval in the Euclidean plane that is symmetric about 
some point. This means that there is a point (a,b) € R? such that the 
function (x, y) > (2a—2, 2b—y) takes O to itself. Our standard example 


{(z,y) ER? | 2*+y*=1} 
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has this property with respect to the origin. Then Ewald’s type 1 con- 
struction yields a Mobius plane of type III.2. The distinguished point 
is oo and all translations of the Euclidean plane extend to co-translations 
of the Mobius plane. Furthermore, because O is symmetric about some 
point, all transformations 


co & 00, (z, y) & (r(x — a) +4,r(y — b) +8), 


where r € R, r £0, are (00, (a, b))-homotheties. 


IV.1 


A semi-classical flat Mobius plane M(id,h) with h 4 id; compare The- 

orem 3.5.8. The distinguished circle C is the circle along which the 

semi-classical flat Mobius plane is pasted together; see Subsection 3.3.3. 
Clearly, the maps 


where t € R, are (co, B(co, C))-translations. This implies that the 
Mobius plane is (co, B(oo, C))-transitive. Furthermore, the transfor- 
mations 


(x,y) > ( 


x 
tx? + (ty — st — 1)?’ 


(st — 1)ta? + ((st — 1)y — s?t)(ty — st — 1) 


where s,t € R, are ((0,s), B((0,s),C))-translations and the Mébius 
plane is ((0, 5), B((0, s), C))-transitive. 


VIT.2 


The classical flat Mobius plane. Here all admissible subgroups of central 
automorphisms are linearly transitive. 


3.6 Characterizations of the Classical Plane 


In this section we characterize the classical flat Mébius plane with re- 
spect to various geometrical and topological properties. 
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3.6.1 The Locally Classical Plane 


In Steinke [1983b] it was shown that being classical is a local property of 
a flat Mobius plane. That is, if a flat Mébius plane looks like the classical 
flat Mobius plane around each point, then the plane is classical. 


THEOREM 3.6.1 (Locally Classical Equals Classical) A locally 
classical flat Mobius plane is classical, that 1s, isomorphic to the classical 
Mobius plane. 


To prove the above theorem one shows in a first step that if there 
are two nonempty open sets U; and U2 such that U; N U2 is nonempty 
and isomorphisms y; from the geometry induced on U; into the geometry 
induced on some open subset of the classical flat Mobius plane such that 
the two restrictions to U; N U2 agree, then, using transitivity properties 
of the automorphism group of the classical flat Mobius plane, we can 
always find an extension of y; onto U2. From this property we then 
can construct extensions along paths of a local isomorphism defined in a 
neighbourhood of a point p. Since S? is simply connected, a monodromy 
argument yields a global isomorphism. 


3.6.2 The Miquelian Plane 


The classical flat Mobius plane is geometrically characterized by Miquel’s 
configuration and can algebraically be represented as a chain geometry. 

Miquel’s configuration in its generic form involves eight points and 
six circles as in Figure 3.6. Think of this configuration as the geometry 
whose points are the vertices of a cube and whose circles are the faces 
of the cube. 

Remember that the classical flat projective plane is characterized 
among its relatives by the fact that Desargues’ configuration closes in it; 
see, for example, Subsection 1.1.1. A similar result holds for the classical 
flat Mobius plane. 


THEOREM 3.6.2 (Miquelian Equals Classical) Miquel’s configu- 
ration closes in a flat Mobius plane if and only if it is classical. 


There is even a local version of this result. We call a flat Mébius 
plane locally Miquelian if each point possesses a neighbourhood in which 
Miquel’s configuration closes. 


3.6 Characterizations of the Classical Plane 197 


THEOREM 3.6.3 (Locally Miquelian Equals Classical) A locally 
Miquelian flat Mobius plane is classical. 


Fig. 3.6. A Miquel’s configuration in the classical flat Mobius plane 


The proof of this result, as given in Torrechante [1980] for flat Mobius 
planes and Steinke [1984a] for all Benz planes, is a local version of van 
der Waerden-Smid [1935] and heavily relies on order properties of R. 
for the coordinatization of sufficiently small neighbourhoods of points to 
show that a locally Miquelian flat Mobius plane is locally classical; see 
Steinke [1984a] and the previous subsection. 


Aff RS 
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bs 


Fig. 3.7. A bundle configuration in the classical flat Mobius plane 


The ovoidal Mobius planes are geometrically characterized by the 
bundle configuration; see Kahn [1980]. Just like Miquel’s configuration, 
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the bundle configuration in its generic form involves eight points and six 
circles. Think of this geometry as the geometry whose points are the 
eight points of a cube and whose circles are the six planes determined by 
two each of the four parallel edges along a given perimeter of the cube; 
see Figure 3.7. 


THEOREM 3.6.4 (Bundle Equals Ovoidal) The bundle configura- 
tion closes in a flat Mobius plane if and only if it is ovoidal. 


8.6.3 The Symmetric Plane 


Recall that an inversion at a circle C of a spherical circle plane is an invo- 
lutory automorphism that fixes precisely the points on the circle C; see 
Section 3.4. Such an automorphism must exchange the two hemispheres 
determined by C. For the collection of all inversions of a spherical circle 
plane Strambach [1970d] Folgerung 3.24 shows the following. 


PROPOSITION 3.6.5 (The Set of Inversions) The collection of all 
inversions of a spherical circle plane is closed in the full automorphism 
group of the spherical circle plane. 


We say that a spherical circle plane is symmetric if it admits an inver- 
sion at every circle. In fact, the only symmetric spherical circle plane is 
the classical flat Mébius plane; see Strambach [1970d] Korollar 4.4. 


THEOREM 3.6.6 (Symmetric Equals Classical) A spherical circle 
plane is isomorphic to the classical flat Mobius plane if and only if each 
circle is the azis of an inversion. In this case, the closed subgroup gen- 
erated by all inversions is the full automorphism group of the classical 
flat Mobius plane. 


3.6.4 The Plane with Transitive Group 


From Theorem 3.4.15 we know that the classical flat Mobius plane is the 
only spherical circle plane that admits a point-transitive automorphism 
group. In Subsection 3.1.4 we have seen that the classical flat Mébius 
plane is even flag-transitive. More generally, we say that a spherical 
circle plane is flerible if its automorphism group has an open orbit in 
the flag space of the plane. Clearly, flag-transitive implies flexible, point- 
transitive, and circle-transitive so that the classical flat M6bius plane has 
all four properties. Indeed, each of these properties implies classical. 
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THEOREM 3.6.7 (Transitive Equals Classical) A spherical circle 
plane M is isomorphic to the classical flat Mobius plane if and only if 
any one of the following holds. 


(i) The automorphism group T of M is point-transitive. 
(ii) T is circle-transitive. 
(iii) T is flag-transitive. 


(iv) M is flexible. 


Proof. From what we said at the beginning of this subsection, and by 
Theorem 3.4.15, we only have to show that circle-transitive or flexible 
results in the classical flat Mobius plane. If M is flexible, then T must 
be at least 4-dimensional (see Proposition 3.2.17) and M is classical by 
Proposition 3.4.17. 

Suppose that I is circle-transitive. Then the connected component I! 
must also be transitive on the circle set. By Theorem A2.3.14 the 
group I has a closed orbit in S*, that is, a fixed point, an orbit homeo- 
morphic to S! or all of S?. Clearly, F cannot be circle-transitive in the 
first two cases because the complement of a point or an embedded S! 
contains a circle by Lemma 3.2.13. Hence the group I, and thus I, 
must be point-transitive. | 


We can also use the method applied in Subsection 3.1.5 to obtain 
a different proof of the fact that flag-transitive implies classical. The 
connected component I! of the identity is an effective transitive trans- 
formation group of the the 2-sphere S? and thus isomorphic and acting 
equivalently to either SO3(R), PSL2(C), or PSL3(R). The last group 
is not possible and, because the flag space of a spherical circle plane 
is 4-dimensional, the first group cannot occur either. Hence I! is iso- 
morphic and acts equivalently to PSL2(C). The stabilizer of a point is 
4-dimensional and the stabilizer of a circle is 3-dimensional. As we have 
seen in Subsection 3.1.5, the stabilizer of a point must be conjugate to 
the group Le(C) = {z az+b| a,b € C,a ¥ 0} and the stabilizer of 
a circle to PSL2(R). Since I is flag-transitive, we now can reconstruct 
the classical plane as in Subsection 3.1.5. 


3.6.5 The Plane of Hering Type at Least V 


We say that a flat Mobius plane M is of Hering type at least V if the 
automorphism group of M is of type V, VJ, or VIT; see Subsection 3.5.1. 
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From the results in Subsection 3.5.2 we readily obtain the following 
characterization of the classical flat M6bius plane. 


PROPOSITION 3.6.8 (Large Hering Type Equals Classical) A 
flat Mobius plane M 1s of Hering type at least V if and only if M is the 
classical flat Mobius plane. 


3.6.6 Summary 


THEOREM 3.6.9 (Characterizations of the Classical Plane) A 
spherical circle plane M is isomorphic to the classical flat Mobius plane 
if and only if any one of the following holds. 


(i) The automorphism group T contains a compact subgroup of di- 
mension > 1. 
(ii) T° is point-transitive. 
(iit) DP is circle-transitive. 
(iv) [ is flag-transitive. 
(v) M is flexible. 
(vi) 


(vii 


Each circle is the axis of an inversion. 


Each pair of distinct points occur as centres of a nontrivial central 
automorphism. 


(viii) Tis at least 4-dimensional. 


Furthermore, a flat Mébius plane M is isomorphic to the classical flat 
Mobius plane if and only if any one of the following holds. 


) 
(x) M is locally Miquelian. 
(xi) M is locally classical. 
) 
) 


3.7 Planes with Special Properties 


In the following we consider flat Mobius planes that do not admit any 
nontrivial automorphisms, and differentiable flat Mobius planes. 
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3.7.1 Rigid Planes 


We can choose homeomorphisms g and h such that the semi-classical 
flat Mébius plane defined by g and h (see Subsection 3.3.3) is a rigid flat 
Mobius plane, that is, a plane whose only automorphism is the identity. 
For example, let m > 2 be an integer and let 0<r <1. Then 


fine ROR: 2 (L—r)a?™*! + r(23 — 32? + 32) 


is a Strictly increasing homeomorphism of R. One can use this kind 
of homeomorphism to obtain rigid semi-classical flat M6bius planes. 
Let M(m,r;h) be the semi-classical flat Mobius plane with g = fm,r 
and A an orientation-preserving symmetric homeomorphism of R fix- 
ing 0. Then M(m,1r;h) is rigid. The planes M(m,r; h) and M(m’,1r'; h’) 
are nonisomorphic if h’ 4 h,h—}; see Steinke [1986a] 6.6. 

In Ewald [1967] it is noted that one can construct rigid ovoidal flat 
Mobius planes from suitable ovoids. 


3.7.2 Differentiable Planes 


The point set S? and the circle set C of a spherical circle plane naturally 
carry smooth differentiable structures which make them into smooth 
manifolds. In the classical flat Mobius plane each circle is then a sub- 
manifold of S? and the geometric operations are not only continuous 
(see Theorem 3.2.3) but even smooth differentiable maps with respect 
to the appropriate smooth manifold structures. We can now replace the 
topological conditions in the definition of a spherical circle plane or flat 
Mobius plane by differentiability assumptions and ask what planes can 
occur. More precisely, a smooth (differentiable) spherical circle plane or 
flat Mobius plane is a spherical circle plane or flat Mébius plane such that 
circles are submanifolds of the point space and such that the geomet- 
ric operations are smooth (differentiable) on their respective domains of 
definition. 


THEOREM 3.7.1 (Smooth Ovoidal Planes) An ovoidal flat Mobius 
plane over an ovoid O in R? is smooth if and only if O is a smooth sub- 
manifold of R%. 


As for projective planes (see Subsection 2.8.3), being smooth is rather 
restrictive, but so far no classification of smooth flat Mobius planes has 
been carried out. 


202 Spherical Circle Planes 


3.8 Subgeometries and Lie Geometries 


Apart from the constructions in this section, a large number of construc- 
tions of other types of geometries from flat Mobius planes are described 
in detail in Chapter 6. Also included in Chapter 6 is the solution of the 
Apollonius problem for flat Mobius planes. 


3.8.1 Recycled Flat Projective Planes 


In the following we describe a generalization of the disk-model construc- 
tion of the classical flat projective plane that we introduced in Subsec- 
tion 2.1.2. 

Let D be a closed topological disk with boundary C and let y: C ~ C 
be a fixed-point-free continuous involution. Furthermore, let £ be a set 
of Jordan curves on D such that every L € L£ has the following properties. 


(i) The curve L is homeomorphic to a closed interval. 
(ii) The curve L intersects C only in its two boundary points. 
(iii) The two boundary points of L get exchanged by 7. 


By identifying points of D that get exchanged by ¥, we arrive at a topo- 
logical space D homeomorphic to the real projective plane. Furthermore, 
every element of £ turns into a topological circle on D. Let £ consist 
of all such topological circles plus the quotient space C'/y (this set is 
also a topological circle in D). Then (D,7,£) is a disk model of a flat 
projective plane if and only if (D, £) is a flat projective plane. 

We proceed to describe a simple construction of disk models of flat 
projective planes from spherical circle planes. 


THEOREM 3.8.1 (Disk Model) Let M be a spherical circle plane, 
let D be a closed topological disk bounded by a circle C, let y: C > C be 
a fixed-point-free continuous involution, and let L be the set consisting 
of all restrictions to D of circles of M through points that get exchanged 
by y. Then (D, 7, £) is a disk model of a flat projective plane. 

Let I be the set of all circles completely contained in the interior of D, 
let T be the set of all circles completely contained in D and touching C' 
at exactly one point, and let S be the restrictions to D of all circles that 
intersect C in two points that do not get exchanged by the involution y. 
Then the elements of I, T, and S are topological arcs in the flat projective 
plane P = (D,L). If M is a flat Mobius plane, then the elements of I 
and T are topological ovals in P. 
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Proof. Let p € D\C and q € C. By Axiom Bl there is exactly one 
circle C(q) in M that contains the points p, q, and y(q). This circle 
depends continuously on q. Let r,s,y(r),y(s) € C be distinct. Then, 
because 7 is fixed-point-free, the points r and y(r) are contained in differ- 
ent connected components of C'\ {s, y(s)}; compare Proposition A1.4.2. 
Hence the two circles C(r) and C(s) intersect in two points; the point p 
and one point not contained in D. Hence every point # p in D is con- 
tained in exactly one of the circles C(q) for some qg. This translates to 
the fact that two points in D are contained in exactly one line in £. By 
Theorem 2.2.7 this implies that P is a flat projective plane. 

As an immediate consequence of Axiom B1, we conclude that all ele- 
ments of I, T, and S are topological arcs in P. 

Assume that M is a flat Mébius plane and let O be an element of I 
or T. It remains to show that every point p of O is contained in exactly 
one tangent line in P. If p € C, then the line that corresponds to C is 
this tangent. Let p be an interior point of D. The set K of circles in M 
that touch O at the point p define a continuous involution 7’ of C as 
follows. Let q be a point on C and let K(q) be the unique circle in K 
that contains g (by Axiom B2). Then either K(q) touches C' at gq or it 
intersects C' in a second point. In the first case let y/(q) = q. In the 
second case let y'(q) be the second point of intersection. This involution 
has necessarily two fixed points corresponding to the two circles in K 
that touch C; see Theorem 6.8.1. Since y does not fix any point, there is 
exactly one pair of points g, y(q) on C that is also exchanged by y’. The 
line in P that corresponds to the circle in K through these two points 
is a tangent line of the topological arc O at this point. This tangent 
is unique since all lines through p that do not arise from circles in K 
intersect O in a second point. C 


In Subsection 2.1.2 we described the special case where C' is a Eu- 
clidean unit circle in the affine part of the classical flat Mobius plane 
and + is the antipodal map. In this case (D,7,£) is the disk model 
of the classical flat projective plane. The same is true if we leave C’ 
unchanged and replace -y by any bundle involution corresponding to an 
inner point of the circle C. 

Let us return to the general case considered in the theorem. Let D’ 
be the set of interior points of D and let L’ be the set of restrictions 
of elements of £ to D’. Then A = (D’,£’) is the flat affine plane that 
arises from the projective plane (D, £) by removing the line C/y. 

All the elements of J, T, and S are topological arcs in this flat affine 
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plane and the geometry (D’, £’ UI) almost looks like the planar repre- 
sentation of a flat spherical circle plane. Of course, it is not, because 
there are triples of points of this geometry that get connected by ele- 
ments of T in the original circle plane M. Still, it seems worthwhile 
to ask the question, whether this partial geometry can be made into a 
planar representation of a flat spherical plane by adding some further 
simply closed curves to its circle set. The answer to this question is ‘No’. 
We can convince ourselves of this fact as follows. We can easily find a 
sequence of triples of distinct points that correspond to connecting cir- 
cles in I that converge to a triple of distinct points that corresponds to 
a connecting circle F in T. Because the spherical circle plane we are 
looking for would be topological, its planar representation would have 
to contain the intersection of E with D’. The resulting curve would be 
a Jordan arc, but all Jordan arcs have already been accounted for by 
the lines in the flat affine plane A. 
For more information about disk models see Polster [1996a]. 


3.8.2 Double Covers of R?-Planes and Flat Projective Planes 


In Subsection 3.3.4 we introduced inner and outer involutions of spherical 
circle planes and used them to construct separating sets in such planes. 
In the following we consider the fixed-circle sets of these involutions. 


3.8.2.1 Inner Involutions 


Let y be an inner involution of a spherical circle plane M = (S?,C) with 
fixed-circle set Fix(y). Recall from Subsubsection 3.3.4.1 that y is a 
fixed-point-free homeomorphism S? — S? such that a circle is contained 
in Fiz(7) if and only if it contains some point p and its image y(p) and 
that any two points of S* that are not exchanged by ¥ are contained in 
exactly one circle in Fia(y). 

Let P be the quotient space S?/7 and let £ be the set of all C/y, 
where C € Fiz(y). We conclude that P = (P, £) is a geometry of topo- 
logical circles on a surface that is homeomorphic to the real projective 
plane and that Axiom P1 (see p. 2) is satisfied. By Theorem 2.2.7, 
this geometry is a flat’ projective plane. We express this by saying 
that (S?, Fiz(y)) is a double cover of the flat projective plane P. 

Let D be a closed disk bounded by a circle C € Fiz(+), let y¢ be 
the restriction of y to C, and let Fizp(y) be the set of restrictions of 
elements of Fiz(y) to D. Then (D, yc, Fizp(7)) is a disk model of the 
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flat projective plane P; see the previous subsection for details about disk 
models of flat projective planes. 

If M is the classical flat Mobius plane on S? and 7 is the antipodal 
map of S?, that is, the bundle involution associated with the origin, 
then Fix(y) consists of all great circles on the sphere. 

We summarize our considerations in the following theorem. 


THEOREM 3.8.2 (Double Covers of Flat Projective Planes) 
Let 7 be an inner involution of a spherical circle plane M = (S?,C). 
Then (S?, Fix(y)) is the double cover of a flat projective plane P. 

Let D be a closed disk bounded by a circle C € Fizx(y). Then the 
triple (D, Yc, Fizp(7)) is a disk model of P. 


3.8.2.2 Outer Involutions 


Let 7 be an outer involution of a spherical circle plane M = (S?,C). 
Recall from Subsection 3.3.4.1 that Fix(y) consists of all circles that are 
globally but not pointwise fixed by y, that the fixed-point set F of y is a 
topological circle on S*, and that the two connected components of S?\ F 
get exchanged by y. Furthermore, a circle is contained in Fizx(7) if and 
only if it contains some point p and its image y(p), where p 4 y(p). These 
properties imply that the complete bundle of circles through a point and 
its image under ¥ is contained in Fix(y) provided that p 4 y(p). Hence 
any two points of S? that are not exchanged by ¥ are contained in exactly 
one circle in Fiz(7). 
Here is a list of useful properties of outer involutions. 


LEMMA 3.8.3 (Properties of Outer Involutions) Let y be an 
outer involution of a spherical circle plane M = (S?,C) with fixed-point 
set F. Then the following hold. 


(i) Let p be a point that is not fixed by y. Then every circle through p 
and y(p) is contained in Fix(y). 
(ii) Let CEC\{F}. ThenCny(C)=CnF. 
(iii) Let r, s, y(r), and y(s) be four distinct points on a circle C in 
Fiz(y). Then r and y(r) are contained in the same connected 
component of C \ {s,(s)}. 


For a proof of this lemma see Polster—-Steinke [20X Xa]. 

Let D;, i = 1,2, be the two connected components of S? \ F and 
let £; be the set of restrictions of circles in Fix(y) to D;. Then the 
geometry R; = (D;,£;) is an R?-plane. This R?-plane cannot be a 
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flat affine plane. Furthermore, y defines an isomorphism between R 
and R2. We express all this by saying that (S?, Fir(y)) is a double 
cover of an R?-plane. 

If M is the classical flat Mébius plane on S? and y¥ is the bundle 
involution of S? associated with an exterior point, then this R?-plane is 
isomorphic to the real hyperbolic plane. 

We summarize our considerations in the following theorem. 


THEOREM 3.8.4 (Double Covers of R?-Planes) Let y be an outer 
involution of a spherical circle plane M = (S?,C). Then (S*, Fix(y)) is 
the double cover of an R?-plane. 


3.8.3 3-Ovals 


Recall that an arc in a flat projective plane is a nonempty set of points 
such that every line has at most two points in common with it. An oval 
then is an arc every point of which is contained in exactly one tangent 
line; see Subsection 2.2.1. Starting with these definitions Groh—Hei- 
se [1973] investigated the analogous setting in Mébius planes. 

To begin with, a 3-arc in a spherical circle plane M is a nonempty 
set of points such that every circle has at most three points in common 
with it. A 3-oval of M is a 3-arc O with at least two points such that 
for any two distinct points p,q € O there is precisely one circle in M 
that intersects O only in p and gq. In analogy to arcs in flat linear spaces, 
3-ovals in spherical circle planes are convex with respect to all circles. 

Using transfinite induction, Groh and Heise show that 3-ovals exist 
in every spherical circle plane. However, there is no such thing as a 
‘topological’ 3-oval. 


PROPOSITION 3.8.5 (3-Ovals Are Wild) A 3-oval in a flat Mobius 
plane is pathwise totally disconnected, that 1s, it contains no homeo- 
morphic image of the closed real interval (0, 1). 


3.8.4 Flocks and Resolutions 


Let p and gq be two distinct points of a flat Mobius plane M. A flock 
of M with carriers p and q is a partition of S? \ {p,q} into circles of M. 

Examples of flocks for ovoidal flat Mébius planes can be obtained as 
follows. Let O be an ovoid in 3-dimensional projective space PG(3, R) 
and let L be a line of PG(3, R) that has no points in common with O. 
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There are exactly two planes through L that are tangent to O at points p 
and q, respectively. All other planes of PG(3,R) either intersect O in 
a circle of M(Q) or have no point in common with O. The collection 
of circles obtained by the former planes yields a flock of M(O) with 
carriers p and q; see Figure 3.8. 


Fig. 3.8. Construction of a linear flock (the line LZ is perpendicular to the 
picture plane) 


This kind of flock is called linear. Of course, for any two points p 
and q of O there is a linear flock with these two points as carriers. One 
just takes the intersection of the tangent planes to O at p and q as the 
exterior line to construct the linear flock from. We denote this flock 
by Faaoy(p, 9). 

Note, however, that there are nonlinear flocks of M(Q) as well. Con- 
sider a plane £ that intersects M(Q) in a circle and in this plane two 
distinct exterior lines of O. The plane E defines two hemispheres; let 
us call them the upper and a lower hemispheres. Our nonlinear flock 
consists of all circles in the upper hemisphere that come from planes 
through the first line and all circles in the lower hemisphere that come 
from planes through the second line. This kind of flock is called bilinear. 

Let F be a flock with carriers p and q of a flat Mobius plane M. The 
two carrier points are in different connected components of S? \ C for 
every circle C in F. Let A be an arc from p to gq on a circle of M 
through these two points. Every point on A except the two endpoints p 
and q determines a unique circle in F and, vice versa, every circle in F 
intersects A in exactly one point. This shows that F, as a subset of the 
circle space, is homeomorphic to R; see Figure 3.8. 


PROPOSITION 3.8.6 (Flocks) Every flock of a flat Mobius plane 
is homeomorphic to R. 


Strambach [1974b] pp. 158-159 showed that given two points of a flat 
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Mobius plane M one can always find a flock of M with carriers these 
two points; see also Rosehr [1998] Theorem 1.9. Moreover, any partial 
closed flock can be extended to a flock. This generalizes Strambach’s 
construction of flocks. 

A resolution of a Mobius plane M is a partition of the circle space 
of M into flocks of M. If M admits a resolution, the Mébius plane 
is called resolvable. For example, the ovoidal flat Mobius plane M(O) 
admits a resolution into linear flocks by taking a plane E of PG(3, R) 
that has no point in common with O. Each line of & determines a linear 
flock and each circle of M(O) belongs to the unique flock determined 
by the line of intersection of & with the plane that induces the given 
circle. In this example we see that the flocks in a resolution correspond 
to the lines of a projective plane. 


THEOREM 3.8.7 (Ovoidal Planes Are Resolvable) Every ovoidal 
flat Mobius plane is resolvable. 


3.9 Open Problems 


PROBLEM 3.9.1 Let (P,C) be a geometry and let n > 1 be a fixed 
integer such that P is a surface, every element of C is a topological circle 
on this surface, and any n distinct points are contained in exactly one 
element of C. Does it follow that n € {2,3} and that (P,C) is either a 
flat projective plane or a spherical circle plane? 


See Problem 2.11.1. 


PROBLEM 3.9.2 Assume that all derived affine planes of a flat Mobius 
plane are Desarguesian. Does this imply that the flat Mobius plane is 
ovoidal? 


The answer to the corresponding question for finite M6ébius planes of 
odd order is affirmative. In fact, these planes are Miquelian. Further- 
more, finite M6bius planes of even order are ovoidal. The corresponding 
question for flat Minkowski planes also has a positive answer; see The- 
orem 4.6.3. 


PROBLEM 3.9.3 What R?-planes and flat affine planes can occur as 
derived planes of spherical circle planes and flat Mobius planes? What 
flat projective planes have disk models associated with circles in spherical 
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circle planes? Classify the flat projective planes that have disk models 
associated with the classical flat Mobius plane. Double covers of what 
flat projective planes and R?-planes occur as subgeometries of spherical 
circle planes? 


Some more constructions of flat. linear spaces from flat Mobius planes 
via generalized quadrangles (see Chapter 6) correspond to some further 
similar questions. 

Note that embedding an R?-plane as a derived plane in a spherical 
circle plane involves constructing many topological ovals in the R?-plane. 
Theorem 2.2.4(i) guarantees that every R?-plane does contain topolo- 
gical ovals. 


PROBLEM 3.9.4 Develop the theory of flat Mobius planes that are 
integrals of R?-planes; see Subsubsection 5.3.4.1. 


PROBLEM 3.9.5 Are there any further essentially new ways to con- 
struct flat linear spaces from spherical circle planes apart from the ones 
that come about as combinations of the links between the different classes 
of geometries described in this book? 


PROBLEM 3.9.6 Are there spherical circle planes all of whose derived 
planes are R?-planes that are not flat affine planes? 


None of the known spherical circle planes has this property. In par- 
ticular, note that an ovoidal spherical circle plane corresponding to a 
strictly convex topological sphere O has derived planes that are not flat 
affine planes at exactly those points at which O is not differentiable. 


PROBLEM 3.9.7 Extend the classification of the semi-classical flat 
Mobius planes to a classification of the semi-classical spherical circle 
planes. Following this classify the semt-ovoidal spherical circle planes 
and flat Mobius planes, that is, spherical circle planes and flat Mobius 
planes that are pasted together along a common circle from two halves 
of ovoidal spherical circle planes. 


The corresponding question has been investigated for flat Laguerre 
planes. The semi-ovoidal flat Laguerre planes that are made up of two 
ovoidal halves glued together along two parallel classes have been deter- 
mined in Polster-Rosehr-Steinke [1998]. 
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PROBLEM 3.9.8 Are there halves taken from two different spherical 
circle planes that cannot be glued together along a circle into a new 
spherical circle plane? 


PROBLEM 3.9.9 Are all (X-embedded) separating sets strong? Are 
there separating sets that only allow one to combine flat Mobius planes 
but not proper spherical circle planes? 


PROBLEM 3.9.10 Are there purely topological criteria that determine 
whether a set is a (strong) separating set? 


Theorem 5.3.7 seems to indicate that the answer to the respective 
question for cylindrical circle planes may, surprisingly, not be very ‘far’ 
away from ‘Yes’. 


PROBLEM 3.9.11 Are the circle and flag spaces of a spherical circle 
plane homeomorphic to the respective spaces of the classical flat Mobius 
plane? 


It is easy to answer the corresponding question for toroidal and cylin- 
drical circle planes in the affirmative. So far it is only known that the 
circle space of any flat Mobius plane is homeomorphic to the circle space 
of the classical plane; see Theorem 3.2.15. 


PROBLEM 3.9.12 Develop a classification of spherical circle planes 
with respect to central automorphisms similar to the Hering classification 
for flat Mébius planes. 


PROBLEM 3.9.13 Characterize locally ovoidal flat Mobius planes, 
that is, flat Mobius planes such that each point has an open neighbour- 
hood whose induced geometry is isomorphic to the induced geometry on 
some open set of some ovoidal flat Mobius plane. 


PROBLEM 3.9.14 Are all spherical circle planes isotopic (in some 
sense) to the classical plane? 


See the remarks after Problem 2.11.5 for some references. 


PROBLEM 3.9.15 Let S be a set of topological circles on the sphere. 
Assume that any two curves in S intersect in at most two points and 
if they do intersect in two points, then they intersect transversally. Is 
it possible to embed S in a spherical circle plane? Are there ‘universal 
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spherical circle planes’, that is, spherical circle planes in which every 
set S as above can be embedded? 


Remember that the corresponding questions for flat projective planes 
do have positive answers; see Subsection 2.10.4. A lot of information 
about finite sets of topological circles on the sphere has been collected 
in Griinbaum [1972]. 


PROBLEM 3.9.16 Develop a theory of continuous lineations (circu- 
lations?) for spherical circle planes. 


See Subsection 2.9.3 for a summary of the known results about con- 
tinuous lineations of flat linear spaces. 


PROBLEM 3.9.17 Use the emerging classification of 3-dimensional 
generalized quadrangles (see Chapter 6) to construct and classify flat 
Mobius planes. 


4 


Toroidal Circle Planes 


Flat Minkowski planes were first investigated by Schenkel [1980] in her 
dissertation. Later, Polster [1998b] studied the more general toroidal 
circle planes. For more information about general Minkowski planes 
and, in particular, finite Minkowski planes, we refer to the papers by 
Hartmann [1982a], Klein-Kroll [1989], Delandtsheer [1995], and the ref- 
erences given there. 


A toroidal circle plane is a point-circle geometry whose point set is 
(homeomorphic to) the torus S! x S!. The point set is equipped with 
two nontrivial parallelisms. The parallel classes of these parallelisms are 
the horizontals and verticals on the torus. The circles of the toroidal 
circle plane are graphs of homeomorphisms S! — S} that form a system 
of topological circles on the torus such that the Axiom of Joining B1 (see 
p. 7) is satisfied, that is, any three pairwise nonparallel points determine 
exactly one curve in the system. A toroidal circle plane is a flat Min- 
kowski plane if it also satisfies the Axiom of Touching B2, that is, for 
each circle C and any two nonparallel points p,q with p € C there is 
precisely one circle through p and g that touches C (geometrically) at p, 
that is, intersects C only at the point p or coincides with C. 

As in the case of spherical circle planes and flat Mobius planes, derived 
planes are an important tool in the investigation of toroidal circle planes 
and flat Minkowski planes. Since we have two different parallelisms on 
the point set, each derived plane admits two distinguished pencils of 
parallel lines. This fact facilitates many of the arguments encountered 
in the application of this tool in the case of toroidal circle planes. 


Since Schenkel’s dissertation is not readily available we include more 
proofs than usual in this chapter. Also some results are proved in a new 
way. 
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4.1 Models of the Classical Flat Minkowski Plane 


In this first section we describe a number of models of the classical flat 
Minkowski plane. For in depth information about most of these models 
see Benz [1973]. 


4.1.1 The Geometry of Plane Sections 


The point set of the classical flat Minkowski plane is the standard non- 
degenerate ruled quadric Q in 3-dimensional projective space PG(3, R), 
that is, 


OQ = {(x0 : 21 : 2: 23) € PG(3,R) | rox3 + 2122 = 0}, 


where (29 : £1 : Z2 : £3) are the homogeneous coordinates of the point 
corresponding to the 1-dimensional subspace spanned by the nonzero 
vector (9,21, 22,23) € R*. A plane 


{(zo 1%, 3 2q: x3) E PG(3, R) | AgLg + A121 + Aer2 + A323 = 0}, 


where (ag : @1 : @2 : a3) € PG(3,R), is tangent to Q if and only 
if @ga3 + @1a2 = 0, that is, if and only if the point (ag : a1 : a2 : a3) is 
on Q. A tangent plane at a point p of Q intersects Q in precisely two 
distinct lines through p. Therefore, through every point of Q there are 
precisely two distinct lines entirely contained in Q. For example, the 
lines 


{(s:sx:t:—tx) € PG(3,R) | s,t € R,(s,t)  (0,0)} 
and 
{(s:t:sy:—ty) € PG(3,R) | s,t € R, (s,t) ¥ (0,0)} 


pass through the point (1 : « : y : —zy) and are entirely contained 
in Q. The lines entirely contained in Q are the parallel classes of the 
two parallelisms of the classical flat Minkowski plane. We call the two 
different types of parallel classes (+)- and (—)-parallel classes. Remember 
that a (+)-parallel class and a (—)-parallel class intersect in exactly one 
point. 

Every plane in PG(3,R) that is not tangent to Q intersects Q in a 
nondegenerate conic. Figure 4.1 shows part of the hyperbolic quadric 
(a hyperboloid) and its two essentially different plane intersections in a 
point—a conic and a pair of intersecting lines. The circles of the classical 
flat Minkowski plane are intersections of Q with planes in PG(3, R) that 
are not tangent to Q. 
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“Fig. 4.1. The two essentially different plane intersections of a hyperbolic 
quadric—a conic and a pair of intersecting lines 


In this model of the classical flat Minkowski plane the two Axioms B1 
and B2 are readily verified. As for B1, three points of Q, no two of which 
are on a parallel class, determine a unique plane in PG(3, R), and this 
plane cannot be tangent to Q. Therefore its trace on Q is the unique 
circle containing the three points. In Axiom B2 we have two points p 
and q not on a common parallel class and a circle C' through p, that. is, 
a nontangent plane & in PG(3,R) that contains p. Now C = ENQ 
is a nondegenerate conic in F & PG(2,R). This conic has a unique 
tangent L in E at the given point p. Then L and the other given point 
determine a unique plane in PG(3, R). Its trace on Q is the unique circle 
through the two points touching the given circle at p. 

Note that there are two types of planes described by (ao : ay : @2 : ag) 
that are not tangent to Q — those for which aga3 + a1@2 > 0 and those 
for which a9a3 + @jag < 0. This means that the circle space of the 
classical flat Minkowski plane is not connected but has precisely two 
connected components. 


4.1.2 The Geometry of Euclidean Lines and Hyperbolas 


We fix a point p on the quadric Q and let G and H denote the two 
parallel classes through p. We now consider the derived plane at the 
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point p. Remember that its points are all points not on one of the two 
parallel classes through p. Its lines are all circles passing through p 
that have been punctured at p, and all parallel classes different from G 
and H that have been punctured in their points of intersection with G 
and H. The derived plane can be identified with the Euclidean plane via 
a stereographic projection (see below) such that the lines corresponding 
to the parallel classes are the horizontals and verticals. The rest of the 
lines correspond to the nonvertical and nonhorizontal lines. Under this 
identification circles not passing through the point p induce conics in the 
affine plane. More precisely, these conics are Euclidean hyperbolas with 
asymptotes a horizontal and a vertical. In fact, any Euclidean hyperbola 
with asymptotes a horizontal and a vertical occurs. Hence we are dealing 
with a system of curves consisting of the Euclidean lines 


{(xz,mx +t) ] «2 € R}, 
where m,t € R, m # 0, and the Euclidean hyperbolas 
{(z,y) € R? | (x — a)(y—b) =r}, 


where a,b,r € R, r #0. Two Euclidean points (11, y1) and (x2, y2) are 
(+)-parallel if and only if 2; = x2, and they are (—)-parallel if and only 
if y, = ye. Thus the vertical Euclidean lines form one type of parallel 
classes, the (+)-parallel classes, and the horizontal Euclidean lines form 
the other type of parallel classes, the (—)-parallel classes. 

Conversely, we can start off with R? together with all nonvertical 
and nonhorizontal Euclidean lines, and all Euclidean hyperbolas with 
asymptotes the horizontals and verticals. This essentially describes the 
classical flat Minkowski plane. All we have to do to reconstruct this 
geometry is to augment the point space R? of the Euclidean plane by two 
parallel classes at infinity both homeomorphic to S' = RU {oo}. This 
gives us a torus. Parallel classes are canonically extended by the point 
they intersect the correponding parallel class at infinity in to become 
the horizontals and verticals on the torus, that is, we obtain the sets 


{(2, yo) | z € S*} and {(20,y) | y € S*} 


for x9, yo € St. We then one-point-compactify every one of the Eu- 
clidean lines with the point the parallel classes at infinity intersect in. 
Hyperbolas are extended by the same two infinite points as their asymp- 
totes. Then all compactified Euclidean lines and all extended Euclidean 
hyperbolas are homeomorphic to the 1-sphere S!. In the above explicit 
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description of the circles we extend the Euclidean lines by a point usually 
denoted by (co, oo). Thus 


{(z,mz + t) | c € R} U {(co, co)} 
describes a circle through the point (co, 00) and 
{(x,y) € R? | (x — a)(y — 6) =r} U {(a, 00), (00, b)} 


describes a circle arising from a hyperbola in this model of the classical 
flat Minkowski plane. 

As mentioned above, the spatial description of the classical flat Min- 
kowski plane as the geometry of nontrivial plane sections of a ruled 
quadric is related to the planar description in one derived plane by 
stereographic projection from one point of the quadric onto a plane not 
passing through the point of projection. Note that we cannot project 
those points parallel to the centre of projection. 


Fig. 4.2. A stereographic projection establishes the isomorphism between the 
geometry of plane sections and the geometry of Euclidean lines and hyperbolas 


For example, if we use the quadric Q in Subsection 4.1.1, the stereo- 
graphic projection from the point (0: 0: 0: 1) onto the plane z3 = 0 
cannot cover the points on the lines 


{(0:0:8:t) € PG(3,R) | s,t € R,(s,t) # (0,0)} 
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and 
{(0: 5:0: t) € PG(3,R) | s,t ER, (s,t) 4 (0,0)} 


through (0:0:0:1). Then the stereographic projection is given by the 
map 


(xo : 21 1 £2: 03) > (fo: 21 : Ze) 
for 
(a9 : ©: 22:23) € Q\ {(0:r: 8: t) € PG(3,R) | 7,5,t € R,rs = 0}. 


After introducing affine coordinates in the plane we project onto (1p = 0 
defines the line at infinity) we can write the stereographic projection in 
the form 


(l:a:y:—azy) + (2,y) 
for z,y € R. A plane E of PG(3,R) given by 
E = {(2o : £1 : 2: 23) € PG(3, R) | azo + bx, + cx2 + dx3z = 0} 


for some (a:b: c: d) € PG(3,R), is tangent to the quadric Q if and 
only if (a:b: c:d) € Q, that is, ad+ bc = 0. Furthermore, this plane 
passes through the above point of projection if and only if d= 0. The 
stereographic projection maps EN Q to 


{(u,v) € R? | a+ but cu — duv = 0}. 


This yields a Euclidean line for d = 0 and a Euclidean hyperbola with 
horizontal and vertical asymptotes for d # 0. 

Figure 4.2 illustrates what is happening. Note that the conic through 
the point we project from is indeed mapped onto a Euclidean line and 
that the contour of the hyperboloid, which is a conic not through this 
special point, is mapped onto a Euclidean hyperbola with one horizontal 
and one vertical asymptote. 


4.1.3 The Pseudo-Euclidean Geometry 


In this subsection we imitate the construction of the classical flat Mobius 
plane as the collection of all Euclidean lines and Euclidean circles. To 
this end, we replace the Euclidean distance between points by the so- 
called pseudo-Euclidean distance; see Benz [1973] I.4.1. 
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The pseudo-Euclidean distance between two points (#1, y1), (x2, y2) 
in R? is given by 


d((x1,y1), (2, yo)) = (@2 — 21)” — (ye — y1)?. 


A pseudo-Euclidean circle with centre (a,b) and radius r ¥ 0 is the set 


{(z,y) € R? | d((z,y), (a, b)) = r} 
= {(2,y) € R? | 2? —y? ~ 2az + 2by +07 ~b? —r = 0}. 


From this we see that pseudo-Euclidean circles have the form 
{(z,y) € R? | 2? —y? + Ba + yy +6 =0}, 


where 6? — y? # 46. Indeed, this set is the pseudo-Euclidean circle with 
centre (—, 2) and radius er —6. In this way we obtain all Euclidean 
hyperbolas with asymptotes being Euclidean lines of slopes +1. 

We now extend the notion of pseudo-Euclidean circles by also allowing 
all Euclidean lines of slopes 4 +1. Clearly, a common description of both 
types of pseudo-Euclidean circles is given by 


{(x,y) € R? | a(x” — y”) + bx + cy +d = 0}, 


where a,b, c,d € R, b?-c? 4 4ad. Note that the condition b? —c? 4 4ad 
excludes Euclidean lines of slopes +1. (For Euclidean lines we have a = 0 
so that |b| 4 |c|.) 

In order to obtain the full geometry we have to find the pseudo- 
Euclidean closure of the geometry of pseudo-Euclidean circles on R?. 
We can do this by augmenting the point set R? by a symbol 00 and all 
Euclidean lines of slopes +1. We then adjoin oo to all Euclidean lines 
and a hyperbola is extended by its two asymptotes. 

Clearly, the above model and the model described in Subsection 4.1.2 
are isomorphic. All we have to do is to rotate everything by 45°. One 
can also give a spatial model analogous to the one described in Subsec- 
tion 4.1.1. Instead of the quadric Q we use the quadric 


O! = {(z9 : 21 : 2: 23) € PG(3,R) | 28 +2? — 232 — 23 = 0}. 


As in Subsection 4.1.2 both models are then related by stereographic 
projection from a point of Q’ onto a plane not passing through this 
point. 


4.1 Models of the Classical Flat Minkowski Plane 219 


4.1.4 Pentacyclic Coordinates 
Let Q be the nondegenerate quadric in PG(4, R) defined by 


O= {(ao 121: 22: £3: £4) € PG(4,R) | zox3 + 2122 + 23 = 0}, 


where again (zp : Z| : Z2 : Z3 : Z4) are the homogeneous coordinates 
of the point corresponding to the 1-dimensional subspace spanned by 
the nonzero vector (x9, 21, £2, 23,24) € R°. We intersect Q with hyper- 
planes 


Ea = {(z9:21: 22:23:24) € PG(4,R) | 
QoL + a1 L1 + 2x2 + 0323 + agz4 = 0}, 
where a is the point a = (ao : a) : @2 : a3: a4). Fore = (0:0:0:0:1) 
the intersection of EF. and Q is 
Ee 9 = {(20 : 21 : 22: 23:0) € PG(4,R) | zoxz3 + 2122 = 0}, 


that is, the ruled quadric Q introduced in Subsection 4.1.1. We thus 
have the point space of the classical flat, Minkowski plane. 

We further intersect FE. Q with hyperplanes Eq for a € © \ Ee to 
obtain the circles. Clearly, Ee QM Eg is the intersection of the ruled 
quadric 

Q~E.NOC Ee 


in 3-dimensional projective space E. ~ PG(3, R) with the plane E.N Eg 
of E.. However, 


Q\ Ee = {(@9: 21: 22:23:1) € PG(4,R) | zor3 + 2122 = 1} 


{(z0, 21, £2, 23) E R‘) | ZoL2 + 212Q = 1}. 


I2 


This set is connected so that, in this way, we obtain only half the circles 
of the classical flat Minkowski plane, that is, not every plane of Eg is 
of the form E.M Ea for some a € O \ Ee. In order to get the missing 
other half we ‘double up’ the points of Q\ Ee and add the images of the 
circles in the first half under the involutory collineation i of PG(4, R) 
given by 


1: (0:21 129: 43:24) ++ (a0: 2): —L2: —£3 : La); 


compare Schroth [1995a] Chapter 5. Note that i takes a point a € O\ Ee 
to a point b not belonging to Q. If 


a = (a9: a): a2:a3:1), 
b = (bo : by : bg : bg : 1), 
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then 
bobs + by bg = —(apa3 + G2) =-l. 


Hence all planes of EF, that are not tangent to Q are covered. 

More generally, one can use any point p = (po : pi : po : p3 : pa) such 
that pop3 + pip2 + p? > 0 instead of e and an involutory collineation i 
of PG(4, R) that leaves the quadric ON Ep invariant and fixes pointwise 
two nonintersecting lines in Ep. Thus the point space is Ey 1 O and 
circles are of the form Ep 1 ON Eg or i(Ep 1 ON Eg) for q € OQ \ Ep. 

Points and circles of the Minkowski plane are both represented by 
points of 9. Points of the Minkowski plane are the points of Q that are 
orthogonal to a fixed point p € Q. Circles are in two-to-one correspon- 
dence to the remaining points of Q. A point u € Q is incident with a 
circle v € Q if and only if u and v are orthogonal or i(u) and v are 
orthogonal. 


4.1.5 The Geometry of the Group of Fractional Linear Maps 


Let = be the 3-dimensional Lie group PGL2(R) acting on S! as the 
group of fractional linear maps; see p. 112 for the definition of (the 
group of) fractional linear maps. The group © is sharply 3-transitive 
on S!, that is, given three pairwise distinct elements z1, 22,73 € S! and 
another three pairwise distinct elements y:, y2,y3 € S', there is precisely 
one € € = such that €(x;) = y; for j = 1,2,3. This implies that the 
graphs {(x,€(x)) | z € S'} for all € € S form a system of circles on the 
torus that satisfies Axiom B1. It can easily be verified that Axiom B2 
is also satisfied, so that we have a flat Minkowski plane. Since 
az+b_a b 


+d add 


describes a Euclidean line for c = 0 and 
az+b a ad— be 1 
cotd ¢ ce «£+(d/c) 


describes a Euclidean hyperbola for c # 0, we see that we just obtain 
the classical flat Minkowski plane. 

Obviously, = x = operates on S! x S! as a group of automorphisms 
of the classical flat Minkowski plane by (£1, €2)(x, y) = (€:(x), €2(y)). In 
fact, = x & is flag-transitive. The group of automorphisms 


{(éd,£) | € € 5} 
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is sharply transitive on the set of circles, and the stabilizer 


{(€,€) |€ € S} 


of the diagonal circle {(z,z) | x € RU {oo}} is transitive on this circle. 
In fact, = x & and the automorphism (2, y) + (y, x) generate the full 
automorphism group of the classical flat Minkowski plane. 


THEOREM 4.1.1 (Flag-Transitive Automorphism Group) The 
automorphism group of the classical flat Minkowski plane is flag-transt- 
tive, that is, transitive on the incident point—circle pairs of the classical 
flat Minkowski plane. 


Conversely, we can start with the group f = = x &. The group L in 
fact determines the geometry. The stabilizer I'(o0,00) of the point (00, 00) 


is 

a b a’ Bb! 

0 d/’\0 @ 
and the stabilizer '¢ of the diagonal circle C = {(z,z) | z € RU {oo}} 
is 


a,b,d,a’,b',d'’€ R,ad=a'd' = i} 


To = {(€,€) | € € S}. 


Since [I is flag-transitive we can identify the points with the cosets 
of T'(o,00) in and the circles with the cosets of '¢ in I’. Furthermore, 
a point QD\(o0,90) is on the circle GT'¢ if and only if the intersection of 
the two cosets is nonempty; see Higman—McLaughlin [1961]. 

Note, however, that I’ is not connected. Indeed, I has four connected 
components, the cosets of T! = PSL2(R) x PSL2(R). Furthermore, the 
stabilizers T'(.9,90) and Ig, as above, are not connected either. This 
makes it complicated to abstractly identify these subgroups in I’. If we 
use 5 =I"! instead, then X(00,00) and Uc are now both closed connected 
subgroups of respective dimensions 4 and 3. However, is no longer flag- 
transitive. Nevertheless, © has only two orbits in the flag space. In fact, 
the two orbits geometrically are rather independent of each other; see 
Subsection 4.3.1. 

We can also represent the classical flat Minkowski plane by using = 
as its circle set. Of course, circles are the elements of =. Points are the 
double cosets of the stabilizer 


Fo = {rr ar+b|abeR,aF40} 


of the point oo € S!. Note that the double coset £;=o€3 ' is the set of all 
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transformations € € = such that €(£2(co)) = &(00). Two points €; 2.02 
and £205, where 1, €2,€4,& € =, are (+)-parallel if and only if the 
left cosets £;5,. and €{&,5 coincide. The points are (-)-parallel if and 
only if the right cosets =,.€2 and Z..&, coincide. The point :20¢7 . 
is incident with the circle € € & if and only if € € 45.6) 1 With this 
definition Axiom B1 again is just a consequence of the fact that © is 
sharply 3-transitive on S!. 


4.1.6 The Geometry of Chains 


Every 2-dimensional ring extension of R is isomorphic to one of the 
rings Rp = R[X]/p(X), where p(X) is a quadratic polynomial over R. 
We consider the projective line PG(1, R,) over the extension ring Rp; see 
below for the construction of this projective line over the special ring of 
anormal-complex numbers. The associated chain geometry has as points 
the points of PG(1, Rp) and as blocks the images of the real projective 
line PG(1,R) C PG(1, Rp) under the projective group PGL2(R,); see 
Herzer [1995]. If p(X) is irreducible, then R, is a field, which leads to the 
classical flat Mobius plane; see Subsection 3.1.4. If p(X) is the square 
of a linear polynomial, we obtain the classical flat Laguerre plane; see 
Subsection 5.1.6. 

In this subsection we consider the case that p(X) is the product of two 
distinct linear polynomials. Up to isomorphism, we may assume that 


p(x) = (2 -1)(e@ +1) =2?-1. 
Then 
A=R,= {a+}j | a,b € R}, 
where j? = 1. The algebraic operations in A are given by 
(a+ bj) + (c+dj) =(a+c)+(b4+4)j 
and 
(a + bj)(c + dj) = (ac + bd) + (ad + be)j. 
The ring A is called the ring of anormal numbers over R. or anormal- 
complex numbers. Clearly, A is commutative and contains R as a sub- 
ring. As for the usual complex numbers, A admits precisely two ring 


automorphisms that fix R globally. These are the identity and the in- 
volution 


at+bjrat+bhj =a- bj. 
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Note that a ring automorphism that fixes R. globally induces on R an 
automorphism of R. and thus must be the identity on R. Furthermore, 
apart from A and {0}, the ring A only has the two ideals 


J, = RiI+35) = {ri +3) |reR}, 

J- = R(Il-j)={r(1—j) |r eR}. 
Let R = A\(J,UZ_). The elements of R are precisely those elements 
that are invertible in A. 


The invertible 2 x 2 matrices with entries in A form a group GL2(A) 
with respect to the usual matrix multiplication. A 2 x 2 matrix 


a b 
c d 
is invertible if and only if its determinant 


a b 


— = ad — be 


is an element of R. 

We now consider the canonical free module A? of rank 2 over A. The 
group GL2(A) acts on A? by multiplication on the left. We further say 
that an element 


(F)eat=axa 


is unimodular if the only ideal of A containing both x and y equals A. 


Note that for r€ R 
eae) 
T — 
¥y ry 


is unimodular, too. It readily follows that the unimodular elements are 
precisely those that can occur as a column of a matrix in GL2(A). 

The projective line PG(1, A) over the anormal-complex numbers then 
consists of all free cyclic submodules of A?. Each such submodule is 
generated by a unimodular v € A’. We therefore can identify PG(1, A) 
with the collection of all Rv, where v € A? is unimodular. Explicitly, 
the elements of PG(1, A) can be written as follows. 


R(‘) for aéA, 
a 


Aa et) for réR,r £0, 
1-j Tr 


224 Toroidal Circle Planes 


fed * 
R( \r(? ’) for r€R,r <0, 
14+) Tr 


Two points 
ey at) 
Vi v2 
of PG(1, A) are (+)-parallel if and only if 


Ul U2 
V1 


= U1V2 — U2U1 


is an element of J,. Note that this condition is independent of the 
representatives of the points. The two points are (—)-parallel if and only 
if 

Ul, U2 
Vi V2 


€Je: 


For example, 


is (+)-parallel to all points 
and (—)-parallel to all points 


Two points 


for a,b € A are (+)-parallel if and only if b—a is a real multiple of 14+ j 
so that the (+)-parallel classes on A ~ R? correspond to the Euclidean 
lines of R? of slope 1. Likewise, the (-)-parallel classes on A ~ R? 
correspond to the Euclidean lines of R? of slope —1. 

Given a fixed basis {u,v} of A?, we have the canonical embedding (,,,. 
of the real projective line PG(1,R) into PG(1, A) given by 


R e + R(su + tu). 
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Note that su + tv is again unimodular. The image of (,,,, denoted 
by C(u,v), is called an R-chain of PG(1, A), that is, 


R(;) epa(a)}. 


The chain geometry 5(R, A) is the incidence structure whose point set 
is the projective line PG(1, A) over A and whose blocks are the chains 
of PG(1, A), where incidence between points and chains is defined by 
containment. 

We can also use the group GL2(A) to obtain the chains. The canonical 
embedding from R into A extends to a natural embedding of PG(1, R) 
into PG(1, A) and this embedded real projective line is moved around 
by the group GL2(A). As in the case of the projective line over R, each 


‘scalar matrix’ 
r 0 
0 r/’ 


where r € R, fixes every point of PG(1, A) so that, in effect, the pro- 
jective group PGL2(A), that is, the quotient group of GL2(A) over its 
centre, acts on points and chains. 

By construction, the group PGL2(A) is transitive on the set of chains. 
The stabilizer of the chain PG(1,R) is obtained from the matrices 
in GL2(R) (canonically embedded into GL2(A)). This stabilizer is tran- 
sitive on PG(1, R). 


C(u,v) = {Rls +tv) 


THEOREM 4.1.2 (Flag-Transitive Automorphism Group) The 
group PGL2(A) is the automorphism group of &(R,A). Furthermore, 
the group PGL2(A) is flag-transitive, that is, transitive on the incident 
point-chain pairs of U(R, A). 


To see that =(R, A) essentially is the classical flat Minkowski plane 
note that Euclidean hyperbolas can be described by anormal-complex 
numbers as follows; see Benz [1973] 1.4.3. 

Let a,b,c,d € R such that b? — c? 4 4ad. Then the set of points 


“(s) 


of PG(1, A) that satisfy the equation 
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corresponds to the points of the Euclidean hyperbola 
{(z,y) € R? | a(a? — y?) + ba + cy+d=0} 


including its two asymptotes of slopes +1. 
We therefore obtain just the geometry of pseudo-Euclidean circles 
described in Subsection 4.1.3. 


4.1.7 The Beck Model 


In this model points of the classical flat Minkowski plane are represented 
by spears, that is oriented Euclidean lines. Given two distinct points p 
and q on the unit circle S!, the oriented Euclidean line ‘from p to q’ 
determines the spear (p,q); see Figure 4.3. The unoriented Euclidean 
line tangent to S! at p is also called a spear, denoted by (p,p). The 
collection of all spears forms the point set of the geometry. The point 
set becomes homeomorphic to S! x S! when the spears that are tangent 
lines are fitted in appropriately. Two spears are (+)-parallel if and only if 
they pass through the same point of the unit circle and point away from 
this point. They are (—)-parallel if and only if they point to the same 
point on S!. Circles of the geometry are of the form {(p,o(p)) | p € S1} 
for ¢ € PGL2(R). 


(P,P) 


Fig. 4.3. The points of the Beck model are the tangents and oriented secant 
lines of the unit circle 


Circles in this model can be geometrically described using points or 
certain oriented arcs in R?; see Benz [1973] 1.4.9 for details. In the fol- 
lowing we only give a number of examples that illustrate the essentially 
different types of circles; see Figure 4.4. 
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SAD 


vil viii 
Fig. 4.4. Examples of circles in the Beck Model 


(i) Each point of R? inside the unit circle S} determines a circle 
consisting of all the spears through it. This circle corresponds to 
‘a fixed-point-free involution in PGL2(R). 


(ii) Each point of R? outside the unit circle determines a circle con- 
sisting of all the spears through this point that intersect S!. Note 
that this includes two tangent lines. This circle corresponds to an 
involution in PGL2(R) with two fixed points. The same is true 
for the circles of the following type. 


(iii) Each parallel class of Euclidean lines determines a circle consist- 
ing of all spears that intersect S! and whose underlying Euclidean 
lines are lines of the parallel class. 


This takes care of all involutions in PGL2(R). In fact, it shows that the 
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involutions in this group are precisely the bundle involutions of the unit 
circle in the classical flat projective plane; see Subsection 2.10.2. 


(iv) Each oriented Euclidean circle FE inside the unit circle, with centre 
at the origin, gives rise to a circle consisting of all the spears 
tangent to & whose orientation agrees with that of E. This 


circle corresponds to a fixed-point-free noninvolutory permuta- 
tion in PGL2(R). 


(v) Here F is a certain oriented Euclidean ellipse inscribed in the unit 
circle and touching it at exactly one point p. It corresponds to 
the circle consisting of all spears tangent to E whose orientation 
agrees with that of FE. 


(vi) Here FE is a certain Euclidean ellipse inscribed in the unit circle 
and touching it at the two points p; and pz. The two arcs connect- 
ing these two points are oriented in the same way. The ellipse E 
corresponds to the circle consisting of the two tangents at the 
points p, and pz and all spears tangent to either one of the two 
arcs and sharing the orientation with the arcs they touch. 


(vii) Here E is a Euclidean hyperbola H circumscribed to the unit 
circle and touching it at two points p, and po. The four arcs of 
the hyperbola determined by p; and pe are oriented consistent 
with an orientation of the two asymptotes. The corresponding 
circle consists of the two oriented asymptotes, the two tangents 
at the two points, and all spears touching one of the four arcs 
and sharing the orientation with the arc they touch. 


(viii) All Euclidean tangents of the unit circle form another circle in 
this model. This circle corresponds to the identity in PGL2(R). 


4.2 Derived Planes and Topological Properties 


In this section we define the two standard representations of toroidal 
circle planes. The first generalizes the representation of the classical 
plane as a geometry of Euclidean lines and hyperbolas, the second the 
representation as a 3-transitive set of homeomorphisms of the circle to 
itself. Following this we consider the continuity of the geometric opera- 
tions, some questions of coherence, and the spaces of lines and flags of 
a toroidal circle plane. 
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4.2.1 Derived R?-Planes 


The idea of representing the classical flat Minkowski plane in the Eu- 
clidean plane can be extended as follows. 

Let p be a point of a toroidal circle plane and let G and H be the 
parallel classes containing p. Remember that the point set of the derived 
plane at the point p consists of all points not parallel to p. Its lines are 
the circles through p that have been punctured at p and all parallel 
classes, except G and H, that have been punctured at their points of 
intersection with G and H. This is an R?-plane. In the case of a flat 
Minkowski plane we even obtain a flat affine plane, the derived affine 
plane at p. This flat affine plane extends uniquely to a flat projective 
plane, which we call the derived projective plane at p. 


THEOREM 4.2.1 (Characterization via Derived Planes) Let M 
be a geometry whose point set the torus S! x S! is equipped with two 
nontrivial parallelisms the parallel classes of which are the horizontals 
and verticals on the torus. Furthermore, circles of M are graphs of 
homeomorphism S! > S!. Then M is a toroidal circle plane or a flat 
Minkowski plane if and only if all its derived planes are R?-planes or 
flat affine planes, respectively. 


Each derived affine plane of the classical flat Minkowski plane is iso- 
morphic to the Euclidean plane. Essentially, we already convinced our- 
selves of this fact in Subsection 4.1.2. In the notation at the end of that 
subsection the circle that corresponds to the plane 


E = {(xo : © : £2 : 43) € PG(3,R) | azo + bx, + cxg + drz = 0} 


for some (a:b: c: 0) € PG(3,R), bc £ 0, through (0:0: 0:1) is taken 
under the stereographic projection from (0: 0:0: 1) to the Euclidean 
line {(x,y) € R? | a+bx+cy = 0}. Obviously, every nonhorizontal and 
nonvertical Euclidean line can be obtained in this way. Furthermore, 
the horizontal and vertical Euclidean lines are covered by the parallel 
classes not passing though (0 : 0: 0: 1). Since the group of collineations 
of PG(3,R) that leave the quadric Q invariant is transitive on Q, we 
obtain the Euclidean plane as derived affine plane at any point of Q. 

In fact, a flat Minkowski plane that has sufficiently many points at 
which the derived affine planes are isomorphic to the Euclidean plane 
must be classical; see Theorem 4.6.3. 

Just as in the case of spherical circle planes, it is possible to use results 
about the derived planes of toroidal circle planes to prove similar results 
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for toroidal circle planes. Here is an important example; compare the 
corresponding Theorem 3.2.2 for spherical circle planes. 


THEOREM 4.2.2 (Intersection of Circles) Two circles in a toroidal 
circle plane intersect in at most two points. If they intersect in exactly 
one point, then they touch topologically. If they intersect in two points, 
then they intersect transversally at these points. 


4.2.2 Affine Parts 


A circle C not passing through the distinguished point p intersects each 
of the two parallel classes through p in one point. If we remove these 
two points, we are left with two connected components homeomorphic 
to R. We call the restriction of the circle C to the point set of the 
derived plane at p a hyperbolic curve. Clearly, this hyperbolic curve is 
the union of two disjoint topological arcs homeomorphic to R, and each 
of the two arcs separates the point set of the derived plane into two 
open components. In the case of a flat Minkowski plane, a closer look at 
the derived projective plane at p reveals that the hyperbolic curve can 
be extended to a topological oval by adding two distinguished points 
on the line at infinity. In fact, every topological oval in the derived 
projective plane that arises from a circle in the Minkowski plane in this 
way intersects the line at infinity in the same two points. These are the 
infinite points on lines that come from parallel classes. 

A toroidal circle plane can thus be described in one derived plane A 
at a point p by the lines of A and a collection of hyperbolic curves. We 
call the induced geometry the affine part at p. 

As demonstrated at the end of Subsection 4.1.2, the affine part (at any 
point) of the classical flat Minkowski plane can be identified with the 
Euclidean plane and all Euclidean hyperbolas that have horizontal and 
vertical asymptotes. There we looked at the affine part at the special 
point (0:0:0:1). The hyperbolic curves obtained were the Euclidean 


hyperbolas 
ee c = b _ad+ be 
ashe a. cd 


in the notation of Subsection 4.1.2. Clearly, each Euclidean hyperbola 
with horizontal and vertical asymptotes occurs. Since the group of 
collineations of PG(3,R) that leave the quadric Q invariant is trans- 


{ (ova) € R? 
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itive on Q, we obtain basically the same affine part at any other point 
of Q. 

In Polster-Steinke [1994] Proposition 3, it was shown that if one has 
a flat affine plane and a collection of hyperbolic curves such that the 
two axioms of a Minkowski plane are satisfied, we can topologically 
extend the affine plane by two parallel classes at infinity and obtain a 
flat Minkowski plane. Inspection of the proof of this result yields that 
the corresponding result is true for toroidal circle planes. 


4.2.3 Standard Representation and Sharply 3- Transitive Sets 


We say that a toroidal circle plane is in standard representation if its 
point set is the torus T = S! x S!, its parallel classes are the hor- 
izontals and verticals on the torus, its circles are graphs of homeo- 
morphisms S! — S!, and the set {(z,x) | z € S'} is one of its circles. 
Starting with any toroidal circle plane (T,C) we can construct a standard 
representation of this plane as follows. 

We denote the two types of parallel classes of a point p in a toroidal 
circle plane by |p|, and |p|_, respectively. The set of all (+)-parallel 
classes or all (-)-parallel classes is denoted by II* or II~, respectively. 
We fix a point p.. € T and identify both the (+)-parallel class |poo|+ 
and the (-)-parallel class |poo|- of Poo with the 1-sphere S!. Then two 
points p, = (21,41), Po = (Z2,y2) are (+)-parallel or (—)-parallel if and 
only if x; = xq or y; = Ye, respectively. With this identification, each 
circle C € C is uniquely determined by the map 


fo: |Pool+ — |Pool- + 2+ | (J2l- AC) [49 [pool -. 
More precisely, 
C = {(z, fo(z)) |z€$"} 


is just the graph of fc. 

Furthermore, if we choose a circle C, through p. and identify the 
parallel classes |poo|4 and |poo|_ via Ci, then the C, describing homeo- 
morphism is just the identity. Hence, without loss of generality, we may 
assume that the diagonal {(xz,z) | x € S’} is a circle of the toroidal 
circle plane. 

Remember that a set © of permutations of a set S is called sharply 
3-transitive, if given two triples (x,22,23) and (y), y2,y3) of pairwise 
distinct elements of S, there is a unique permutation p in the set © such 
that p(a;) = y; for i = 1,2,3; see Subsection 2.10.1. 
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THEOREM 4.2.3 (Characterization via Sharply 3-Transitive) 
Let © be a set of homeomorphisms S! — S! containing the identity and 
let M be a geometry whose point set is the torus S! x S! and whose 
circles are the graphs of the elements of &. Then M is a toroidal circle 
plane if and only if % 1s a sharply 3-transitive set. 


Remember that the group PGL2(R) with its standard action on S! 
corresponds to the classical flat Minkowski plane. In fact, if © is a 
sharply 3-transitive group of homeomorphisms of the circle, then © 
contains the group PSL2(R); this is a consequence of Brouwer’s Theo- 
rem A2.3.8. It follows that the group D is isomorphic to PGL2(R) and 
that the associated toroidal circle plane is classical. 


THEOREM 4.2.4 (3-Transitive Group Equals Classical) Let 5 
be a set of homeomorphisms S! — S} such that the graphs of its elements 
form the circle set of a toroidal circle plane M in standard form. Then 
the plane M is classical if and only if X is a group. 


A simple modification of the group PGL2(R) leads to examples where 
the set © is not a group; see Subsection 4.3.1. 


4.2.4 Continuity of the Geometric Operations 


As in the case of flat linear spaces and spherical circle planes, the topol- 
ogy on the circle set of a toroidal circle plane is uniquely determined by 
the topology on its point set; compare Schenkel [1980] Satz 4.4. More 
precisely we have the following; see Schenkel [1980] 1.20. 


THEOREM 4.2.5 (Topology Torus — Topology Circle Space) 
The topology of the circle space of a toroidal circle plane is the finest 
topology with respect to which the map a of joining three pairwise non- 
parallel points by a circle is continuous. The sets of circles a(U;, U2, U3), 
where U,,U2,U3 are nonempty open subsets of the torus S! x S! such 
that any three points p; € U;, i = 1,2,3, are pairwise nonparallel, form 
a basis for the topology of the circle space. 


We can even obtain neighbourhoods of a circle of the form a(U,, U2, U3) 
for much smaller sets U,, U2, and U3. 
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THEOREM 4.2.6 (Neighbourhood Bases for Circles) Let C' be 
a circle of a toroidal circle plane M. For three distinct points pi, p2,p3 
onC let U; be a neighbourhood of p; on the (+)-parallel class of p;. Then 
the set a(U,, U2, U3) is a neighbourhood of C and the sets of this type 
form a neighbourhood basis of C. 


Using the standard representation of toroidal circle planes and the 
description of circles as graphs of homeomorphisms of S! to itself, the 
topology of the circle set can also be obtained from the topology of 
uniform convergence on S$}; see Schenkel [1980] 3.4. 


PROPOSITION 4.2.7 (Parallel Metric on Circle Space) 
Let M = (S! x §!,C) be a toroidal circle plane in standard representa- 
tion. Then 


d(C, D) = sup{|fo(x) — fo(z)| | x € S*}, 


where fo and fp are the homeomorphisms whose graphs are the circles C 
and D, respectively, and |u—v| denotes the Euclidean distance between u 
and v, is a metric on C that induces the natural topology on C. 


Conversely, we can obtain the topology of the torus S! x S! from the 
topology of the circle set. 


LEMMA 4.2.8 (Topology Circle Space — Topology Torus) Let K 
be a nonempty open subset of the circle space of a toroidal circle plane. 
Then the set K = Ucer © of all points on circles in K is open in S! x8}. 
Furthermore the sets of the form K form a subbasis for the topology 
of S' x S}. 


In the following we always assume that both point and circle spaces 
of a toroidal circle plane carry their natural topologies. 

The topology of the point space is, of course, the usual Euclidean 
topology of the torus but one can also describe it geometrically. To 
this end let C\, C2, C3 be three circles that pairwise intersect in two 
points and such that C; N C2 C3 consists of a single point q. Let the 
triode D(C,, C2, C3;q) be the collection of all points in the interior of 
the triangle formed by the lines induced by Cj, C2, C3 in the derived 
plane at q. 


PROPOSITION 4.2.9 (Triodes Form Neighbourhood Basis) 
The triodes for a fixed q that contain a point p that is not parallel to q 
form a basis for the neighbourhoods of p. 
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In fact, one can generalize the notion of a triode and replace one or 
two of the circles by parallel classes so that in the derived plane one or 
two sides of the triangle are vertical or horizontal lines (that is, they 
come from parallel classes of the toroidal circle plane). 

It now follows that the other geometric operations are also continuous 
with respect to the topologies defined above. 


THEOREM 4.2.10 (Continuity) Jn a toroidal circle plane the oper- 
ations of 


e joining three pairwise nonparallel points by a circle, 

e intersecting two parallel classes of different types in a point, 
e intersecting a parallel class and a circle in a point, 

e intersecting two distinct circles 


are continuous on their respective domains of definition. 
Ina flat Minkowski plane forming the tangent circle to a circle through 
two nonparallel points as in Ariom B2 is also a continuous operation. 


4.2.5 Topological Minkowski Planes 


A topological Minkowski plane is a Minkowski plane whose sets of points 
and circles carry nonindiscrete topologies such that the geometric op- 
erations of joining, touching, intersecting distinct circles, intersecting 
circles and parallel classes, and intersecting parallel classes of different 
types are continuous on their domains of definition. The results of the 
previous subsections imply that the flat Minkowski planes are topologi- 
cal Minkowski planes. 

As usual, we call a topological Minkowski plane an X Minkowski 
plane if its point space is a topological space of type X. The following 
result characterizes the flat Minkowski planes among the topological 
Minkowski planes; see Schenkel [1980]. 


THEOREM 4.2.11 (Topological Characterization) The flat Min- 
kowski planes are precisely the 2-dimensional compact connected Min- 
kowski planes. 


It can be shown that a topological locally compact finite-dimensional 
Minkowski plane has dimension 0, 2, or 4; see the Buchanan—Hahl- 
Lowen [1980] and Lowen [1981d]. For example, one obtains a 4-dimen- 
sional Minkowski plane as in Subsections 4.1.1 and 4.1.2 by replacing 
the real numbers R by the complex numbers C. 
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A fundamental question is whether the derived affine planes of a topo- 
logical Minkowski plane are topological, too. Of course, in the case of 
the flat Minkowski planes the answer is ‘Yes’ since the derived affine 
planes are automatically flat affine planes. 

To answer the more general topological question, Schenkel [1980] con- 
sidered a number of coherence azioms and the problem was completely 
solved in Steinke [1989] for finite-dimensional, locally compact connected 
Minkowski planes. The seven coherence axioms introduced by Schenkel 
deal with arbitrary topological Minkowski planes and therefore use nets 
over directed sets. Since we are only concerned with flat Minkowski 
planes, we can use sequences to formulate the coherence axioms in flat 
Minkowski planes. One of these coherence axioms, Axiom K1, reflects 
the fact that ovals induced in derived projective planes must be ‘topolo- 
gical’, or equivalently, must have the secants-tend-to-tangents property 
specified in Theorem 2.4.13. In flat Minkowski planes this becomes that 
touching is the limit of proper intersection. Axiom K1 runs as follows. 


(K1) Let (C,,) be a sequence of circles, and let (tn), (Yn), (Zn) be 
three sequences of points such that the following conditions are 
satisfied. 


e The points fp, Yn, Zn are pairwise nonparallel, rn, Yn € Cn. 

e The sequences (xn), (Yn), (zn) converge to x, y, z, respectively, 
with x = y nonparallel to z. 

e The sequence (C,,) converges to a circle C. 


Then the sequence of circles joining 2, Yn, 2, converges to the 
circle passing through z that touches C at z. 


Specializing points and circles yields the continuity of forming parallel 
lines in derived affine planes. Other coherence axioms deal with the 
intersection of circles and parallel classes as the circles pass through 
points that converge to parallel points. For example, Axiom K2 can be 
expressed as follows. 


(K2) Let (C,,) be a sequence of circles, and (rn), (Yn), (2n) be three 
sequences of points such that the following conditions are satis- 
fied. 


e The points Zn, Yn, Zn are pairwise nonparallel. 

e The sequences (rn), (Yn), (zn) converge to x, y, z, respectively, 
with z, z nonparallel and y # z parallel to z, say y (+)-parallel 
to z. 
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e The sequence (C;,) converges to a circle C. 


e The circle C;, and the circle D, joining the points ry, yn, Zn 
have nonempty intersection. 


Then the sequence of intersections of C,, D, converges to the 
intersection of C with |z|+ and |z|_. 


One calls a flat Minkowski plane Kn-coherent if the. coherence ax- 
iom Kn is satisfied and coherent if all seven coherence axioms are satis- 
fied. In a number of steps Schenkel [1980] showed that every K1-coherent 
flat Minkowski plane (in fact, compact connected Minkowski plane) is 
coherent and finally that every flat Minkowski plane is K1-coherent. 


THEOREM 4.2.12 (Coherence) Flat Minkowski planes are coher- 
ent. 


Steinke [1989] extended this result by showing that derived planes 
of finite-dimensional locally compact connected Minkowski ‘planes are 
topological. We emphasize again that for flat Minkowski planes this is 
a simple consequence of the fact that flat affine planes are topological 
geometries. 


THEOREM 4.2.13 (Derived Planes, Arcs, and Ovals) The de- 
rived plane of a toroidal circle plane at a point p is an R?-plane. The 
restriction of the natural topology on the circle set of the toroidal circle 
plane to the set of circles through p coincides with the restriction of the 
natural topology on the line set of the derived R?-plane at p to the set 
of lines that do not correspond to parallel classes of the circle plane. 


A circle not passing through the point p turns into the union of two 
topological arcs in the derived plane at p. In a flat Minkowski plane such 
a union of arcs extends to a topological oval in the derived flat projective 
plane at p that intersects the line at infinity of the derived affine plane 
at p in the infinite points of the horizontals and verticals. 


For further information about topological Minkowski planes see the 
references given above and at the end of Subsection 3.2.4 and Castro- 
Wernicke [1990]. 
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4.2.6 Circle Space and Flag Space 


From the description of parallel classes as verticals and horizontals of 
the torus S! x S! it is clear that each parallel class and also the set II* 
of all (+)-parallel classes are homeomorphic to S!. 


THEOREM 4.2.14 (The Space of Parallel Classes) The set of (+)- 
parallel classes of a toroidal circle plane is homeomorphic to S!. 


Using the fact that each circle in a toroidal circle plane is uniquely 
determined by its intersection with three distinct parallel classes of the 
same type and that the projective group PGL2(R) operates sharply 
3-transitively on S!, the circle space of a toroidal circle plane can be 
explicitly described topologically. 


THEOREM 4.2.15 (The Space of Circles) The set of circles of a 
toroidal circle plane is homeomorphic to the real 3-dimensional projective 
group PGL2(R), that is, homeomorphic to S' x Rx (R \ {0}). 


A flag in a toroidal circle plane M is an incident point-circle pair, that 
is, a pair (p,C’), where p is a point and C a circle of M such that p € C. 
The set of all flags F thus is a closed subset of the Cartesian product of 
the point set S' x S! and the circle set C ~ PGL2(R). More precisely, 
the map (p,C’) + (|p|, C) provides a homeomorphism from F onto the 
Cartesian product II* x C of the set II* of all (+)-parallel classes and 
the circle set C. 


THEOREM 4.2.16 (The Space of Flags) The flag space F of a 
toroidal circle plane is a 4-dimensional manifold that has exactly two 
connected components. More precisely, F is homeomorphic to the topo- 
logical space S1 x PGL2(R). 


4.3 Constructions 


In this section we present some of the most important construction meth- 
ods for nonclassical flat Minkowski planes and toroidal circle planes. The 
planes obtained here comprise the most homogeneous flat Minkowski 
planes. 
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4.3.1 The Two Halves of a Toroidal Circle Plane 


Let M = (S! x S!,C) be a toroidal circle plane in standard representa- 
tion. Let Ct and C7 be the sets of all circles in C that are graphs of orien- 
tation-preserving and orientation-reversing homeomorphisms S! — S}, 
respectively. Clearly, C = CtUC~. It turns out that these two parts are 
completely independent of each other, that is, we can combine parts from 
different toroidal circle planes to obtain another toroidal circle plane. 


THEOREM 4.3.1 (Swapping Halves) Let M; = (S! x S!,C;), 
i = 1,2, be two toroidal circle planes and let C = Ci UCy. Then 
the geometry M = (S! x S!,C) is a toroidal circle plane. If both M, 
and Mg are flat Minkowski planes, so is M. 


Proof. The first part is an immediate consequence of Theorem 2.10.1. 
We now assume that both planes M,; are Minkowski planes and ver- 
ify that Axiom B2 is satisfied in M. Let C and C* be two circles 
in C that touch and let f and g be the corresponding homeomorphisms 
of S!, respectively. Then f—1g has precisely one fixed point. By Propo- 
sition A1.4.1(v), the homeomorphisms f and g are either both orien- 
tation-preserving or both orientation-reversing, that is, either both C 
and C* are contained in Cj or both are contained in Cy. Furthermore, 
given two circles C € C}} and C* € Cy with corresponding homeo- 
morphisms f and g, we know that fg~? is orientation-reversing, that 
is, by Proposition Al.4.1(iv), fg~! has precisely two fixed points. This 
means that C does not touch C*. Hence the set of all circles in C that 
touch a circle C € C}' (C € Cz) is the pencil of circles in C; (C2) that 
touch C’. All this implies that M is a flat Minkowski plane. 


Starting with the classical flat Minkowski plane as in Subsection 4.1.5, 
we can use this method to construct a variety of flat Minkowski planes 
as follows. Let = denote the projective linear group PGL(2,R) as in 
Subsection 4.1.5. We further denote the subgroup PSL(2,R) by A. This 
is a normal subgroup of index 2 in =. In the natural operation of = 
on S$! as fractional linear transformations this subgroup consists of ori- 
entation-preserving homeomorphisms of S’ whereas = \ A consists of 
orientation-reversing homeomorphisms of S!. Recall that the circles of 
the classical flat Minkowski plane are the graphs of the homeomorphisms 
in S. Furthermore, the two connected components of the circle set are 
obtained from A and =\ A. 
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Let f and g be two orientation-preserving homeomorphisms of S'. We 
define 


Cyg =AUG*(E\ ADS. 


Now M(f,g) is the following geometry. The point set of M(f, g) is the 
torus S! x S!, parallel classes are of the form {r9} x S! and S! x {yo} 
for xo, yo € S’. The set of circles of M(f,g) ‘is’ Cy,9, that is, circles are 
of the form 


{(2,7(z)) | 2 € $*}, 


where y € AUg™!(=\ A)f; see also Subsection 4.2.3. 

Choosing f = g = id yields the classical flat Minkowski plane. We 
obtain another copy of this plane by taking the graphs of the homeomor- 
phisms in g~!Zf as circle set. Indeed, the map (z, y) + (f(z), 9(y)) is 
an isomorphism from this plane onto the standard model of the classical 
flat Minkowski plane. Then M(f,g) can be seen as being obtained from 
these two Minkowski planes by swapping corresponding halves of the 
circle sets as in Theorem 4.3.1. We therefore have the following. 


THEOREM 4.3.2 (Nonclassical from Classical) The point-circle 
geometry M(f,g) is a flat Minkowski plane. 


Replacing f and g by Af and A’g, respectively, for A, 4’ € A does not 
alter the circle set, that is, M(f,g) = M(Af,.’g). Since A is 2-transitive 
and because the stabilizer Az, of two points z,y € S* is transitive on 
each connected component of S! \ {x,y}, we may assume, if necessary, 
that f and g both fix oo, 1, and 0. 

Also note that the homeomorphism S! x§! > §!xS!: (x,y) + (y,z) 
defines an isomorphism from M(f,g) to M(g, f). 

The planes for g = id were first. introduced by Schenkel [1980]. They 
occur in the classification of flat Minkowski planes of group dimension 4. 
The more general planes M(f,g) were investigated in Steinke [1994]. We 
summarize the group-dimension classification of these planes below. 

Let S be the collection of all orientation-preserving homeomorphisms 
of S! that are projectively equivalent to a semi-multiplicative homeomor- 
phism, that is, h € S if and only if h = 60 f, where 6 € PSL2(R) and f 
is a semi-multiplicative homeomorphism; see the end of Section A1.4 for 
a definition of semi-multiplicative homeomorphisms. 
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THEOREM 4.3.3 (Group-Dimension Classification of M(f,id)) 
A flat Minkowski plane M(f,id), where f is an orientation-preserving 
homeomorphism of S!, has group dimension 


6 if and only if f € PSLe(R); 

4 if and only if f belongs to S but not to PSL2(R); 

3 if and only if f is an orientation-preserving homeomorphism of S1 
that does not belong to S. 


If © and A denote the groups PGL2(R) and PSL2(R), respectively, 
and Ly is the connected component of the automorphism group of the 
plane M(f,7d) that contains the identity, then an automorphism in Dy 
leaves each connected component of the circle space invariant and takes 
(+)-parallel classes to (+)-parallel classes and (—)-parallel classes to (-)- 
parallel classes. One readily concludes that such an automorphism has 
to be of the form (z,y) + (a(x), B(y)), where a and 6 are homeomor- 
phisms of S! such that a€ AN f-1Af, BE A. In particular, the group 
dimension ds of M, satisfies dp = 3+ dim(AN f—'Af). 

If dim (AN f7!Af) > 1, then there must exist a closed connected 
1-dimensional subgroup ® of A such that f@f~1 Cc A. We will see that 
such a group is conjugate to one of three possible groups, and f must 
be in S. 

Up to conjugacy in =, the 1-dimensional closed connected subgroups ® 
of A are determined as follows. A group ® either acts transitively on S! 
or has a fixed point. In the former case the subgroup must be isomorphic 
to SO2(R) and so be a maximal compact subgroup of A. Furthermore, 
all maximal compact subgroups are conjugate to each other. In the 
latter case the subgroup is isomorphic to R and is, up to conjugacy, a 
subgroup of Lo = {r + rx +t|r,t € R,r > 0} (with fixed point 00). 
Furthermore, this subgroup can either act transitively on R = S! \ {oo} 
or have a second fixed point. Hence, there are three different types of 
closed connected 1-dimensional subgroups. 


(i) Subgroups transitive on S!: each such subgroup is conjugate to 


Q= {r- xzcost — sint 


= pees ieee aca < ~ : 
ssintroost [PE ROSt< on} SO2(R) 


(ii) Subgroups fixing precisely one point: each such subgroup is con- 
jugate to 


Q={rH2ze+t|tEeR}oR. 
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(iii) Subgroups fixing precisely two points: each such subgroup is con- 
jugate to 


V={rrre|reRt}<R. 


For each of the three subgroups ©, 2, and WV one obtains functional 
equations for f from the condition that fOf-! C A, faf-! C A 
or fUf-! C A, respectively, if the respective subgroup occurs as a 
group of automorphisms of M(f,id). One finds that f € A in the first 
two cases and f € S in the case of the subgroup W; see Steinke [1994] 
Lemmas 3.5, 3.2, and 3.6, respectively. Hence in any case one obtains 
that f € S. (Note that Ac S.) 

This proves the statement on group dimension 4. 

If even dim (AN f-1Af) > 2, then A = f~Af or there must be a 
closed connected 2-dimensional subgroup © of A such that f®f~! c A. 
However, ® is conjugate to Le which contains the group 2. Hence in 
any case we have, up to conjugacy in =, that fQf-' c A. But this 
implies that f €¢ A. Therefore M(f,id) is classical in this case and thus 
has group dimension 6. 

The group dimensions of the more general planes M(f,g) for orien- 
tation-preserving homeomorphisms f and g of S! were determined in 
Steinke [1994] Theorem 3.9. 


THEOREM 4.3.4 (Group-Dimension Classification of M(f,g)) 
Let Ht be the collection of all orientation-preserving homeomorphisms 
of S' and let S be defined as in Theorem 4.3.3. Then a flat Minkowski 
plane M(f,g) has group dimension 


6 if and only if f,g € PSL2(R); 

4 if and only if f € PSL2(R), g € S \ PSL2(R), or g € PSL2(R) 
and f € S \ PSL2(R); 

3 if and only if f € PSLo(R) and g € Ht \S, org € PSL2(R) 
and f Ee Ht \S; 

2 if and only if f,g € S \ PSLe(R); 

if and only if f € S\PSL2(R) and g € H*\S, org € S\PSL2(R) 

and f Ee Ht \S; 

0 if and only if f,g Ee Ht\S. 


— 


4.3.2 Different Ways to Cut and Paste 


In this subsection we look at different ways to construct new toroidal 
circle planes or flat Minkowski planes from old ones using a variety of 
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‘cut-and-paste’ techniques. As in the case of spherical and cylindrical 
circle planes, there are basically two types of techniques. Both tech- 
niques are much less developed than the respective techniques for the 
circle planes on the sphere and the cylinder. 

The first type of cut-and-paste technique involves a separating set in 
the point set S! x S!. Examples for planes that can be constructed like 
this are the semi-classical flat Minkowski planes. Such a plane can be 
imagined as two halves of the classical Minkowski plane being pasted 
together along one or two disjoint circles or parallel classes. Since both 
classical subgeometries can be uniquely embedded, up to automorphisms 
of the classical flat Minkowski plane, into the classical flat Minkowski 
plane (see Steinke [1983a]), automorphisms of semi-classical Minkowski 
planes can be explicitly determined and a complete classification of all 
flat Minkowski planes of this type is possible. 

The classification of semi-classical Minkowski planes is still unpub- 
lished. Although there are many combinations of circles and parallel 
classes possible whose removal ‘will disconnect the point space of the 
classical flat Minkowski plane, there are only a few proper semi-classical 
Minkowski planes. These are obtained by removing a set consisting of 
two parallel classes of the same type. This set separates the torus into 
two open connected subsets that are both homeomorphic to the cylinder. 
Explicitly, let k € R*, and let 


xz forz>0, 
FRU oo} RU (oo) |b for z <0, 
oo for z= oo. 


Then a semi-classical Minkowski plane is isomorphic to a plane M( fy, id) 
in the notation of Subsection 4.3.1, where k > 1. 

The second type of technique uses a separating set of the circle set. 
For example, in Subsection 4.3.1 we replaced one entire connected com- 
ponent of the circle space by a corresponding component from another 
plane. In this case the empty set forms a separating set in the cir- 
cle space and we can regard this construction as a special case of the 
method of cutting and pasting along separating sets in the circle space 
that we used for the other types of flat circle planes. 

Let M = (S! x S!,C+ UC) be a toroidal circle plane such that Ct 
and C~ are the connected components of the circle space of M consist- 
ing of graphs of orientation-preserving and orientation-reversing homeo- 
morphisms of the unit circle to itself. Then Theorem 4.3.1 implies that 
the positive half (S! x S!,C*) and the negative half (S! x S',C~) of M 
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are completely independent. Furthermore, any positive half is the image 
of a negative half (and vice versa) under a suitable homeomorphism of 
the torus S! x S! to itself. Hence any further cutting and pasting can 
be restricted to cutting and pasting among positive halves of toroidal 
circle planes. A formal definition of (strong) (X-embedded) separating 
sets of toroidal circle planes or halves of such planes can be modelled 
after the definition of such sets in the case of spherical circle planes; see 
Subsection 3.3.4. 


For example, if we fix a circle C € C+ and consider the sets C! con- 
sisting of C' and all circles that intersect C’ in exactly one point and 
the sets C*, i = 0,2, consisting of all circles in C*+ that intersect C in 
precisely i points; then C! is a separating set of C. Indeed, C \ C! has 
three connected components; these are C?, C°, and C~. However, it is 
not clear whether or not C? is a (strong) X-embedded separating set. 
Here X stands for the requirement that there is a circle C as above that 
defines the set C?. 


Also, as in the case of spherical and cylindrical circle planes, it makes 
sense to try to generalize certain ‘separating sets’ associated with pairs 
of points p, g, and their connecting line D in the geometry of nontrivial 
plane sections of a hyperbolic quadric Q in PG(3,R). The quadric sep- 
arates PG(3, R) into two connected components that can be exchanged 
by an automorphism of the space. Since it therefore does not make sense 
to speak of inner and outer points of the quadric, we only have to worry 
about points on the quadric and exterior points. We can define ‘vir- 
tual’ exterior points in terms of exterior involutions of a toroidal circle 
plane along the same lines as we defined inner and outer involutions of 
spherical and cylindrical circle planes. In fact, we do this in Subsec- 
tion 4.8.2. Given two points, both either real or virtual, we consider 
the set of circles through at least one of the two points. Many of these 
sets turn out to be X-embedded separating sets. Usually, the condi- 
tion X for X-embedded separating sets involving virtual exterior points 
are rather complicated and do not seem to be very useful when it comes 
to constructing new planes. We restrict ourselves to giving the simplest 
example of a construction technique. 


Let M = (S! x S!,C) be a toroidal circle plane, let p and g be two 
distinct parallel points of the torus S! x S!, and let G denote the parallel 
class both points are contained in (note that in the classical setting 
described above G corresponds to the connecting line of the two points). 
Then G \ {p,q} has two connected components G! and G?. Let C?:? be 
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the set of all circles in C that contain p or q, let C! and C? be the circles 
that intersect G in G! and G?, respectively. 


PROPOSITION 4.3.5 (Cut and Paste) Let M; = (S! x S',C,), 
i = 1,2, be toroidal circle planes. Suppose that C} C2 D Ci" for 
two distinct parallel points p and q. Let C = CP?7UC}UC3. Then the 
geometry M = (S'xS',C) is a toroidal circle plane. If both M, and M2 
are flat Minkowski planes, then so is M. 


The proof runs along the same lines as that of the respective results for 
spherical and cylindrical circle planes; see Propositions 3.3.9 and 5.3.8. 

For a different method that does not quite fit the techniques described 
in this section also compare Subsection 4.3.6. 


4.3.3 Integrals of R*-Planes 


In Subsubsection 5.3.4.1 we describe a way to construct flat Laguerre 
planes by ‘integrating’ flat affine planes. It is also possible to inte 
grate R?-planes in such a way that the resulting geometries can be 
turned into toroidal circle planes. Not much is known about these con- 
struction techniques. The known results are summarized at the end of 
Subsubsection 5.3.4.1. 


4.3.4. The Generalized Hartmann Planes 
The first examples of nonclassical Minkowski planes were given by Hart- 
mann [1981]. 
For r,s € R* let f,,, be the orientation-preserving semi-multiplicative 
homeomorphism of S' ~ R.U {oo} to itself defined by 


a” for x > 0, 
fr,s(@) = ¢ —s|z|" for x <0, 
oo for © = 00; 


compare p. 442. With this notation, we construct the flat Minkowski 
plane M(r1, $1372, $2) for 71, $1,72,$2 € R*. The plane is in standard 
representation and the circle set of M(ri, $1372, $2) consists of all Eu- 
clidean lines extended by the point (00, 00) and the sets 


a 
1G Fri.si:(@ — b) +e) ze s'}, 
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where a,b,c € R, a > 0, and 


a 1 
(maaan ts) [reef 


where a,b,c € R, a < 0. As usual, we use the convention = = 0, 3 =o 
and a@-c0o+6=o0 for alla,be R, a £0. 

The planes M(rj, s1;T2,$2) generalize Hartmann’s [1981] construc- 
tion of flat Minkowski planes which, in the above notation, are the 
planes M(r,,1;r2,1). In their generalized form these planes were in- 
troduced by Schenkel [1980]. 

Note that the map 


S'x S'S! xS!:(z,y) 4 (rz +b,ry +c), 


where b,c,r € R, r > 0, is an automorphism of M(rj, 1; 72, $2). 
Clearly, M(1,1;1,1) is the classical flat Minkowski plane. In fact, 
this is the only instance where the classical flat Minkowski plane occurs 
among the generalized Hartmann planes. In order to verify this claim 
we first look at the derived affine planes at the points (00, 0) and (0,00). 


LEMMA 4.3.6 (Derived Planes of Hartmann Planes I) The 
derived affine plane of a generalized Hartmann plane M(rj, 51; 72, $2) 
at (0,00) is Desarguesian if and only ifr; = r2 and 5, = so. If it is 
Desarguesian, then every derived affine plane at (x,0o) for x € S! is 
Desarguesian. 

The derived plane at (00,0) is Desarguesian if and only ifr; = re 
and s:s9 = 1. [If it is Desarguesian, then every derived affine plane 
at (00, y) for y € S' is Desarguesian. 


Proof. Suppose that the derived affine plane at (0,00) is Desarguesian. 
Under the coordinate transformation 


@u)- (=— a9) 


circles through (0, 00) give rise to lines of the form {(u,au+c) | u€ R} 
for a,c € R and a > O, and {(u,af,.(u) +c) | u € R} fora,c Ee R 
and a < 0, where r = r2/r; and s = s{/sg. The projective extension 
of this plane is the dual of a semi-classical flat projective plane. Such 
a plane is Desarguesian if and only if r = s = 1; see Proposition 2.7.1. 
Thus r} = re and s; = S82. 

Suppose that the derived affine plane at (00,0) is Desarguesian. We 
use the coordinate transformation (z,y) +> (f;,',,(y),£). Then circles 
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through (00,0) give rise to lines of the form {(u,au+c) | u e€ R} 
for a,c € R, a> 0 and {(u,af,,.(u) +c) | ue R} fora,ce Ria <0, 
where r = 11/r2 and s = (8182)@/72), Again, the projective extension of 
this plane is the dual of a semi-classical flat. projective plane and such a 
plane is Desarguesian if and only if r = s = 1. We conclude that r; = r2 
and $182 = 1. hes 


Combining the above two cases, we immediately obtain the following 
result. 


COROLLARY 4.3.7 (Derived Planes of Hartmann Planes II) 
Each derived affine plane of M(r,1;r,1) at the infinite points (x, 00) 
or (00, y) for z,y € S! is Desarguesian. 


Now we can show that if M(r1, 1; 72, 2) is the classical flat Minkowski 
plane, then r} = s; = rg = Sg = 1. Since every derived affine plane 
of the classical flat Minkowski plane must be Desarguesian (see Sub- 
section 4.2.1), the derived affine planes at the points (00,0), (0,00) 
and (0,0), in particular, must be Desarguesian. From Lemma 4.3.6 
we know that the first two conditions imply that r; = re, s; = 82 
and r; = re, $182 = 1, respectively. We conclude that ry) = rg =r 
and 8; = sg = 1 and we have a Minkowski plane M(r,1;r,1). Circles 
not passing through (00,00) can be written in the form 


{(z, af, (x ~ b) +c) | rE R} U {(00, co)}, 


where a,b,c € R, a 0 and f,(x) = x|z|~-"~!. Note that f, is multi- 
plicative. Since M(r,1;7,1) is classical, the collection of circles repre- 
senting homeomorphisms associated with the plane must be a group; see 
Theorem 4.4.17. In particular, f, 0 f, represents a circle of M(r,1;r,1). 
But f,o f,(x) = |x|" ~! so that the corresponding circle of M(r,1;7,1) 
passes through the points (00,00), (0,0), and (1,1). Of course, the 
unique circle through these three points is the Euclidean line y = x. 
Therefore f, 0 f,(#) = x for all x € R and r = 1. This concludes the 
proof of our claim and we have the following result. 


THEOREM 4.3.8 (Classical Hartmann Planes) A generalized 
Hartmann plane M(r1, $1;72,$2) for 71, 51,72, $2 € R* ts classical if 
and only if ry = 8, =1g = 8g = 1. 


The planes M(r,1;r,1) for r > 0 can be characterized in terms of 
the configuration consisting of all points at which the Minkowski plane 
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has Desarguesian derived planes (see Corollary 4.3.7 and Theorem 4.6.4) 
and in terms of their Klein—Kroll types; see Proposition 4.5.10. In fact, 
the generalized Hartmann planes can be obtained as a subfamily in a 
larger class of flat Minkowski planes, which will be introduced in the 
following subsection. See also Corollary 4.3.12 for the classification of 
generalized Hartmann planes with respect. to their group dimensions. 


4.3.5 The Artzy-Groh Planes 


The planes we encounter in this section comprise the generalized Hart- 
mann planes. The method of construction is to prescribe a large enough 
group that acts on the planes as a group of automorphisms. Artzy and 
Groh [1986] started off with the connected component of the group of 
affine similarities, that is, the group of transformations 


R? — R?: (2, y) 6 (rz + b,ry +c) 


for b,c,r € R, r > 0, and all Euclidean lines. They then looked for 
curves Ci and Cy such that their images under the above group and 
the nonhorizontal and nonvertical Euclidean lines properly extended (as 
described in Subsection 4.2.2) yield a flat Minkowski plane. 
Let f,g: R\ {0} — R \ {0} be two homeomorphisms. For a,b,c € R 
let 
{(z, bz +c) | c € R} U {(00, oo) } fora =0, 
Cate = {(x, af (2) +c)|x2ER}U{(oo,c),(b,co)} for a> 0, 
{(x,a9($=*) +c) | 2 €R}U {(00,c),(b,co)} fora <0, 


a 
and let 
Chg = {Ca,b,c | a,b,c € R}. 


Artzy and Groh [1986] showed that Cy is the circle set of a flat. Min- 
kowski plane if and only if f and g satisfy the following four conditions. 


(i) The functions f and g are differentiable. 
(ii) The restrictions of f’ and g’ to both R* and R™ are strictly 
monotonic. 
(iii) The restrictions of f and g to both R* and R™ have the z-axis 
and the y-axis as asymptotes. 
(iv) We have f’(z) < 0 and g’(x) < 0 for all z € R \ {0}. 


We denote this plane by M’(f,g). Note that we add the prime in order 
to distinguish these planes from the planes in Subsection 4.3.1. 
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Since the circles Cao9 for a € R, a # 0, form the pencil of circles 
through the points (00,0) and (0,00), there is exactly one circle in 
this pencil that passes through the point (1,1) and exactly one other 
circle that passes through the point (1,—1). The former circle must 
be obtained for some a > 0 and the latter one for some a < 0. Of 
course, we can choose the corresponding functions as the ones that gen- 
erate the plane. Therefore each Artzy—Groh plane is isomorphic to a 
plane M’(f,g), where f and g in addition satisfy f(1) = g(1) = 1. Using 
homeomorphisms S! — S!, the above conditions can be described more 
easily. 


PROPOSITION 4.3.9 (Normalized Artzy—Groh Planes) Up to 
isomorphisms the Artzy-Groh planes M’(f,g) can be obtained by only 
using functions f and g that are homeomorphisms S! — S! whose re- 
strictions to R \ {0} are differentiable and for 0, 1 and oo take on the 
values (00) = 9(c0) = 0, f(0) = 9(0) = 00, f(1) = g(1) =1. 


We obtain the generalized Hartmann planes M(ri, 81; 72, $2) (see Sub- 
section 4.3.4) if f = 1/f,,,,, and g = 1/f,,,s., where f,,, is a semi- 
multiplicative function as defined at the beginning of Subsection 4.3.4. 
The classical flat Minkowski plane occurs for f = g = 1/f1,1. In fact, as- 
suming that f and g are both normalized, that is, f(1) = g(1) = 1, this 
is the only way to obtain the classical flat Minkowski plane. This char- 
acterization of the classical plane among the Artzy—Groh planes follows 
directly from Theorems 4.4.12 and 4.3.11. 


THEOREM 4.3.10 (Classical Artzy—Groh Planes) Under the as- 
sumptions of Proposition 4.3.9 one obtains the classical flat Minkowski 
plane if and only if f and g are both defined by x > 1/z. 


In their paper Artzy and Groh [1986] use Theorem 4.4.17 to prove 
Theorem 4.3.10. They show that f o f is involutory and then derive a 
functional equation for f by determining the form of fo f, for a > 0, 
where f(x) = af(x/a). A similar method is applied to the other home- 
omorphism g. 

From the way the Artzy—-Groh planes are constructed it becomes clear 
that this kind of flat Minkowski planes can be characterized by the type 
of their automorphism groups; compare Theorem 4.4.13. 
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THEOREM 4.3.11 (Group-Dimension Classification) An Arzty- 
Groh plane M'(f,g), where f and g are homeomorphisms of S} to itself 
whose restrictions to the set R.\ {0} are differentiable and which satisfy 
the conditions f(oo) = g(co) =0, f(0) = g(0) =00, f(1) = 9(1) = 1, 
has group dimension 


6 if and only if f and g are both equal to the inversioni: xt +; 

4 if and only if both f and g are inversely semi-multiplicative (see 
p. 442 for a definition of inversely semi-multiplicative homeo- 
morphisms) but at least one is not equal toi (then M'(f,g) is a 
nonclassical generalized Hartmann plane); 

3 if and only if at least one of f or g is not inversely semi-multi- 
plicative. 


The connected component of the automorphism group containing the 
identity of such a plane is PSL2(R) x PSL2(R), Le x Le, and 


{(z,y) + (ra +b, ry +c) | b,c,r € R,r > O}, 


respectively. 


Proof. Every Artzy—Groh plane clearly has group dimension at: least 3, 
because each such plane admits the group 


® = {(2,y) + (ro +b,ry+c)|b,c,r€ R,r > 0} 


as group of automorphisms. This group fixes the point p = (00, 00) and 
acts transitively on |p|+ \ {p} and S' x S? \ (|p|4. U |p|_). 

We assume that the Artzy-Groh plane M = M’(f,g) has group di- 
mension at least 4. Let I’! be the connected component of the automor- 
phism group I’ of M and let T* be the kernel of the action of IF! on 
the set I+ of (+)-parallel classes; see Subsection 4.4.3 for the definition 
of the kernels and their properties. From Theorem 4.4.12 we know that 
the group I is 4- or 6-dimensional, and that in the latter case M must 
be classical. We claim that in the former case I fixes the distinguished 
point p. Assume otherwise. Then, using the orbits of the group ®, we 
see that I! must be transitive on at least one of II*+ and II-, the col- 
lections of (+)- and (-)-parallel classes, respectively. Without loss of 
generality, we may assume that I is transitive on II*+. Since © is tran- 
sitive on II* \ {|p|4.}, we see that I! is 2-transitive on II+. Hence [!/T* 
is isomorphic to a finite covering group of PSL2(R) by Brouwer’s The- 
orem A2.3.8. The connected component A of the other kernel T'~ is 
canonically isomorphic to a closed normal connected subgroup of I! /T*t. 
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But [''/T*t is almost simple so that A = {id} or A =T!/T*+. In the 
former case, T~ is 0-dimensional and ['!/T~ is 4-dimensional in con- 
tradiction to Proposition 4.4.7. In the latter case, T~ is 3-dimensio- 
nal and M is isomorphic to a flat Minkowski plane M(f,id) by Theo- 
rem 4.4.10. Furthermore, by Theorem 4.3.3, the homeomorphism f must 
be projectively equivalent to a semi-multiplicative homeomorphism. But 
then M(f, id) is classical or the connected component of the automor- 
phism group containing the identity of such a plane fixes two parallel 
classes of the same type. Both conclusions contradict our assumptions. 
This shows that I! fixes the point p. 

Since I! fixes p, the group I"! induces a 4-dimensional closed connected 
group of collineations of the derived projective plane P at p which, in 
addition, also fixes the two infinite points w, and w— that come from 
parallel classes of the Minkowski plane. But P is Desarguesian so that 
the induced group, and thus [’!, is the group 


Le x Lo = {(2,y) & (rz +b, sy +c) | b,¢,r,s € R,r,s > O}. 


The stabilizer © = ['} of the point g = (0,0) consists of the trans- 
formations (z, y) > (rz, sy) for r,s € R*. This group operates on the 
bundle B of circles through the points (oo, 0) and (0,00). Furthermore, 
this action is transitive on both connected components of B, because no 
automorphism (x,y) + (z,ry) for r € Rt, r #1, can fix a circle in B. 
Therefore, the stabilizer Vo of a circle C in B is 1-dimensional. But a 
1-dimensional closed connected subgroup of W is of the form 


i) {(z,y) © (a, ry) | rE Rt}, or 
i) {(2,y)  (rz,r%y) | r € R*} for some dé R. 


The group in (i) and likewise the group in (ii) for d = 0 cannot oc- 
cur as the stabilizer of C (both are subgroups of the kernels of M). 
Furthermore, Yc must be transitive on each connected component of 
the set C \ {(00,0), (0,00)} by Lemma 4.4.2. If C is the unique circle 
in B through the point (1,1) and Wc is as in (ii) for d # 0, then the 
connected component of C \ {(0o, 0) ),(0, co)} that contains (1,1) is the 
orbit of (1,1) under Wo, that is, {(x, 2%) | 2 € R*} is contained in C. 
Since C' passes through (00,0) and (0, 00), we see that d < 0. But C also 
passes through a point (—1,c) for some c < 0 and the other connected 
component of C'\{(co, 0), (0, o0)} is the orbit of (—1,c) under Yc. Hence 


C= {(x, 2°) |x E€R*}U {(2,clx|%) | « € R,x < 0} U {(co,0), (0, 00)}, 
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that is, C is the graph of an inversely semi-multiplicative homeomor- 
phism of S! and thus f is inversely semi-multiplicative. Starting off 
with a circle in the other connected component of B, say the one passing 
through (1,—-1), we similarly obtain that g is another inversely semi- 
multiplicative homeomorphism of S!. Since in this situation M’'(f, 9) 
is a generalized Hartmann plane, Theorems 4.3.8 and 4.4.12 guarantee 
that f = g = id if the plane has group dimension at least 5. O 


Since generalized Hartmann planes are special Artzy-Groh planes, we 
readily obtain the following. 


COROLLARY 4.3.12 (Classification of Hartmann Planes) 
A generalized Hartmann M(rj, 81; 72,82) where 71, 81,72, 82 € Rt has 
group dimension 

6 if and only ifr) = $) =re = 82 = 1; 

4 if and only if (71, $1, 72, $2) # (1,1,1,1). 
The connected component of the automorphism group of such a plane 
containing the identity is PSLo(R) x PSL2(R) and Le x Le, respectively. 


Note that the above corollary also follows from Theorems 4.4.12 
and 4.3.8 and the fact that each generalized Hartmann plane admits 
the 4-dimensional group Lz x Le as group of automorphisms. 


4.3.6 Modified Classical Planes 


The construction in Steinke [1985b] does not fit either of the two cut- 
and-paste methods described in Subsection 4.3.2. Let f be an orien- 
tation-preserving homeomorphism of the real line R that fixes 0. We 
construct a flat Minkowski plane M(f) whose circles are as follows. 


e The nonhorizontal and nonvertical Euclidean lines extended by the 
point (co, co) 


{(x,ma +t) | « € R} U {(00, oo)}, 


where m,t € R, m £0. 
e Unions of branches of Euclidean hyperbolas extended by two infinite 
points 


a for z > b, 


{tm € R? (x—b)(y—c) = ve forz<b lution, (0, oo)}, 


where a,b,c€ R, a £0. 
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Clearly, the derived affine plane of M(f) at (00, 00) is the Euclidean 
plane. Furthermore, the transformations 


(2, y) (ro +b, 2 +0), 


where b,c,r € R, r > 0, are automorphisms of M(f). 

Here circles are pasted together along the two parallel classes of the 
point p = (00,00). Note, however, that |p| is not a separating set of 
the point set S' x S!. Although the Euclidean lines form a separating 
set in the circle set, we do not exchange all the circles in one compo- 
nent with circles from another flat Minkowski plane. Instead, we first 
observe that every circle C' not passing through p intersects |p| in two 
points py = CN {p|_ and p_ = CNM |p|_ and that C \ {p,,p_} has two 
connected components. Then we form a new circle by pasting together 
two complementary branches from different circles in the pencil of circles 
through the points p; and p_. Since we basically swap branches of Eu- 
clidean hyperbolas, we call these flat Minkowski planes modified classical 
Minkowski planes. 

It readily follows that the derived affine planes of M(f) at the two 
points (00, c) or (b,0o) for b,c € R are generalized Moulton planes; see 
p. 65 for a definition of these planes. Using the above automorphisms 
one only has to consider the derived affine planes at (00,0) and (0,00). 


LEMMA 4.3.13 (Desarguesian Derived Affine Planes) The de- 
rived affine plane of a modified classical Minkowski plane M(f) at (0, 00) 
is Desarguesian if and only if f is a multiplication 1,, that is, f(x) = rx 
for some r > 0. If it 1s Desarguesian, then every derived affine plane 
at (x,00) for x € S} is Desarguesian. 

The derived plane at (c0,0) is Desarguesian if and only if f is semi- 
linear of the form 

rz forz>0, 


f(z) = ve for z <0, 
where r > 0. If it is Desarguesian, then every derived affine plane 
at (00, y) for y € S1 is Desarguesian. 
Hence, the derived affine plane of M(f) at (00, 00) is the only Desar- 
guesian derived affine plane if f is not of the form pu, or 
fr for x > 0, 
" z/r forz <0, 


where r > 0. 
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From the above lemma we furthermore readily obtain that f = p, 
and r = 1, if a modified classical Minkowski plane is classical. We 
therefore can characterize the classical flat Minkowski plane as follows. 


COROLLARY 4.3.14 (Classical Modified Planes) A modified clas- 
sical flat Minkowski plane M(f) is classical if and only if f 1s the identity 
on R. 


All derived affine planes of M(f) at finite points (b,c) for b,c € R 
are isomorphic to the one at (0,0). It turns out that the derived affine 
plane at (0,0) is Desarguesian if and only if f = id. More precisely, 
the derived projective plane at (0,0) is not (w_, W)-transitive, where W 
denotes the line at infinity and w_ denotes the infinite point of lines that 
come from (-)-parallel classes. This then implies that the point (00, 00) 
must be fixed by every automorphism of M(f) if f 4 id. 


PROPOSITION 4.3.15 (Fixed Point of Modified Planes) Every 
automorphism of a nonclassical modified classical flat Minkowski plane 
fixes the point (00, 00). 


The above proposition allows us to determine the group dimensions 
of the modified classical planes. If f # id, then every automorphism 
of M(f) fixes the point (co, 00) and the derived affine plane at (00, 00) 
is the Euclidean plane. Thus every automorphism can be obtained as 
the extension of a collineation of the Euclidean plane of the form 


(z,y) > (rz +b, sy +c), or 
(x,y) > (sy+c,rz +b) 


for b,c,r,s € R, r,s #0. Since the transformations 
¥y 
(z,y) > (ro+b,= +e 
T 


for a,b,r € R, r > 0, are automorphisms in any case, we can restrict 
ourselves to analysing whether or not (x,y) +> (z, sy) for s € R* are 
automorphisms in order to determine the group dimensions of these 
planes. Indeed, if each of the above transformations is an automor- 
phism of M(f), then f satisfies the functional equation f(sa) = sf(a) 
for all a,s € R, s > 0, so that f is of the form 


rz ifz>0, 
if Pl 
sx ifz>0, 
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where r,s € R*. We call a homeomorphism f : R — R of this form 
semi-linear; see p. 441. With this notation one obtains the following. 


THEOREM 4.3.16 (Group-Dimension Classification of M(f)) 
A modified classical Minkowski plane M(f), where f is a@ homeomor- 
phism of R that fizes 0, has group dimension 


6 if and only if f = id; 
4 if and only if f is semi-linear but not the identity id; 
3 af and only if f is not semi-linear. 


The connected component of the automorphism group of such a plane 
is PSL2(R) x PSL2(R), Le x Lg, and 


{(a,y) 4 (re +b, 4 +c) | b,cr €R,r > 0}, 


respectively. 


4.8.7 Proper Toroidal Circle Planes 


So far we have not encountered any proper toroidal circle planes, that is, 
toroidal circle planes that are not flat Minkowski planes. Remember that 
it is easy to construct proper spherical and cylindrical circle planes by 
modifying the ovoidal constructions of the respective classical examples. 
For example, the geometry of plane sections of a strictly convex sphere 
‘with a corner’ is a proper spherical circle plane. A similar ‘ovoidal’ 
construction is not possible for proper toroidal circle planes, because 
the classical flat Minkowski plane is the only ‘ovoidal’ toroidal plane; 
see Buekenhout [1969]. 

A first construction of proper toroidal circle planes is given in Pol- 
ster [1998b]. We start with the affine part of one of the Artzy—Groh 
planes M’(f,g) in Subsection 4.3.5, where the function f has the addi- 
tional property that f = f—!. This implies that the graph of f has the 
line with slope 1 through the origin of R? as a symmetry axis. Consider 
all circles that have asymptotes the z- and y-axes and are completely 
contained in the first and third quadrants. Of course, all these curves are 
just the images of the graph of f under all positive dilatations; see the 
leftmost diagram in Figure 4.5. Now we ‘collapse’ the cross in the second 
diagram. This cross is the set of all points at distance less than 1 from 
the lines of slope 1 and —1 through the origin. In this way we obtain a 
new system of curves, as illustrated in the third diagram. Consider the 
set of all images of elements in this system under all possible Euclidean 
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= 
= 


Fig. 4.5. Construction of a proper toroidal circle plane from an Artzy—Groh 
plane 


plane translations. Then this set, together with the Euclidean lines of 
negative slope, can be turned into one half of a toroidal circle plane in the 
usual way. Together with the half of the flat Minkowski plane M’(f, g) 
generated from g, we obtain a new toroidal circle plane M’’(f, g). 

It is easy to see that M’’(f,g) does not satisfy Axiom B2. Just con- 
sider one of the new circles and call it C. Such a circle has two ‘cor- 
ners’ c, and C2 in the affine part and there are infinitely many Euclidean 
lines that touch C' at these points. In particular, this means that in 
the toroidal circle plane there are infinitely many circles through the 
point (co, 00) that touch the circle C at c1. 


THEOREM 4.3.17 (Proper Toroidal Circle Planes) Proper to- 
roidal circle planes do exist. In particular, let f and g be functions as in 
Subsection 4.3.5, and let f = f-1. Then M’(f,g) is a proper toroidal 
circle plane. 


4.4 Automorphism Groups and Groups of Projectivities 


In this section we investigate automorphisms of toroidal circle planes and 
flat Minkowski planes and show that the collection of all automorphisms 
of a flat Minkowski plane is a Lie group when suitably topologized. The 
well-known structure of Lie groups of small dimensions can then be used 
to classify the most homogeneous flat Minkowski planes. 

There clearly are two kinds of isomorphisms between two toroidal 
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circle planes M, and Mo. If (+)-parallel classes are always taken to 
(+)-parallel classes, an isomorphism must have the form 


(x,y) > (a(2), By), 


where @ and @ are permutations of S!. In the other kind of isomorphism 
(+)-parallel classes of Mj, are taken to (—)-parallel classes of Mz and 
such an isomorphism must have the form 


(z,y) > (aly), (2), 


where a@ and ( are permutations of S!. 


4.4.1 Automorphisms 


If an automorphism 7 of a toroidal circle plane fixes a point p, then 
clearly y induces an automorphism of the derived R?-plane at this point. 
In particular, each such automorphism is continuous; see Theorem 2.4.2. 
More generally, an automorphism + of a toroidal circle plane M in- 
duces an isomorphism from the derived R?-plane at any point p onto 
the derived R?-plane at y(p). Since isomorphisms between R?-planes 
are continuous, we see that must be continuous. In fact, the above 
argument applies to isomorphisms between toroidal circle planes; see 
Schenkel [1980] 5.1 for flat Minkowski planes. 


THEOREM 4.4.1 (Isomorphisms Are Continuous) Every isomor- 
phism between toroidal circle planes is continuous. In particular every 
automorphism of a toroidal circle plane is continuous. 


As in the case of flat linear spaces and spherical circle planes an auto- 
morphism of a flat Minkowski plane that fixes sufficiently many points 
is the identity. 


LEMMA 4.4.2 (Automorphism with Fixed Points) If an auto- 
morphism -y of a flat Minkowski plane fixes three pairwise nonparallel 
points, then y? = id. 

In particular, if such an automorphism y takes (+)-parallel classes to 
(+)-parallel classes, then y = id. 


Proof. Suppose that + fixes the three pairwise nonparallel points pi, po 
and p3. In the derived projective plane P at p3 the automorphism + 
induces a collineation ¥ that fixes the finite points p; and p2 and leaves 
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the set {w4,w_} of infinite points corresponding to (+)- and (—)-parallel 
classes fixed. But then ¥? fixes p), p2, w4, and w_. These four points 
form a nondegenerate quadrangle in P. Hence 7? = id by Corol- 
lary 2.4.4. Therefore y? = id as well. 

If y takes (+)-parallel classes to (+)-parallel classes, then ¥ already 
fixes wi and w_ so that ¥ = id and thus y = id. 


4.4.2 Groups of Automorphisms 


In this subsection we establish that the automorphism group of a flat 
Minkowski plane is a Lie group and determine its maximum dimension. 
The crucial step is to show that if automorphisms converge on triodes, 
they converge to an automorphism globally; compare Schenkel [1980] 5.5. 


LEMMA 4.4.3 (Convergence on Triodes) Jf a sequence of auto- 
morphisms Yn of a flat Minkowski plane M converges on the vertices of 
a triode towards points that also form the vertices of a triode, then the 
automorphisms yy converge pointwise to an automorphism y of M. 


The automorphism group [ of a toroidal circle plane is an effective 
topological transformation group on the torus S! x S! when I carries 
the compact-open topology (or, equivalently, the topology of uniform 
convergence on the torus). For I to be a Lie group we need that T° is 
locally compact; see Theorem A2.3.5. This condition can be verified 
for flat Minkowski planes; see Schenkel [1980] 5.6 or Steinke [1984b]; 
compare also Subsection 3.4.1 for the corresponding result for spherical 
circle planes. Using the above lemma the automorphism group can be 
identified with a subset (‘vertices of triodes’) of (S! x $1). 


THEOREM 4.4.4 (Automorphism Group) The collection T of all 
automorphisms of a flat Minkowski plane is a Lie group with respect 
to the compact-open topology (or, equivalently, the topology of uniform 
convergence) of dimension at most 6. 


The statement on the dimension of the automorphism group is an im- 
mediate consequence of the dimension formula A2.3.6 and Lemma 4.4.2 
on the stabilizer of three pairwise nonparallel points because each point 
has an orbit of dimension at most 2. 

As for flat linear spaces and other flat circle planes we say that a flat 
Minkowski plane M has group dimension n if the (full) automorphism 
group of M has dimension n. 
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In fact, if the group dimension of a flat Minkowski plane is at least 5, 
then the plane is classical; see Theorem 4.4.12. Examples in all other 
possible dimensions can be found among the planes M(f,g) described in 
Subsection 4.3.1; see Steinke [1994]. Let f(z) = 2° and g(x) = sinh(x) 
for z € R extended to S$! by f(oo) = g(oo) = oo. Then we have the 
following flat Minkowski planes; compare Theorem 4.3.4. 


e M(id, id) is classical. It has group dimension 6. 
e M(f,id) has group dimension 4. This plane admits the transfor- 


mations 
(x,y) axz+b : 
Zz, = : o] 
y ce+d y 


where a, b,c,d,r € R, ad — be = 1, r > 0, as automorphisms. 
e M(g,id) has group dimension 3. This plane admits the transfor- 
mations 


where a, b,c,d € R, ad — bc = 1, as automorphisms. 

e M(f,f) has group dimension 2. This plane admits the transforma- 
tions (x,y) ++ (sz,ry), where r,s € R*, as automorphisms. 

e M(f,g) has group dimension 1. This plane admits the transforma- 
tions (x,y) + (x, ry), where r € R*, as automorphisms. 

e M(g,g) has group dimension 0. 


4.4.3 The Kernels 


The automorphism group I of a toroidal circle plane M has two distin- 
guished normal subgroups, the kernels T+ and T~ of the action of T on 
the sets of (+)- and (—)-parallel classes, that is, T+ consists of all auto- 
morphisms of M that fix each (+)-parallel class globally, and similarly 
for T-. If y € T* fixes a point p, then ¥ fixes each point in the (+)- 
parallel class of p. Furthermore, in the case of a flat. Minkowski plane, 
induces a central collineation ¥ in the derived flat. projective plane at. p 
with centre w+. Note that w* is a fixed point of ¥ so that the axis of ¥ 
passes through w*. In the Minkowski plane this means that + fixes all 
points on a (+)-parallel class or no points. 

In the case of an automorphism in one of the kernels Lemma 4.4.2 
becomes the following. 
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LEMMA 4.4.5 (Kernel Automorphisms with Fixed Points) /f 
an automorphism y € T* of a toroidal circle plane fixes three pairwise 
non-(+)-parallel points, then y = id. In particular, the stabilizer in T+ 
of a circle is trivial and T* acts freely and effectively on the circle set. 


Proof. If y € T* fixes three pairwise non-(+)-parallel points, then ¥ fixes 
the circle C' through these three points. However, the automorphism y 
fixes each (+)-parallel class so that fixes C' pointwise. This implies 
that y fixes each (+)-parallel class and y = id. 0 


The dimension of a kernel can again be calculated using the dimension 
formula A2.3.6 and Lemma 4.4.5. Note that now each point has an orbit 
of dimension at most 1. 


PROPOSITION 4.4.6 (Dimensions of the Kernels) Both ker- 
nels T+ and T~ of a flat Minkowski plane are closed normal subgroups 
of T of dimension at most 3. 


Let Ip be the set of all automorphisms that take (+)-parallel classes 
to (+)-parallel classes and (—)-parallel classes to (—)-parallel classes. 
Clearly, the group Ip is a closed normal subgroup of I of index at most 2. 
Furthermore, the connected component I"! of I that contains the iden- 
tity and each kernel T* are contained in Ip. 

The factor group ['9/T+ operates effectively on the set I+ of (+)- 
parallel classes. Since Tt NT~ = {id}, the kernel T* can be canonically 
identified with a closed normal subgroup of [9/T*. Furthermore, Ig 
can be identified with a closed subgroup of ([9/T*) x ([/T~). In 
fact, '9/T* is at most 3-dimensional; see the proposition below. This 
yields another method to verify that a flat Minkowski plane has group 
dimension at most 6. 


PROPOSITION 4.4.7 (Closed Subgroups) Let © be a closed con- 
nected subgroup of the automorphism group of a flat Minkowski plane M 
and let A* be the kernel of the action of % on the set II* of (+)-parallel 
classes. Then &/A* has dimension at most 3. 


Proof. We assume, to the contrary, that U/At has dimension at least 4. 
Since X/At is effective on II*, Corollary A2.3.9 shows that £/At fixes 
at least two elements of IIt, that is, D fixes at least two (+)-parallel 
classes 7; and m2. Choosing points on 7, and 72 the dimension for- 
mula A2.3.6 and Lemma 4.4.2 then show that © must be 4-dimensional 
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so that At is 0-dimensional. Furthermore, © must act 2-transitively 
on 7. Brouwer’s Theorem A2.3.8 tells us that © has a 1-dimensional 
kernel on 7, which of course is A~, and 0/A7 is a finite covering group 
of PSL2(R) and thus almost simple. 

As a subgroup of © the kernel A~ fixes both 7 and 7, In fact, A7 
fixes those parallel classes pointwise. But A™~ is 1-dimensional and 
Lemma 4.4.5 shows that A~ must be transitive on each connected com- 
ponent C;, i = 1,2, of II*\{m, 72}. Therefore © acts transitively on Cy 
and C2, too. Let K; be the kernel of the action of © on C; for i = 1,2. 
By Corollary A2.3.9 we know that K; is at least 1-dimensional. More- 
over, K;N A7~ = {id}. 

The canonical homomorphism y : © — &/A™~ takes K; onto a closed 
normal subgroup of &/A~. Hence y(K;) is either discrete or 3-dimen- 
sional. But K; A~ = {id} so that K; is isomorphic to y(K;). As 
seen before, K; is at least 1-dimensional and this implies that K; is 
3-dimensional. 

The two closed subgroups K, and Kz must then intersect in a sub- 
group of ¥ of dimension at least 2. However, Kj M Kz = At in contra- 
diction to A* being 0-dimensional. CL) 


LEMMA 4.4.8 (Compact Subgroups of Kernels) The kernel T+ 
of a flat Minkowski plane contains no compact, connected subgroup of 
dimension at least 2. 


Proof. Let A be a compact, connected subgroup of T+. Since every 
subgroup of T* acts effectively on II¥ ~ S!, Theorem A2.3.13 shows 
that dim A < 1. C) 


From Lemmas 4.4.5, 4.4.8, the classification of Lie groups of dimension 
at most 3 and their possible actions on S! or R (see Appendix 2) one 
obtains the following. 


PROPOSITION 4.4.9 (Connected Components of Kernels) The 
connected component of a kernel T* of a flat Minkowski plane is iso- 
morphic to PSL2(R), Lz, SO2(R), R, or the trivial group {id}. 


Proof. Let A be the connected component of T+. If A is at most 
2-dimensional, then the statement readily follows from Lemma 4.4.8 
and Theorem A2.2.4. Furthermore, by Theorem A2.3.13, a maximally 
compact subgroup of A can be at most 1-dimensional. Hence, if A is 3- 
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dimensional, A cannot be compact and thus not isomorphic to SO3(R) 
or SU2(C). 

We now assume that A is 3-dimensional. The dimension formula 
then shows that each ()-parallel class has a 1-dimensional orbit so 
that A acts transitively on TI*. In fact, repeating the argument, A 
must be 2-transitive on II*. Since A acts effectively on II¥, Brouwer’s 
Theorem A2.3.8 then shows that A is isomorphic to a finite covering 
group of PSL2(R). The centre Z of A therefore is a finite cyclic group. 
Let 6 € Z and x € II*. Since 6 commutes with the stabilizer A, of 7, we 
see that A, fixes 6(7) and thus that 6(7) = 7. But A is transitive on It 
and is centralized by 6 so that 6 fixes the whole orbit II* elementwise. 
This shows that 6 € T+MT* = {id}. Hence Z must be trivial and A is 
isomorphic to PSL2(R). C] 


4.4.4 Planes Admitting 3-Dimensional Kernels 


From Proposition 4.4.6 we know that a kernel of a flat Minkowski plane 
can be at most 3-dimensional. In this subsection we determine those flat 
Minkowski planes for which the maximum dimension occurs, that is, flat 
Minkowski planes that admit a 3-dimensional kernel. We show that the 
resulting planes are the planes M(f,72d) introduced in Subsection 4.3.1; 
see Schenkel [1980] Satz 5.9. 

Note that, by Proposition 4.4.9, a 3-dimensional kernel contains a 
subgroup isomorphic to the group PSL2(R). 


THEOREM 4.4.10 (Planes with 3-Dimensional Kernel) Let M 
be a flat Minkowski plane such that the kernel T+ is 3-dimensional. 
Then M is isomorphic to a plane M(f,id), where f is an orientation- 
preserving homeomorphism of S'. Without loss of generality, we may 
assume that f fixes the points oo, 0, and 1. 


Proof. Because of Proposition 4.4.9 we know that the connected com- 
ponent A* of T* containing the identity is isomorphic to PSL2(R). 
The group A* acts transitively and freely on each connected compo- 
nent of the circle space; see Lemma 4.4.5. We may assume that At 
acts on the torus as (z,y) + (x, 4(y)) for 6 € PSL2(R). Let fi and fo 
be two homeomorphisms of S! that describe circles through (co, 00) 
and (0,0) in different connected components of the circle space of M. 
Without loss of generality, say f; and fo are orientation-preserving and 
orientation-reversing, respectively. Then the graphs of the homeomor- 
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phisms in At f, U At fz form the circle set of MM. Changing the coordi- 
nates in M with the transformation (z,y) +> (2, fi(y)), we obtain the 
circle set A+ U At fof; ?. 

Let (x) = sx for zc € RU {oo} where s = fof; 1(1) <0. Then 


At fof, = Atyy' fof,’ = (PGL2(R) \ PSL2(R))f, 


where f = y~' fof; ' is an orientation-preserving homeomorphism of S! 
that fixes the points co, 0 and 1. Clearly, the flat Minkowski plane M 
is isomorphic to M(f, 7d). O 


We now obtain a first characterization of the classical flat Minkowski 
plane as follows; see Schenkel [1980] p. 59. 


COROLLARY 4.4.11 (3-Dimensional Kernel and Desarguesian 
Derived Plane Equals Classical) A flat Minkowski plane is classical 
if and only if one of the kernels T* is 3-dimensional and at least one 
derived affine plane is Desarguesian. 


Proof. By Theorem 4.4.10 the Minkowski plane M must be isomorphic 
to a plane M(f,id) for some orientation-preserving homeomorphism f 
of S!. The derived projective plane at a point of M(f, id) is isomorphic 
to the dual of a semi-classical flat projective plane; see Subsection 2.7.2. 
Such a plane is Desarguesian if and only if f € PSL2(R); compare 
Proposition 2.7.1. Hence the plane is classical. LJ 


4.4.5 Classification with Respect to the Group Dimension 


Schenkel investigated flat Minkowski planes admitting an automorphism 
group of dimension at least 4 in her dissertation Schenkel [1980]. We give 
her results and include new proofs. From Theorem 4.4.4 we know that 
the automorphism group of a flat Minkowski plane M is a Lie group of 
dimension at most 6, that is, the group dimension of M is at most 6. We 
begin with the classification of flat Minkowski planes of group dimension 
at least 5 and show that such a Minkowski plane must. be classical; see 
Schenkel [1980] Satz 5.10. 


THEOREM 4.4.12 (At Least 5-Dimensional Equals Classical) 
A flat Minkowski plane is isomorphic to the classical flat Minkowski 
plane if and only if its automorphism group has dimension at least 5. 
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Proof. Let % be a closed connected subgroup of the automorphism 
group of a flat Minkowski plane M and assume that © has dimension 
at least 5. Let A* be the kernel of the action of © on the set [* of 
(-+)-parallel classes. If © does not act transitively on either II+ or II-, 
then © fixes a (+)-parallel class 7, and a certain (—)-parallel class 7_ 
and thus the point p = 74 a_. The dimension formula A2.3.6 implies 
that dim © < 4, in contradiction to our assumption dim © > 5. 

We may therefore assume that © is transitive on I+. By Brouwer’s 
Theorem A2.3.8 we then obtain that the factor group ©/A* is 1- or 
3-dimensional. The former case implies that dim At = dim H-—1>4 
in contradiction to Proposition 4.4.6. Hence we must have that ©/At 
is 3-dimensional and, moreover, that 2/A* is almost simple (a finite 
covering group of PSL2(R)). Since A~ can be identified with a closed 
normal subgroup of &/A+, we obtain that A™~ is either discrete or 3- 
dimensional. 

The former cannot occur by Proposition 4.4.7 because then ©/A7 
is at least 5-dimensional. In the latter case M is isomorphic to a 
plane M(f,id) by Theorem 4.4.10. But then M must be classical by 
Theorem 4.3.3. oO 


Before we proceed with the classification of flat Minkowski planes of 
group dimension 4 we give a characterization of the Artzy-Groh planes 
(see Subsection 4.3.5) in terms of their automorphism groups. 


THEOREM 4.4.13 (Characterization of Artzy—Groh Planes) A 
flat Minkowski plane M in standard representation is isomorphic to an 
Artzy-Groh plane M'(f,9) if and only if M admits the group 


{(z,y) + (rz+b,ry+c) | b,c,r € R,r > 0} 
as group of automorphisms. 


The above theorem follows immediately from Artzy—Groh [1986]. For 
a flat Minkowski plane in standard representation to have the above 
group of automorphisms implies that the derived affine plane at (co, 00) 
is a translation plane and therefore Desarguesian. Hence we have all 
nonhorizontal and nonvertical Euclidean lines as circles. The form of 
the other circles was then derived by Artzy and Groh. 

For the generalized Hartmann planes one then obtains the following 
characterization in terms of their automorphism groups. 
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THEOREM 4.4.14 (Characterization of Gen. Hartmann Planes) 
A flat Minkowski plane M in standard representation is isomorphic to 
a generalized Hartmann plane M(ry, 81372, $2) for 71, $1,72,$2 € Rt if 
and only if M admits the group 


as group of automorphisms. 


The above theorem is an immediate consequence of Theorems 4.4.13 
and 4.3.11, since the automorphism group & contains the transforma- 
tions (x,y) % (raz +b, ry +c) for all b,c,r € R, r > 0. Hence M is 
isomorphic to an Artzy-Groh plane M'(f,g) and, up to isomorphism, 
we may assume that f and g satisfy the assumptions made in The- 
orem 4.3.11. Therefore f and g must both be semi-multiplicative by 
Theorem 4.3.11 so that M’'(f,g) is one of the generalized Hartmann 
planes M(ri, $1372, $2), where 71, 81,72, $2 € Rt. 

With these results the classification of flat Minkowski planes of group 
dimension 4 can be obtained as follows; see Schenkel [1980] Satz 5.11. 


THEOREM 4.4.15 (Group-Dimension Classification) Let M be 
a flat Minkowski plane of group dimension 4. Then M is isomorphic to 
one of the following planes. 


(i) A nonclassical plane M(f,id), where f is a semi-multiplicative 
homeomorphism of the form fa,s, (d,s) # (1,1); see p. 442 for 
a definition of semi-multiplicative homeomorphisms. This plane 
admits the 4-dimensional group of automorphisms 


{(z,y) (rz, 6(y)) | r€ Rt,6 € PSLo(R)}. 


(ii) A nonclassical generalized Hartmann plane M(rj, $1372; 82), 
T1,$1,72,82 € R*, (ri, $1,172, 82) # (1,1,1,1). This plane ad- 
mits the 4-dimensional group of automorphisms 


{(z, y) + (rz +a,sy+b) | a,b,r,s €E R,r,s > O}. 


Proof. Let & be a closed connected group of automorphisms of the flat 
Minkowski plane M and let A+ be the kernel of the action of Z on the 
set [I+ of (+)-parallel classes. 

We first assume that ¥ is transitive on II+. Then U/At is transitive 
and effective on IIt. Hence &/A* is 1- or 3-dimensional by Brouwer’s 
Theorem A2.3.8. In the former case, A* is 3-dimensional so that M is 
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isomorphic to a plane M(f,id) for some orientation-preserving homeo- 
morphism of S!; see Theorem 4.4.10. But M(f,id) admits a 4-dimen- 
sional group of automorphisms so that f must be projectively equivalent 
to a semi-multiplicative homeomorphism by Theorem 4.3.3. Hence, M is 
isomorphic to a plane M(f,id), where f is a semi-multiplicative homeo- 
morphism fg,. The full automorphism group of such a plane has dimen- 
sion 4 if and only if it is not classical, that is, if and only if (d,s) 4 (1,1); 
compare Theorem 4.3.3. 

We now assume that ©/At is 3-dimensional. Then ©/At is almost 
simple (a finite covering group of PSL2(R)). Since A~ can be canoni- 
cally identified with a closed normal subgroup of ©/A+t, we see that A 
is either discrete or 3-dimensional. The former case cannot occur by 
Proposition 4.4.7. In the latter case, we see as above that M is isomor- 
phic to a plane M(fa,s, 7d). 

We finally assume that © is not transitive on II+. By symmetry we 
further assume that © is not transitive on II- either. Then © fixes some 
(+)-parallel class and some (—)-parallel class and thus a point p. The 
dimension formula A2.3.6 and Lemma 4.4.2 on stabilizers show that © 
is transitive on S! x S! \ |p| and even that for any point g not parallel 
to p the stabilizer &, must be transitive on each connected component 
of S' x S!\ (|p| Ulg|). In particular, 5/A+ is effective and transitive 
on II+ \ {|p|} and thus must be of dimension 2 or 3 by Brouwer’s 
Theorem A2.3.8. Correspondingly, At is 2- or 1-dimensional. 

If one kernel, say A*, is 1-dimensional, then ©/At+ is 3-dimensional 
and, as seen before, A~ can only be 0- or 3-dimensional. This result 
contradicts our previous observation that A~ is 1- or 2-dimensional. 

Hence we have shown that A+ must be 2-dimensional. We likewise 
obtain that A~ is 2-dimensional, too. Therefore 5/A+ is 2-dimensio- 
nal and thus isomorphic to the group Lz by Brouwer’s Theorem A2.3.8. 
Furthermore, A¥ is isomorphic to 5/A* so that 5 ~ At x A. Since 
the action of A+ on II* is equivalent to the usual affine action of Lo, 
we see that we can assume that © consists of all transformations of the 
form (x,y) > (rx +b, sy +c) for all b,c,r,s € R, r,s > 0. Hence M 
is a generalized Hartmann plane by Theorem 4.4.14. Since M has 
group dimension 4, the plane M cannot be classical and we conclude 
that (71, $1, 2, $2) # (1,1, 1,1). O 


No complete classification of flat Minkowski planes of group dimen- 
sion 3 has been carried out yet. However, there are many different types 
of flat Minkowski planes of group dimension 3. For example, the Artzy— 
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Groh planes M’(f,g) for f or g not inversely semi-multiplicative (see 
Theorem 4.3.11), the modified classical Minkowski planes M(f) for f 
not semi-linear, that is, f is not of the form 


_ fu for « > 0, 
a bx forzx <0, 


where a,b € R, a,b > 0, and the planes M(f,id) admitting a 3-dimen- 
sional kernel in case f is an orientation-preserving homeomorphism that 
is not projectively equivalent to a semi-multiplicative map (see Theo- 
rem 4.3.3) all have group dimension 3. These planes admit the three 
groups 


{(z,y) > (ra +b,ry +c) |7,b,¢€ R,r > O}, 


{(z,y) (ra + b, ty +c) | r,b,c € R,r > Of," 


hod €Ryad~be=1}, 


respectively, as groups of automorphisms. 


4.4.6 Von Staudt’s Point of View—Groups of Projectivities 


Following von Staudt’s point of view, the group of all projectivities 
of a circle plane was investigated by Kroll [1977b], [1977c] for general 
Minkowski planes and Lowen [1977], [1981d] for topological Minkowski 
planes. Here, as usual, a projectivity of a fixed circle C' is a composi- 
tion of finitely many perspectivities between circles, the first and last 
circle being C’. Perspectivities between circles are defined in the familiar 
manner by the correspondence between the points of two circles via a 
pencil of circles with the obvious modifications for points of tangency 
or via parallel projections. These maps are continuous by coherence so 
that projectivities become homeomorphisms of the circle C to itself. For 
example, each circle C’ gives rise to a projectivity of the distinguished 
circle C by projecting from C' onto C’ via (+)-parallel classes and then 
from C’ back onto C' via (—)-parallel classes. Explicitly, we have the 
function 


yo, :C 3C:pr |([pl, NCC. 


Given two triples of three distinct points of C’ we can find a projec- 
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tivity of the form Yc,c that takes the points in the first triple to the 
corresponding points in the second triple. More precisely, given the 
triples (pi, p2,p3) and (1, 92,93), let r; = |pil+ MN |qi|— for i = 1,2,3. 
Then 7), 2, 73 are three pairwise nonparallel points and thus there is 
precisely one circle passing through these three points. This circle be- 
comes the circle C’ and, by construction, y¢,c' (pi) = qj for i = 1,2,3. 
This proves the following result. 


LEMMA 4.4.16 (High Degree of Transitivity) The group of pro- 
jectivities of a circle C in a toroidal circle plane is 3-transitive on the 
points of C. 


Note that the group of projectivities Ig of a circle C' in a toroidal 
circle plane is independent of C, that is, the groups IIc and Iq are 
isomorphic for any circles C' and C’. We can therefore simply speak of 
the group of projectivities without referring to any particular circle. The 
above lemma shows that the group of projectivities in a toroidal circle 
plane tends to be rather large. In fact, the classical flat Minkowski plane 
has the smallest group of projectivities, namely the group PGL2(R). 
This is in marked contrast to the situation with respect to automor- 
phism groups: The smaller the automorphism group of a flat Minkowski 
plane, the larger the group of projectivities. 

Note that the projectivity y~c,c’ completely describes the circle C’ 
relative to C. Suppose we coordinatize the toroidal circle plane M in 
such a way that C is represented, as in Subsection 4.2.3, by the identity. 
Then yc,cr is just the representing homeomorphism of the circle C’. 
Hence the set » of circle-representing homeomorphisms is contained in 
the group II¢ of projectivities of C. If we now assume that Ig is sharply 
3-transitive on C, then © = IIc and © is a group. Hence M is classical 
by Theorem 4.2.4. 


THEOREM 4.4.17 (Sharply 3-Transitive Equals Classical) A to- 
roidal circle plane is isomorphic to the classical flat Minkowski plane if 
and only if the group of projectivities of a circle C is sharply 3-transitive 
on the points of C. 


Pursuing this line of investigation further, the following characteriza- 
tion of the classical flat Minkowski plane was obtained by Lowen [1981d]. 
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THEOREM 4.4.18 (Locally Compact Equals Classical) Let M 
be a flat Minkowski plane and let Ic be the group of projectivities of a 
circle C. Then M is classical, of 


(i) Ie or its closure in the group of all homeomorphisms of C with 
respect to the compact-open topology Tt is locally compact with 
respect to T, or 


(ii) Ie acts w-regularly on C, that is, there exists a finite set F CC 
such that the subgroup in IIc fixing F elementwise 1s discrete with 
respect to T. 


See Polster [1996b] for examples of flat Minkowski planes whose groups 
of projectivities are homeomorphic to the group of piecewise projective 
homeomorphisms of the circle; see Subsection 2.9.2 for the most impor- 
tant properties of this group. 


4.5 The Klein—Kroll Types 


Similar to the Lenz—Barlotti classification of projective planes with re- 
spect to central collineations and the Hering classification of Mébius 
planes with respect to central automorphisms, Minkowski planes can be 
classified with respect to central automorphisms, that is, automorphisms 
that fix at least one point and induce central collineations in the derived 
projective plane at that fixed point. More precisely, one considers sub- 
groups of central automorphisms which are linearly transitive, that is, 
the induced groups of central collineations are transitive on each cen- 
tral line except for the obvious fixed points, the centre and the point of 
intersection with the axis. 

Unlike in the case of Mobius planes, where we have only two types 
of central automorphisms, central automorphisms of Minkowski planes 
come in a variety of types according to whether the axis of a central 
collineation in the derived projective plane at a fixed point is the line at 
infinity, a line that stems from a circle of the Minkowski plane or, a line 
that comes from a parallel class of the Minkowski plane, and whether or 
not the centre is on the axis of the central collineation. Klein and Kroll 
therefore obtained far more types of Minkowski planes. They consid- 
ered three types of central automorphisms, G-translations, g-translations 
and (p,q)-homotheties; see the following subsections. In fact, in their 
classification they considered groups of automorphisms and determined 
their types according to transitive subgroups of central automorphisms 
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contained in them. In the following we only dea] with the full auto- 
morphism group. We furthermore say that a flat Minkowski plane M 
is of Klein—Kroll type X if the full automorphism group of M is of 
type X; see the following subsections for the definitions of the various 
Klein—Kroll types. 


4.5.1 G-Translations 


Let G be a parallel class of a Minkowski plane M. A G-translation of M 
is an automorphism of M that either fixes precisely the points of G or 
is the identity. A group of G-translations of M is called G-transitive, 
if it acts transitively on each parallel class H of type opposite to the 
type of G without the point of intersection with G. We say that the 
automorphism group [ of M is G-transitive if ! contains a G-transitive 
subgroup of G-translations. With respect to G-translations Klein and 
Kroll obtained six types of Minkowski planes, in fact, the more general 
hyperbola structures; see Klein—Kroll [1989] Theorem 3.4. A hyperbola 
structure is an incidence geometry that satisfies the Axioms B1, B3, 
and B4. The corresponding flat geometries are toroidal circle planes. 

If Z denotes the set of all parallel classes G for which the hyperbola 
structure is G-transitive, then exactly one of the following holds. 


Z=t. 

[2 =1. 

. There is a point p such that Z = {|p|+, |p|_}. 

. Z consists of all (+)-parallel classes or of all (—)-parallel classes. 

. Z consists of all (+)-parallel classes plus one (—)-parallel class or 
of all (—)-parallel classes plus one (+)-parallel class. 

F. Z consists of all (+)- and all (—)-parallel classes. 


PUaAW> 


Types D, E, and F all contain all (+)-parallel classes or all (~)-parallel 
classes. In this situation we can explicitly describe the flat Minkowski 
planes. These are the planes M(f,id) from Subsection 4.3.1. 


LEMMA 4.5.1 (Types D, E, F Equal M(f,id)) If the set Z of all 
parallel classes G for which the automorphism group of the flat Minkow- 
ski plane M is G-transitive contains all (—)-parallel classes, then the ker- 
nel T* is 3-dimensional and M is isomorphic to a plane M(f,id) (see 
Subsection 4.3.1) for some orientation-preserving homeomorphism f of 
the unit circle S!. 
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The lemma follows from Theorem 4.4.10 and the fact that T+ is 3- 
dimensional by Brouwer’s Theorem A2.3.8 and because T+ must be 2- 
transitive on each (+)-parallel class; see Steinke [20XXd]. 

Since a 3-dimensional kernel contains a subgroup isomorphic to the 
group PSL2(R) by Proposition 4.4.9, we readily obtain the following. 


COROLLARY 4.5.2 (Type D) A flat Minkowski plane is of Klein- 
Kroll type at least D if and only if the connected component of the identity 
in one kernel is isomorphic to PSL2(R). 


An immediate consequence of the above Lemma 4.5.1, Corollary 4.4.11 
and Proposition 2.4.9 (every flat translation plane is Desarguesian) is 
that type E cannot occur in flat Minkowski planes. 


COROLLARY 4.5.3 (Type E) If the set Z of all parallel classes G 
for which the automorphism group of the flat Minkowski plane M is G- 
transitive contains all (—)-parallel classes plus one (+)-parallel class, 
then M is the classical flat Minkowski plane and thus of type F. 


We can now characterize the flat Minkowski planes of Klein—Kroll 
type D as follows. 


PROPOSITION 4.5.4 (Type D) A flat Minkowski plane is of Klein- 
Kroll type D if and only if it is isomorphic to a plane M(f,id) for 
some orientation-preserving homeomorphism f of the unit circle S}, 


where f ¢ PSL2(R). 


In summary we obtain the following possible Klein—Kroll types with 
respect to G-translations. 


PROPOSITION 4.5.5 (Possible Types) A flat Minkowski plane is 
of Klein-Kroll type A, B, C, D, or F. 


For examples for each of the Klein—Kroll types A, B, C, D, and F see 
Subsection 4.5.4. 

Clearly, a type F plane is the classical flat Minkowski plane, and, by 
Proposition 4.5.4, Klein—Kroll type D comprises, up to isomorphism, 
precisely the nonclassical flat Minkowski planes of the form M(f,id). 

In a type C plane the derived affine plane at the distinguished point p 
is Desarguesian and all translations are induced from automorphisms 
of the Minkowski plane. This type is realized in the Hartmann planes. 
Type A occurs in planes of group dimension 0. 
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4.5.2 q-Translations 


Let g be a point of a Minkowski plane M = (P,C). A q-translation of M 
is an automorphism of M that either is the identity, or fixes precisely 
the point q and induces a translation of the derived affine plane A, 
at. q. More precisely, let C' be a circle passing through gq. As for flat 
Mobius planes let B(g,C) denote the touching pencil with support q, 
that is, B(g,C) consists of all circles that touch the circle C' at the 
point qg. In the derived affine plane at q the touching pencil represents 
a parallel class of lines and we can look at translations in this direction. 
Then a (q, B(q, C))-translation of M is a q-translation that fixes C (and 
thus each circle in B(q,C)) globally. A group of (q, B(q, C))-translations 
of M is called (q, B(g, C))-transitive, if it acts transitively on C \ {q}. 
A group of q-translations is called q-transitive, if it acts transitively 
on P \|q|. We say that the automorphism group I of M is (q, B(q, C))- 
transitive or g-transitive if [ contains a (gq, B(q, C))-transitive subgroup 
of (q, B(q, C))-translations or a qg-transitive subgroup of q-translations, 
respectively. 

With respect to g-translations Klein and Kroll obtained seven types 
of Minkowski planes; see Klein—Kroll [1989] Theorem 4.9. 

If T denotes the set of all points g for which the Minkowski plane M 
with automorphism group [ is (q, B(q, C))-transitive for some touching 
pencil B(g,C) with support qg, then exactly one of the following state- 
ments is valid. 


I. T=9. 

II. There is one point g such that T = {q} and there is exactly one 
touching pencil with support q such that T is (¢, B(g, C))-transi- 
tive. 

III. There is a point g such that T = {q} and [ is q-transitive. 
IV. T consists of the points on a circle. 

V. T consists of the points on a parallel class. 

VI. T = P and for each point gq there is exactly one touching pen- 
cil B(q,C) with support ¢g such that M is (q, B(q, C))-transitive. 
VII. T = P and [ is q-transitive for every point q. 


Types V and VI cannot occur in flat Minkowski planes. 


LEMMA 4.5.6 (Type VII) Jf the set T of a flat Minkowski plane M 
contains all points of a parallel class, then M is the classical flat Min- 
kowski plane and thus of type VII. 
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To prove the above lemma one shows that the automorphism group [ 
of such a flat Minkowski plane M is at least 4-dimensional. One then 
uses the classification of flat Minkowski planes of group dimension at 
least 4 (see Theorems 4.4.12 and 4.4.15) to show that nonclassical planes 
cannot occur; see Steinke [20X Xd]. Of course, the classical flat Minkow- 
ski plane is of Klein—Kroll type VII. 

Since in Minkowski planes of types V and VI the set. 7 contains all 
points on a parallel class, we readily obtain the following possible types 
for flat Minkowski planes. 


PROPOSITION 4.5.7 (Possible Types) A flat Minkowski plane is 
of Klein-Kroll type I, I, HII, IV, or VIL. 


For examples for types I, ITI, and VII see Subsection 4.5.4. 

Again, type VII is the classical flat Minkowski plane. In a type III 
plane the derived affine plane at the distinguished point g is Desarguesian 
and all translations extend to automorphisms of the Minkowski plane. 
This type is realized in the Hartmann planes. Type I occurs in planes 
of group dimension 0. 

By combining both the classifications with respect to G-translations 
and q-translations Klein—Kroll [1989] Theorem 4.12 obtained ten types 
of Minkowski planes, of which only seven types can possibly occur in 
flat Minkowski planes. 


PROPOSITION 4.5.8 (Combined Types w.R.t. Translations) 
A flat Minkowski plane is of Klein-Kroll type I.A, I.B, I.D, IA, III.C, 
IV.A, or VILF. 


For examples for types I.A, I.B, LD, III-C, and VII.F see Subsec- 
tion 4.5.4. 


4.5.3 (p,q)-Homotheties 


Finally, a third kind of central automorphisms has been used in the 
classification in Klein [1992]. Let p and qg be two nonparallel points of a 
Minkowski plane M. An automorphism + of M is a (p, g)-homothety if y 
fixes p and q and induces a homothety with centre gq in the derived affine 
plane at p. Note that each (p, g)-homothety is also a (q, p)-homothety. A 
group of (p, g)-homotheties is called (p, ¢)-transitive if it acts transitively 
on each circle through p and gq minus the two points p and g. We say 
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that the automorphism group [ of M is (p,q)-transitive if T contains 
a. (p,q)-transitive subgroup of (p, g)-homotheties. 

With respect to (p,q)-homotheties Klein [1992] obtained 23 types of 
Minkowski planes. Some of the types are known to occur only in finite 
Minkowski planes or only as the type of a proper subgroup of the full 
automorphism group; see Klein [1992], Klein—Kroll [1994], Kroll [1995], 
Kroll-Matras [1997], and Jakébowski-Kroll—Matrdas [20XX]. In the fol- 
lowing we list only those types for which we have examples in flat 
Minkowski planes. In these types the set # of all unordered pairs of 
points {p,q} for which the automorphism group of the flat Minkowski 
plane is (p, g)-transitive is of the following form. 


1 H=?@. 
3. There are two nonparallel points p and gq such that 


H = {{p,q}; {lpl+ A lal-, lpl- 0 lal+}}- 


19. There is a point p such that 


H = {{p,q}|¢ not parallel to p} 
U{{r, s} | r € Ipl+ \ {p}, s € lpl_ \ {p}}. 


23. H consists of all unordered pairs of nonparallel points. 


PROPOSITION 4.5.9 (Possible Types) A flat Minkowski plane is 
of type 1, 2, 3, 10, 11, 12, 13, 14, 15, 17, 18, 19, 20, or 28. 


For examples for types 1, 3, 19, and 23 see Subsection 4.5.4. 

Type 23 describes the classical flat Minkowski plane. Type 19 yields 
the proper Hartmann planes M(r,1;7r,1) in the notation of Subsec- 
tion 4.3.4; see Klein-Kroll [1994] Theorem 4.1. 


PROPOSITION 4.5.10 (Type 19) A flat Minkowski plane M is of 
type 19 if and only if M is a proper Hartmann planes M(r,1;r,1) for 
somerE Rt, rl. 


Combining all three classifications Klein [1992] Theorem 2.16 ob- 
tained 32 types of Minkowski planes. Of those only 20 types can possibly 
occur in flat Minkowski planes. 


THEOREM 4.5.11 (Combined Types) A flat Minkowski plane is of 
Klein-Kroll type [.A.1, LA.2, [.A.3, .B.1, 1.B.10, 1.B.11, 1.B.12, I.D.1, 
L.D.13, 1.D.14, U.A.1, 1.4.13, ILA.14, HI.C.1, II.C.17, II.C.18, 
U.C.19, IV.A.1, IV.A.20, or VILA.23 
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For examples of the types I.A.1, I.A.3, I.B.1, I.D.1, III.C.1, III.C.19 
and VII.F.23 see the following subsection. 


4.5.4 Some Examples 


So far no complete classification of those types that can occur in flat Min- 
kowski planes has been carried out. Examples for some of the possible 
Klein—Kroll types of flat Minkowski planes are as follows. 


TA.1 


A plane of group dimension 0. In particular, a rigid plane; see Sub- 
section 4.7.1. Clearly, such a plane must be of Klein—Kroll type I.A.1. 
For example, the plane M(f, f), where f(co) = co and f(x) = sinhz 
for z € R is of Klein—Kroll type I.A.1; compare Theorem 4.3.4. 


IA.3 


The plane M(f, f), where f(x) = x3 for z € Rand f(co) = 00; compare 
Theorem 4.3.4. The distinguished points p and gq are the points (co, co) 
and (0,0). For each r € R, r # 0, the transformation (z,y) +> (rz, ry), 
where r -0o = 00, is an {(00, 00), (0,0)}-homothety. Likewise, the trans- 
formation (x,y) + (rz, %) is an {(co, 0), (0, 00) }-homothety. 


IB.1 


The plane obtained from a modified classical Minkowski plane M(g) by 
swapping its negative half with the negative half of the plane M(f, id), 
where f ¢ PGLo(R) and g is not the identity. For example f(z) = x° 
and g(x) = 2x for z € R and f(co) = g(o) = oo yields a flat Minkow- 
ski plane of Klein—Kroll type I.B.1. Each translation in the y-direction 
extends to an automorphism of the Minkowski plane. 


I.D.1 


The planes M(f,id), where f ¢ PGLo(R). For example f(x) = z° 
for z € R and f(0o) = oo yields a flat Minkowski plane of Klein-Kroll 
type I.D.1. The transformations (z, y) + (x, 6(y)), where 6 € PSL2(R) 
has precisely one fixed point, are G-translations. 


TD.C.1 


The generalized Hartmann planes M(ri, 51; r2, 2), 71,72, $1,582 € Rt 
and r; # re. The distinguished point is the point p = (00,00). Each 
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translation of the derived affine plane at p extends to an automorphism 
of the flat Minkowski plane. 


HI.C.19 


The Hartmann planes M(d,1;d,1), d€ R*, d #1. The distinguished 
point is the point p = (oo, co). Each translation and each homothety of 
the (Desarguesian) derived affine plane at p extend to an automorphism 
of the Minkowski plane. The transformation (x,y) + (rz,r|r|~¢~!y) 
for r € R, r £0, is an {(00,0), (0,00)}+homothety. Using translations 
one obtains {(00, c), (b, 0o)}-homotheties for any b,c € R. 


VILF.23 


The classical flat Minkowski plane. Here all admissible subgroups of 
central automorphisms are linearly transitive. 


4.6 Characterizations of the Classical Plane 


In this section we characterize the classical flat Minkowski plane with 
respect to several geometric properties. We only state the characteriza- 
tions. For the proofs the reader is referred to the same sources as for 
the proofs of the respective results in Subsection 3.6.2. 


4.6.1 The Locally Classical Plane 


Being classical is a local property of a flat Minkowski plane, that is, if a 
flat Minkowski plane looks like the classical flat Minkowski plane around 
each point, then the plane is classical. 


THEOREM 4.6.1 (Locally Classical Equals Classical) A locally 
classical flat Minkowski plane is classical, that is, isomorphic to the clas- 
sical flat Minkowski plane. 


A global isomorphism is constructed via a monodromy argument by 
extending local isomorphisms; see Steinke [1983p]. 


4.6.2 The Miquelian Plane 


Just like the classical flat Mobius plane the classical flat Minkowski plane 
is geometrically characterized by the fact that Miquel’s configuration 
(locally) closes in it; see Kaerlein [1970] for the global version of this 
result and Steinke [1984a] for the local version. 
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THEOREM 4.6.2 (Locally Miquelian Equals Classical) The clas- 
sical flat Minkowski plane is the only flat Minkowski plane in which 
Miquel’s theorem is (locally) valid. 


4.6.3 The Plane with Many Desarguesian Derivations 


For each point p of a flat Minkowski plane M we obtain a derived affine 
plane at p. This flat affine plane may be Desarguesian or not; there are 
many flat affine planes that may possibly occur. Let D be the collection 
of all points of M for which the derived affine plane is Desarguesian. 
With this notation Steinke [1990b] characterized the classical flat Min- 
kowski plane as follows. 


THEOREM 4.6.3 (Classical Derived Planes Equals Classical) 
A flat Minkowski plane is classical if and only if the set D contains all 
points on one (+)-parallel class or one (-)-parallel class and at least 
three pairwise nonparallel points. 


In fact, if there are enough derived affine planes that are Desarguesian, 
the flat Minkowski planes are completely determined; see Steinke [1990b]. 


THEOREM 4.6.4 (Many Classical Derived Planes) A flat Min- 
kowski plane is isomorphic to one of the Hartmann planes M(r, 1;7r,1) 
for some r > 0 tf and only if the set D contains all points on one (+)- 
parallel class or one (—)-parallel class and at least one further point. 


4.6.4 The Plane in Which the Rectangle Configuration Closes 


We say that four points pi, po, p3, and p4 in a flat Minkowski plane M 
form a rectangle |p, p2; p3, pal if py and p3 are not parallel and, further- 
more, p1||—pe||+p3||_pall4p1 (the sides of the rectangle are formed by 
parallel classes). 

We then say that the rectangle configuration closes in M if for any four 
rectangles [a), a2; @3, a4], [b1, b2; 63, ba], [c1,¢2; 3, ca], and [di, do; d3, da] 
such that a;, b;, c; and d; are on a circle C; for 1 = 1, 2,3, the remaining 
four points a4, b4, ca, and d4 are on a circle C4, too. Figure 4.6 illus- 
trates the rectangle configuration in the geometry of Euclidean lines and 
hyperbolas. The four circles in the axiom correspond to the four skew 
lines. In particular, the grey line corresponds to the circle C4. 
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Fig. 4.6. The rectangle configuration 


If the rectangle configuration closes the associated sharply 3-transitive 
set of circle-defining homeomorphisms is a group; see Wefelscheid [1977]. 


PROPOSITION 4.6.5 (Rectangle Equals Classical) The rectangle 
configuration closes in a flat Minkowski plane M if and only the asso- 
ciated sharply 3-transitive set of homeomorphisms of S' is a group. 


The above proposition together with Theorem 4.4.17 yields the fol- 
lowing characterization of the classical flat Minkowski plane. 


THEOREM 4.6.6 (Rectangle Equals Classical) A flat Minkowski 
plane is classical if and only if the rectangle configuration closes in it. 


4.6.5 The Symmetric Plane 


An inversion at a circle C of a flat Minkowski plane M is an auto- 
morphism o of M that fixes precisely the points of C. Such an auto- 
morphism exchanges (+)- and (—)-parallel classes and has the property 
that a, o(a), b, and o(b) are on a circle for any points a and b with b 
parallel to neither a nor o(a). We say that a 2-set {p,q} of nonparallel 
points p and q in M is Miquelian if the collection of all inversions of M 
that interchange p and q operates transitively on each circle through the 
points p and q minus the two points p and q. For a subgroup of the auto- 
morphism group of M the collection of all Miquelian pairs of points such 
that the corresponding inversions are in the subgroup are determined 
in Kroll-Matras [1997]. There are nine types; see Kroll—Matras [1997] 
Theorem 3.6. Only five of these types can occur in infinite Minkowski 
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planes as the type of the full automorphism group. In the following we 
list those types, where M denotes the set of all Miquelian unordered 
pairs of points in the Minkowski plane. 


Mp. M = @. 
M,. |M|=1. 
Mz. There are two nonparallel points p and q such that 
M = {{p,9}, {lpl+ al, (pl- 0 lal+})- 
M3. There is a circle C such that M = {{p,q} | p,¢ € C,p F q}. 
Mg. M consists of all pairs of nonparallel points. 


The classical fiat Minkowski plane is the only plane of type Mg; 
see Percsy [1983] Theorem 1.3. Furthermore, if M is (p, q)-Miquelian, 
then M is also (p,q)-transitive; see Percsy [1983] 4.1(ii). In particular, 
Klein—Kroll type 1 implies type Mp and a type M; plane must be of 
Klein—Kroll type at least 2, 3, and 20 for 7 = 1,2, 3, respectively. Indeed 
we have the following examples. 


e The plane M(f, f), where f(x) = sinh for « € R and f(0o) = 00 
is of type Mo; see Subsection 4.5.4. 

The plane M(f,f), where f(z) = x for x € R and f(oo) = 00 
is of type M2; see Subsection 4.5.4. The special points p and q 
are the points (co,oo) and (0,0). For each m € R, m ¥ 0, the 
map (z,y) + (y/m,mz) is an inversion at the circle y = mz that 
exchanges (00,0) and (0,00). Furthermore, the collection of these 
inversions for m # 0 is transitive on each circle y = —a/x through 
the two points (co,0) and (0,00) minus these two points. Likewise, 
the map (r,y) +» (—a/y,—a/zx) for a # 0 is an inversion at the 
circle y = —a/z that exchanges (oo, oo) and (0,0). 

e The classical flat Minkowski plane is of type M4. 


In fact, it suffices for a Minkowski plane to have two suitable Miquelian 
pairs in order to be Miquelian; see Kroll—Matras [1997] Theorem 4.3. 


PROPOSITION 4.6.7 (Two Miquelian Pairs Equals Classical) 
Let M be a flat Minkowski plane that has two Miquelian pairs {p,q} 
and {p',q'} such that p’ is (+)-parallel to p and q' # q is (-)-parallel 
to q. Then M is the classical flat Minkowski plane. 


We say that a Minkowski plane is symmetric if it admits an inversion at 
every circle; see Percsy [1983], Dienst [1977], and Heise—Karzel [1973] for 
different definitions of a symmetric Minkowski plane. It readily follows 
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that a Minkowski plane is symmetric as defined above if and only if each 
unordered pair of nonparallel points is Miquelian. 


THEOREM 4.6.8 (Symmetric Equals Classical) A flat Minkowski 
plane is isomorphic to the classical flat Minkowski plane if and only if 
each circle is the axis of an inversion. 


4.6.6 The Plane with Flag-Transitive Group 


In Subsections 4.1.5 and 4.1.6 we have already seen that the automor- 
phism group of the classical flat Minkowski plane is transitive on the set 
of all flags, that is, incident point-circle pairs. Conversely, the classical 
flat Minkowski plane is characterized by this property. 


THEOREM 4.6.9 (Flag-Transitive Equals Classical) A flat Min- 
kowski plane is isomorphic to the classical flat Minkowski plane if and 
only if the plane is flag-transitive. 


Proof. Since, by Theorem 4.2.16, the flag space F of a flat Minkow- 
ski plane M is a 4-dimensional space, a group of automorphisms that 
is transitive on F must be of dimension at least 4. From the clas- 
sification of flat Minkowski planes of group dimension at least 4 (see 
Theorems 4.4.12 and 4.4.15) we see that M must be isomorphic to a 
plane M(f,id), where f is semi-multiplicative or a generalized Hart- 
mann plane M(rj, $1; 72, $2). However, the automorphism groups of the 
nonclassical planes of the former kind fix the parallel classes {oo} x R 
and {0} x R so that they cannot be flag-transitive. 

The automorphism groups of the nonclassical Hartmann planes fix the 
point (oo, 00), so that they cannot be flag-transitive either. This shows 
that of all the flat Minkowski planes of group dimension at least 4 only 
the classical flat Minkowski plane has a flag-transitive automorphism 
group. O 


4.6.7 The Plane of Klein—Kroll Type at Least V, E, or 21 


We say that a flat Minkowski plane M is of type at least X if the auto- 
morphism group of M is of type X or one of the following types as 
given in the three lists of possible types in Section 4.5. For example, 
type at least V means that with respect to q-translations the plane is 
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of type V, VJ, or VII. Using the results in Section 4.5, we obtain the 
following characterizations of the classical flat Minkowski plane. 


PROPOSITION 4.6.10 (At Least Type V Equals Classical) 
A flat Minkowski plane M is of Klein—Kroll type at least V if and only 
if M is the classical flat Minkowski plane. 


PROPOSITION 4.6.11 (At Least Type E Equals Classical) 
A flat Minkowski plane M is of Klein—Kroll type at least E if and only 
if M is the classical flat Minkowski plane. 


PROPOSITION 4.6.12 (At Least Type 21 Equals Classical) 
A flat Minkowski plane M is of Klein-Kroll type at least 21 if and only 
if M is the classical flat Minkowski plane. 


4.6.8 Summary 


We summarize the various characterizations of the classical flat Minkow- 
ski plane obtained in the previous subsections. 


THEOREM 4.6.13 (Characterizations of the Classical Plane) 
A flat Minkowski plane M in standard representation is isomorphic to 
the classical flat Minkowski plane if and only if any one of the following 
holds. 


(i) The associated sharply 3-transitive set of homeomorphisms of S* 
48 @ group. 
(ii) The automorphism group T of M is flag-transitive. 
(iii) Each circle is the axis of an inversion. 
(iv) Each pair of distinct points occur as centres of a nontrivial central 
automorphism. 
(v) I’ is at least 5-dimensional. 
(vi) A kernel is 3-dimensional and at least one derived affine plane is 
Desarguesian. 
(vii) M is Miquelian. 
(viii) M is locally Miquelian. 
(ix) M is locally classical. 
(x) The rectangle configuration closes in M. 
(xi) M is of Klein-Kroll type at least V. 
(xii) M is of Klein-Kroll type at least E. 
(xiii) M is of Klein-Kroll type at least 21. 
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(xiv) M contains two Miquelian pairs {p,q} and {p',q'} such that p’ 

is (+)-parallel to p and q' # q is (—)-parallel to q. 
(xv) M is symmetric. 

(xvi) The group of projectivities IIc of a circle C in M is sharply 3- 
transitive on the points of C. 

(xvii) The group IIc or its closure in the group of all homeomorphisms 
of the circle C with respect to the compact-open topology T 1s 
locally compact with respect to T. 

(xviii) II¢ acts w-regularly on C. 


4.7 Planes with Special Properties 


In the following two subsections we consider flat Minkowski planes that 
do not admit any nontrivial automorphisms and differentiable flat 
Minkowski planes. 


4.7.1 Rigid Planes 


From the classification of flat Minkowski planes of group dimension at 
least 4 we see that the most homogeneous planes are of rather special 
form. As for flat linear spaces and spherical circle planes, we expect 
that ‘most’ flat Minkowski planes have small automorphism groups and 
that the vast majority of planes has 0-dimensional or even finite auto- 
morphism groups. 

Choosing the homeomorphisms f and g suitably in the Minkowski 
planes M(f,g) constructed in Subsection 4.3.1 one even obtains flat 
Minkowski planes whose only automorphism is the identity. Again, we 
call such a plane rigid. 

For example, let a,c € Rt and let ha,- be the homeomorphism of S$! 
defined by 


l-a(l-z) iffeE€R, 221, 


ha.c(z) = zx if0<2<1, 
, cz ifxfER,z<0, 
oe if Z = oo. 


One can use this kind of homeomorphism to obtain rigid Minkowski 
planes. For each a € Rt, a # 1 the plane M(hga2,ha,o3) is rigid. 
Furthermore, two planes M(hq,a2; Ra,a3) and M(hy 52, 25,53) are noniso- 
morphic if b 4 a; see Steinke [1994]. 
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The point set S! x S! and the circle set PGL2(R) of a toroidal cir- 
cle plane naturally carry smooth differentiable structures which make 
them into smooth manifolds. In the classical flat Minkowski plane each 
parallel class and each circle then are submanifolds of S! x S! and the 
geometric operations are not only continuous (see Theorem 4.2.10) but 
even smooth maps with respect to the appropriate smooth manifold 
structures. We now can replace the topological conditions in the defini- 
tion of a toroidal circle plane or flat Minkowski plane by differentiability 
assumptions and ask what planes can occur. More precisely, a smooth 
(differentiable) toroidal circle plane or flat Minkowski plane is a toroidal 
circle plane or flat Minkowski plane such that parallel classes and cir- 
cles are submanifolds of the point space and such that the geometric 
operations are smooth on their respective domains of definition. 

Since S! has only one differentiable manifold structure and because 
parallel classes are submanifolds, the point space S! x S! carries the 
usual differentiable product manifold structure. Each circle of a smooth 
toroidal circle plane is now represented (in the sense of Subsection 4.2.3) 
by a smooth diffeomorphism of S!. 

Note that the flat Minkowski planes of group dimension 4 discussed 
in Theorem 4.4.15 are not differentiable because a semi-multiplicative 
map f,,s is differentiable in oo if and only if r = s = 1, and similarly for 
inversely semi-multiplicative maps. 

If we assume that the homeomorphisms f and g in the flat Minkow- 
ski planes of the form M(f,g) (see Subsection 4.3.1) are even smooth 
diffeomorphisms, then, of course, each circle is represented by a diffeo- 
morphism. This then implies that parallel projection is smooth. Since 
the two connected components of the circle space are totally indepen- 
dent of each other and because each component essentially consists of 
circles of the classical flat Minkowski plane, the negative component 
being modified by f and g, the operation of joining is smooth. Fur- 
thermore, because circles that touch each other must be in the same 
component, the operation of forming tangent circles basically can be 
performed in the classical flat Minkowski plane and thus is smooth, too. 
Finally, the operation of intersecting nondisjoint circles is smooth in 
pairs of circles in the same connected component of the circle space; we 
are again essentially in the classical flat Minkowski plane. If the circles 
involved are in different components, they intersect in two points. This 
operation is also smooth. 
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THEOREM 4.7.1 (Nonclassical Smooth Planes) A flat Minkowski 
plane M(f,g) is smooth if and only if f and g are both smooth. 


For 4-dimensional compact Minkowski planes Scholz [1980] showed 
that such a plane is complex-analytic, that is, the point space is a 
complex-analytic manifold and the geometric operations are complex- 
analytic, if and only if it is isomorphic to the classical Minkowski plane 
over the complex numbers. 


4.8 Subgeometries and Lie Geometries 


Apart from the constructions in this section, a large number of con- 
structions of other types of geometries from flat Minkowski planes are 
described in detail in Chapter 6. Also included in Chapter 6 is the 
solution of the Apollonius problem for flat Minkowski planes. 


4.8.1 Flocks and Resolutions 


A flock of a toroidal circle plane M is a partition of the point set S! x S! 
into pairwise disjoint circles of M. 

Examples of flocks for the classical flat Minkowski plane can be ob- 
tained as follows. Let Q be the nondegenerate ruled quadric in 3-dimen- 
sional projective space PG(3, R), as in Subsection 4.1.1, and let L be a 
line of PG(3, R) that has no points in common with Q. Since a tangent 
plane to Q intersects Q in two lines, we see that a plane through LD 
cannot be tangent to Q. Each plane through L of PG(3, R) therefore 
intersects Q in a circle of the Minkowski plane. The collection of cir- 
cles obtained in this way yields a flock of the classical flat Minkowski 
plane M(Q). This kind of flock is called linear. 

Note, however, that there are nonlinear flocks of M(Q) as well. For 
example, using the same setup as before, one can choose three exterior 
lines to Q through a common point p which are not in a plane, say Li, L 
and L3. Any two of these lines determine a plane and dually, any two 
of these planes intersect in one of the three lines. One then obtains a 
‘trilinear’ flock by taking the intersections of Q with planes through the 
lines L; between the two planes determined by L; and one of the other 
two lines. If the lines Z,, D2, and D3 are chosen suitably one obtains in 
this way a flock of M(Q) that is made of three sections of linear flocks. 

In the case of a linear flock of M(Q) the circles in the flock correspond 
to the planes through a line. Furthermore, the collection of all planes 
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through a line topologically forms a 1-sphere. More generally, let F be 
a flock of a toroidal circle plane M. Let G be one (+)- or (—)-parallel 
class. Every circle C in F intersects G in exactly one point, and vice 
versa, every point of G determines a unique circle in F. This shows that, 
as a subset of the circle space, F is homeomorphic to S?. 


PROPOSITION 4.8.1 (Flocks) Each flock of a toroidal circle plane 


is homeomorphic to S}. 


Recall from Subsection 4.2.3 that a toroidal circle plane M can be 
described by a sharply 3-transitive set & of homeomorphisms of S!. 
The circles then are just the graphs of the homeomorphisms in D. If 
we use this standard representation of a toroidal circle plane, a flock F 
of M corresponds to a sharply transitive subset of D; we just take the 
homeomorphisms in © whose graphs are circles in F. Conversely, every 
sharply transitive subset of © gives rise to a flock of M; the circles in 
the flock are the graphs of the homeomorphisms in the subset. 


PROPOSITION 4.8.2 (Flocks and Sharply Transitive Sets) In 
a toroidal circle plane M represented by a sharply 3-transitive set & of 


homeomorphisms of S! the sharply transitive subsets of & are precisely 
the flocks of M. 


Given two disjoint circles C and C2 in a flat Minkowski plane M and 
a point p ¢ C; UC one can always find a circle C3 through p that is 
disjoint to both C) and C2. In fact, starting from two disjoint circles one 
can inductively construct a partial flock, that is, a collection of circles 
of the plane that are pairwise disjoint, that covers a dense subset of the 
torus. This partial flock can further be completed to a flock of M; see 
Rosehr [1998] Theorem 1.9. 


THEOREM 4.8.3 (Existence of Flock) Every flat Minkowski plane 
admits a flock. 


Let F be a flock of a toroidal circle plane M. An automorphism of F 
is an automorphism of the plane M that leaves F invariant, that is, 
circles in F are taken to circles in F under the automorphism. Clearly, 
the collection of all automorphisms of F forms a group with respect to 
composition, the automorphism group of F. 

In the case that M is a flat Minkowski plane, the automorphism group 
of a flock F of M is a closed subgroup of the automorphism group of M 
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and thus is itself a Lie group. The automorphism group of a flock of 
the classical flat Minkowski plane is at most 3-dimensional, the linear 
flocks attaining that maximum dimension. Furthermore, all flocks of 
the classical flat Minkowski plane that admit a nondiscrete automor- 
phism group are all classified; see Rosehr [1998] Theorem 3.11. In fact, 
the linear flocks are distinguished by their automorphism groups; see 
Rosehr [1998] Lemma 3.7 and Corollary 3.10. 


THEOREM 4.8.4 (Linear Flock) Let F be a flock of the classical 
flat Minkowski plane and let & be the automorphism group of F. Then 
each of the following conditions implies that F is linear. 


(i) © ts at least 2-dimensional; 
(ii) © contains an automorphism o # id that fixes three circles of F. 


A resolution of a toroidal circle plane M is a partition of the circle 
space of M into flocks of M. We call the Minkowski plane M resolvable 
if it admits a resolution. For example, the classical flat Minkowski plane 
admits a resolution into linear flocks. A nice geometric construction 
is as follows; see Thas [1975] for finite Minkowski planes. Let Q be 
the nondegenerate ruled quadric as before and let R denote one of the 
reguli of lines on Q, that is, all parallel classes of Q of one type. It is 
possible to embed F into a spread S of PG(3,R). Recall that a spread S 
of PG(3, R) is a partition of PG(3, R) into lines such that any two lines 
in the spread are skew, that is, they span the entire projective space. 
The linear flocks of the classical flat Minkowski plane M(Q) that are 
defined by the lines of S \‘R determine a resolution of M(Q). Note that 
a line in S\R cannot intersect Q since each point of Q is on a line in R. 
Furthermore, the flocks are pairwise disjoint, because the lines in S are 
pairwise skew. 

Using the standard representation of a toroidal circle plane in terms of 
a sharply 3-transitive set © of homeomorphisms of S! to itself from Sub- 
section 4.2.3, we can obtain resolutions of certain toroidal circle planes 
as follows; see Bonisoli [1989] Proposition 1 for finite Minkowski planes. 
Let Yoo = {o € E | a(co) = oo} be the set of all homeomorphisms in D 
that fix the point oo. Then it is clear that 0, is sharply 2-transitive 
on R = S$! \ {oo}. Let further ® be a sharply transitive subset of © 
and assume that ®©, C b. Since it readily follows that Pig is 3- 
transitive, the condition 6©,, C © implies that ©, = U . Obviously 
each ‘right coset’ Bo = {yo | y € &}, where o € Noo, is a sharply transi- 
tive subset of © and thus determines a flock. Furthermore, every o € © 
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has a unique decomposition as g = yon, for p € ® and doo E Loo. 
Hence {a | o € Noo} corresponds to a resolution. 


4.8.2 Double Covers of Disk Mobius Strip Planes 


In Polster [1998a] the fixed-circle sets of special involutory automor- 
phisms of toroidal circle planes were shown to be closely related to parts 
of flat projective planes. 

Let C be a circle in a toroidal circle plane M. If p is a point, let C(p) 
be the set of all points on C that are parallel to p. This set contains 
one or two points depending on whether p is contained in C or not. 
In the first case, let y(p) be p and, in the second case, let y(p) be the 
unique second point q such that C(q) = C(p). This defines an involutory 
homeomorphism ¥ of the point set to itself that exchanges (+)- and (-)- 
parallel classes and whose fixed point set is C. Note that, in general, 
we do not obtain an automorphism of M. (In the case of a flat Min- 
kowski plane and an automorphism, we have an inversion at C; see 
Subsection 4.6.5.) We call y an exterior involution if every circle that 
intersects C and contains two distinct points that are exchanged by y 
is globally fixed by y. We call an exterior involution strong if it fixes 
all circles that contain any two distinct points that get exchanged by +. 
If - is an automorphism it can be shown that it is an exterior involution 
(which may or may not be strong); see Polster [1998al]. 

The definition of a bundle involution of a hyperbolic quadric in real 
projective 3-space mirrors that of an oval in a projective plane or that 
of an ovoid in projective 3-space; compare Subsection 2.10.2. A bun- 
dle involution is an automorphism of the classical flat Minkowski plane 
whose fixed-point set is a circle in the classical plane. Furthermore, such 
a bundle involution is a strong exterior involution of this plane. 

Assume that y is an exterior involution. For every p € C consider 
the union of the two parallel classes containing p and let T(-) be the 
set of all such unions. Let S(y) be the set of all circles that intersect 
the circle C in exactly two points and are globally fixed by y. Finally, 
let E(-y) be the set of all circles that do not intersect the circle C and 
are globally fixed by y. 

Using these three sets, we can define some point-—line geometries. 
Let D’(y) be the geometry whose point set is the torus and whose line 
set is T(y) US(y) UE(y) or T(y) US(y) depending on whether or not 
is strong. Let D(y) be the geometry we arrive at by identifying points 
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of D that get exchanged by . This means that D(+) is a ‘double cover’ 
of D'(y). 


THEOREM 4.8.5 (Subgeometries of Flat Projective Planes) 
Let y be an exterior involution of a toroidal circle plane that fixes the 
circle C pointwise. Then there exists a topological oval O in some fiat 
projective plane P such that the geometry D(y) is topologically isomor- 
phic to the geometry whose point set 1s the complement of the interior 
of O. If y is strong its lines are the restrictions of the lines of P to 
the complement. If y is not strong the lines of the geometry are the 
restrictions of the tangents and secants of O to this complement. 


Furthermore, the sets T(y), S(y), and E(y) correspond to the sets of 
tangent, secant, and exterior lines of O, respectively, and the circle C' 
to the oval O. 


This means that in the case of a strong exterior involution the geom- 
etry of globally fixed circles is a ‘double cover’ of a disk Mobius strip 
plane ‘with boundary’. 

In the case that y is an automorphism, this theorem is a corollary 
of Theorem 2.10.6; see the remarks following this result. To make the 
necessary connection with Theorem 2.10.6, we remark that, given an 
inversion at the circle C of a toroidal circle plane, there is a repre- 
sentation of this circle plane as an invertible sharply 3-transitive set of 
homeomorphisms S$! — S! such that C' corresponds to the identity in 
this set. Translated into the language of sharply 3-transitive sets the 
proofs for the above special case in Polster [1998a] also work for the 
more general case that ¥y is a (strong) exterior involution. 


4.9 Open Problems 


PROBLEM 4.9.1 What R?-planes and flat affine planes can occur 
as derived planes of toroidal circle planes and flat Minkowski planes? 
What disk Mobius strip planes and abstract ovals arise from toroidal 
circle planes as described in Subsection 4.8.2? 


Some more constructions of flat linear spaces from flat Minkowski 
planes via generalized quadrangles (see Chapter 6) correspond to some 
more similar questions. 
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PROBLEM 4.9.2 Develop the theory of flat Minkowski planes that are 
integrals of R?-planes; see Subsection 5.3.4.1. 


PROBLEM 4.9.3 Are there any further essentially new ways to con- 
struct flat linear spaces from toroidal circle planes apart from the ones 
that come about as combinations of the links between the different classes 
of geometries described in this book? 


PROBLEM 4.9.4 Are there toroidal circle planes all of whose derived 
planes are R?-planes that are not flat affine planes? 


PROBLEM 4.9.5 Show that the automorphism group of a toroidal 
circle plane is a Lie group and develop a classification of toroidal circle 
planes with respect to their group dimension. 


PROBLEM 4.9.6 Classify all flat Minkowski planes of group dimen- 
sion 3. 


A complete classification of the flat Minkowski planes/toroidal circle 
planes of group dimension 3 should still be possible, whereas a complete 
classification of the planes of group dimension 2 seems to be beyond 
reach. 


PROBLEM 4.9.7 Develop a classification of flat Minkowski planes 
with respect to Klein-Kroll types. 


PROBLEM 4.9.8 Does every toroidal circle plane contain a flock or, 
even stronger, admit a resolution into flocks? 


PROBLEM 4.9.9 In general, extend some more results about flat 
Minkowski planes listed in this chapter to results about toroidal circle 
planes. 


More problems include the counterparts of some of the problems listed 
at the end of the chapter on spherical circle planes. 


9) 
Cylindrical Circle Planes 


Cylindrical circle planes and, in particular, flat Laguerre planes were 
first investigated by Groh [1968], [1969]. For information about gen- 
eral Laguerre planes we refer to Delandtsheer [1995], Hartmann [1982b], 
Kleinewillingh6fer [1980], and references given there. 

A cylindrical circle plane is a point—circle geometry whose point set is 
(homeomorphic to) the cylinder S! x R. Its point set is equipped with 
one nontrivial parallelism. The parallel classes of this parallelism are 
the verticals (generators) on the cylinder. The circles of the cylindrical 
circle plane are graphs of continuous functions S' — R that form a 
system of topological circles on the cylinder such that the Axiom of 
Joining B1 (see p. 7) is satisfied, that is, any three pairwise nonparallel 
points determine exactly one curve in the system. A cylindrical circle 
plane is a flat Laguerre plane if and only if it also satisfies Axiom B2. 

Cylindrical circle planes are just one of the infinitely many types of 
tubular circle planes that we will investigate in the last chapter of this 
book. On the other hand, among these different types of circle planes 
only the cylindrical circle planes allow an exposition that parallels those 
of the spherical and toroidal circle planes. Also, we will see in the next 
chapter that flat Laguerre planes are really the most important, the best 
understood, and the most general among the nested flat circle planes of 
rank 3. In fact, it turns out that for every flat Mobius and Minkowski 
plane there is a flat Laguerre plane from which it can be reconstructed 
in a natural manner. It is for these reasons that we dedicate a separate 
chapter to cylindrical circle planes whose organization mirrors that of 
the previous two chapters. The emphasis is on special features of flat 
Laguerre planes. Proofs for results that are part of a general result for 
all flat circle planes living on the cylinder or the Mobius strip will be 
deferred to the last chapter of this book. 
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5.1 Models of the Classical Flat Laguerre Plane 


In this first section we describe a number of models of the classical flat 
Laguerre plane. For detailed information about most of these models 
see Benz [1973]. 


5.1.1 The Geometry of Plane Sections 


The point set of the classical flat Laguerre plane is the vertical cylinder 
over the unit circle in the zy-plane 


S' x R= {(t,y,z) €R® | 2? +y’ = 1} 


in 3-dimensional Euclidean space. Its circles are the intersections of the 
cylinder S! x R with the nonvertical planes 


{(z,y,z) € R? | z=axr+by+t ch, 


where a,b,c € R. The parallel classes of the Laguerre plane are the 
vertical Euclidean lines {(20, yo, z) | z € R}, x2 + y@ = 1, contained in 
the cylinder. 

More generally, let C be a cone with vertex v and base an ellipse in 
real projective 3-space PG(3, R). Then a plane intersects C in either v, 
one line through v, two lines through v, or a nondegenerate conic, that 
is, an ellipse. We call the intersection of a plane with the cone nontrivial 
if it intersects the cone in an ellipse. Then a model of the classical flat 
Laguerre plane has as point set the set C \ {vu}, as circles the nontrivial 
plane intersections of the cone, and as parallel classes the lines on C’ 
through v that have been punctured at v. 


5.1.2 The Geometry of Euclidean Lines and Parabolas 


We fix a point p on the cylinder and let V denote the parallel class 
through p. We now consider the derived plane at the point p. Remember 
that its points are all points not on V. Its lines are all circles passing 
through p that have been punctured at p and all parallel classes different 
from V. The derived plane can be identified with the Euclidean plane via 
a stereographic projection (see below) such that the lines corresponding 
to the parallel classes are the verticals. Under this identification circles 
not passing through the point p induce conics in the affine plane. More 
precisely, these conics are Euclidean parabolas with vertical axes. In 
fact, any Euclidean parabola with a vertical axis occurs. Hence we are 
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dealing with a system of curves consisting of the Euclidean lines and 
parabolas 


{(z,y) € R? | y = ax? + br +c}, 


where a, b,c € R. Two Euclidean points (x1, y) and (Z2, y2) are parallel 
if and only if x] = z2. Thus the vertical Euclidean lines form the parallel 
classes of points. 

Conversely, we can start off with the Euclidean plane together with 
all nonvertical Euclidean lines and all Euclidean parabolas with vertical 
axes. This essentially describes the classical flat Laguerre plane. To 
reconstruct this geometry, we augment the point space R? of the Eu- 
clidean plane by one parallel class at infinity {oo} xR and augment every 
one of the curves that correspond to quadratic polynomials in which a 
is the coefficient of x? by the point (co, a). In particular, the nonvertical 
Euclidean lines are augmented by the point (00, 0). 

Now, for the stereographic projection mentioned above we may choose, 
without loss of generality, the point p we project from to be (0,1,0) and 
the plane we project onto the zz-plane; see Figure 5.1. 


Fig. 5.1. Stereographic projection 


Then the stereographic projection is given by the map 


(x,y,z) (5) : 
l-yl-y 


We are interested in the image under this map of the intersection of 
the cylinder with the nonvertical plane 


E={(z,y,z) €R*|z=vr+uy+v}, 
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where v,u,w € R. This image is 


on St oe BSH 


{(e2) € R? 


Clearly, the plane E passes through the point (0,1, a) of the parallel 
class through p if and only if u+w =a. This means that the circles of 
the flat Laguerre plane through the point (0,1,@) on the parallel class 
at infinity correspond to the parabolas/quadratic polynomials with the 
same leading coefficient a/2. 


5.1.3 The Geometry of Trigonometric Polynomials 


We again start with the geometry of nontrivial plane sections of the 
vertical cylinder over the unit circle S! in the zy-plane and parametrize 
the circle S! by [0, 27) in the usual way 


(0,27) > R?: t & (sint, cost). 
Let FE be the nonvertical plane 
{(z,y,z) € R3 | z=ar+ by +c}, 


where a,b,c € R. If we view the cylinder as the strip [0, 27] x R whose 
left and right boundaries have been identified in the obvious way, then 
the circle of the classical flat Laguerre plane that corresponds to the 
plane £ is the graph of the periodic function 


[0,27] > R: tr asint+becost+c. 


This means that the set T of trigonometric polynomials of degree at 
most 1 is another model of the classical flat Laguerre plane. The fact that 
our geometry satisfies Axiom B1 is equivalent to this set of continuous 
periodic functions solving the Lagrange interpolation problem of order 3. 

In Chapter 7 we will investigate the different kinds of geometries that 
correspond to sets of continuous functions that solve the Lagrange in- 
terpolation problem of some order. 


5.1.4 The Geometry of Oriented Lines and Circles 


The following model of the classical flat Laguerre plane is constructed 
completely in terms of the objects in the affine part of the classical flat 
Mobius plane; see also Subsection 6.5.2. 
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Consider the abstract geometry £ whose points are the oriented Eu- 
clidean lines and whose circles are the points and the oriented Euclidean 
circles in R?. This means that every Euclidean line or circle corresponds 
to two objects in £. A point and a circle of £ are incident if and only 
if their corresponding objects touch, that is, have exactly one point in 
common, and share the same orientation if they are both oriented; see 
Figure 5.2. 


Fig. 5.2. An incident point-circle pair in the geometry of oriented Euclidean 
lines and circles 


It is easy to see that two points of £ are parallel if and only if they 
correspond to parallel Euclidean lines that are oriented in the same 
way. Figure 5.3 shows the unique connecting circle of three pairwise 
nonparallel points in the geometry £L. The diagram on the cover of this 
book shows an example of Miquel’s configuration in L. 


Fig. 5.3. Three pairwise nonparallel points and their connecting circle in the 
geometry of oriented Euclidean lines and circles 


We want to show that C is really isomorphic to the classical flat La- 
guerre plane. To this end we first assign homogeneous coordinates to 
both points and circles of £. Let DL be a point in CL that is carried by 
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the Euclidean line 
L' = {(z,y) | a+ bx + cy = 0}. 


Then V = (b,c) is a vector that is perpendicular to L’. Let W = (b',c’) 
be a vector in R* whose orientation coincides with that of L. Finally, 


let 
d=+7/b? +c? 


depending on whether the determinant 


b Ob 
cc! 


is positive or negative, that is, depending on whether V and W define a 
right- or left-handed coordinate system. Now the point in real projective 
3-space corresponding to L is (a: b: c: d). Convince yourself of the fact 
that this assignment of homogeneous coordinates is well defined. Also a 
point (a: 6: c:d) in PG(3, R) corresponds to a point of L if and only if 


P+ =d £0. 


Furthermore, two points (a: 6: ¢:d) and (a@”: 6”: ce’: d’) correspond 
to parallel points of £ if and only if 


bo we 

doa a ae 

Let C be a circle of £. If C is a point of R?, we consider it as a 
circle of radius 0. Let C’ be the Euclidean circle or point that carries C 
and let r be its radius and (a,b) the affine coordinates of its centre. 
Finally, let rad(C’) = r or —r depending on whether C is oriented in the 


anticlockwise or clockwise direction, respectively. The point 


i 


(w:a:y:z) 
corresponds to C if 
z ¥y 
we HO =e, 
Again, convince yourself that this assignment of homogeneous coordi- 
nates to circles of £ is well defined. 
Furthermore it can be shown that the point in £ with the coor- 
dinates (@ : 6b : c : d) is incident with the circle with the coordi- 
nates (w:z:y:2z) if and only if 


aw + bz + cyt dz =0. 
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If C is the set of all points of £ given in the form (a, },c,1), then 
C — R?: (a,6,c,1) + (—c, b, —a) 


defines an isomorphism from CL to the classical flat Laguerre plane; see 
Benz [1973] Section 1.2, for more details about this construction. 


5.1.5 Pentacyclic Coordinates 


In this subsection we introduce a certain higher-dimensional space such 
that points and circles of the classical flat Laguerre plane are both rep- 
resented by certain points of this space. 

Let Q be the nondegenerate quadric in PG(4, R) defined by 


Q = {(x9: 21: 22:23:24) € PG(4,R) | 22 + 2? — 22 + 2ro24 = O}. 
We intersect Q with hyperplanes 
Ea = {(0:21: 22:23:24) € PG(4,R) | 


apXo + 4X1 + Agr2 + a3z3 + a4%4 = OF, 


where a is a point a = (ao : @) : G2 : a3 : a4) of the quadric Q. For the 
point e = (0:0:0:0: 1) the intersection of E, and Q is 


EeNQ = {(xo: 21:22: 23:0) € PG(4,R) | 22 +2? — 22 = 0} 
{(xo : 21: 22:23) € PG(3,R) | 22 +2? — 22 = 0}, 


I2 


that is, an elliptic cone in 3-dimensional projective space Ee ~ PG(3, R) 
with vertex v = (0:0:1:0:0). We thus have, except for the vertex v, 
the point space of the classical flat Laguerre plane. Introducing affine 
coordinates in such a way that 23 = 0 describes the plane at infinity 
of the projective space EF, (this plane intersects the cone only in the 
vertex v) we just obtain the standard cylinder S! x R in R’. 


(Ee Qass (Ze Q) \ {v} 
= {(r0:21:22:1:0) € PG(4,R) | 23 +2? -1=0} 
{(z0, 1,22) € R? | 238 +2? = 1}. 


Ii 


I2 


We further intersect Ee MQ with hyperplanes E, for a € Q\ Ey 
to obtain the circles. We have to exclude hyperplanes that contain v 
because such hyperplanes intersect the cone in v, one generator, or a 
pair of generators. 

Clearly, Ee QM Eg is the intersection of the cone Ee MQ C Ez in 
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3-dimensional projective space E, ~ PG(3,R) with the plane E,M Eg 
of E.. Furthermore, we can put a2 = 1 because a ¢ Ey. Then 
Ee.NQNE, = {(fo0 : 21 : Z2q: x3) € PG(3, R) | 
ze +2? - a = 0, apo + @121 + 2 + a3x%3 = 0} 
{(0, £1, Z2) E R? | 


ze +23 = 1, @9%9 + 121 + 22 + G3 = 0} 


2 


{(Z0, £1, —@o29 — a121 — ag) | 
zo,21 € R,22 +2? = 1}. 
Moreover, all planes of FE, that intersect S! x R in a circle are covered; 
compare Subsection 5.1.1. 
Note that 
O\E, = {(2o:21:1:23:24) € PG(4,R) | 22 +2? —23 +24 =0} 


( 
~ {(x0, 21,23, 04) € R4 | x2 +2? —ai+a4 = 0} 
( 


l2 


{(x0, 21,23, 23 — x2 — x24) | zo, 21,23 € R} 
~ R*. 


More generally, one can use any point p on Q instead of e. Thus the 
point space is (Ep M Q) \ {y(p)} where y is the involutory collineation 
of PG(4,R) given by y(xo : 21: 22: 23: U4) = (Zo: 21: L4 2 —L3 : Ze) 
that leaves the quadric Q invariant. Circles are of the form EpN Qn Eg 
for q € Q\ Eyip). Hence the quadric Q contains many copies of the 
classical flat Laguerre plane. 

Points and circles of the classical flat Laguerre plane £ are both repre- 
sented by points of Q. Points of £ are the points of Q that are orthogonal 
to a fixed point p € Q but different from y(p). Circles of £ correspond 
precisely to the points of Q not collinear with y(p). A point u € Q is 
incident with a circle v € Q if and only if u and v are orthogonal; see 
also Section 6.1. 


5.1.6 The Geometry of Chains 


In this subsection we construct the classical flat Laguerre plane as a 
geometry of chains. As in the case of the respective models for the 
classical flat Mobius and Minkowski planes, we start with a 2-dimen- 
sional ring extension of R. This ring extension is isomorphic to the ring 
of dual numbers 


D = {a+ be | a,b € R}, 
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where €? = 0. The algebraic operations in D are given by 
(a + be) + (c+ de) = (atc)+(b+d)e 
and 
(a + be)(c + de) = (ac) + (ad + be)e. 


Clearly, D is commutative and contains R as a subring. As in the case 
of the classical flat Mobius and Minkowski planes the chain geometry 
associated with D has as points the points of the projective line PG(1, D) 
and as blocks the images of PG(1,R) C PG(1,D) under the projective 
group of PG(1,D). Here are some of the details of this construction. 

Just as the complex numbers, D is a commutative ring with identity 1. 
A map y: D — D is an automorphism of D that fixes R globally if and 
only if it is one of the maps 


yg: D->D:at+bera+t ble, 


where | € R \ {0}. Furthermore, D admits precisely two involutory 
ring automorphisms that fix R globally. These are the identity and the 
involution 


y-1:D—-D:at+bera+tbe=a-— be. 
Apart from {0} and D itself, the ring D has just one more ideal, namely 
J =Re = {re |r € R}. 


Let R = D\ J. Then R is the set of invertible elements of D. The 
inverse of a + be, a £0, is given by 4(a + be) = (a — be). 

Let P be the set of all pairs (x, y) such that not both of x and y are con- 
tained in the ideal 7 and let two pairs (u, v) and (a, y) in P be equivalent 
if there is an invertible element s € R such that (u,v) = (sz, sy). This 
really defines an equivalence relation on P. The projective line PG(1, D) 
consists of the equivalence classes of this equivalence relation. As usual, 
if (x,y) € P, then (x: y) denotes its corresponding equivalence class. 

The invertible 2 x 2 matrices with entries in D form a group GL2(D) 
with respect to the usual matrix multiplication. A 2 x 2 matrix 


a b 

c d 
is invertible if and only if its determinant ad — bc is an element of R. 
If S is the subgroup consisting of all elements of the form 


G) 
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for a € R, then PGL2(D) is the quotient group GL2(D)/S$ which acts in 
a natural way on PG(1, D). We define a geometry D(R, D) whose points 
are the elements of PG(1,D) and whose circles are the real projective 
line PG(1,R), which is naturally embedded in PG(1,D), and all its 
images under PGL2(D). 

As in Subsection 5.1.2, we consider Z = (RU {oo}) x R to be the 
point set of the classical flat Laguerre plane. Then 


(c+ye,1) forzxeR, 


Z + PG(L,D) (ev) + { (1, —ye) for Z = co 


defines an isomorphism between the classical flat Laguerre plane and the 
(chain) geometry &(R,D). Here the circle 


{(x,y) € R? | y = ax? + br +c} U {(00, a)} 


is mapped to the set of all (x : y) such that 


con(e E)G)-* 


We only remark that two points (u : v) and (z : y) in U(R,D) are 
parallel if and only if wy — ur € J. 

The automorphisms y; of D also extend in the natural way to auto- 
morphisms of PG(1,D). (With the identifications made above, y; gives 
rise to the transformation (z,y) +> (z,ly) in the usual model of the 
classical flat Laguerre plane on (R U {oo}) x R.) Together with the 
elements of PGL2(D) these automorphisms generate the full group of 
automorphisms PI'L2(D) of X(R, D). 

By construction, the group PGL2(D) is transitive on the set of chains. 
The stabilizer of the chain PG(1,R) is obtained from the matrices 
in GL2(R) (canonically embedded into GL2(D)). This stabilizer is tran- 
sitive on PG(1,R). 


THEOREM 5.1.1 (Flag-Transitive Automorphism Group) The 
group PI'L2(D) is the automorphism group of &(R,D). Furthermore, 
this group is a 7-dimensional Lie group that acts flag-transitively on the 
projective line PG(1, D). 


In fact, the stabilizer of PG(1,R) is 2-transitive on PG(1,R). This 


readily implies the following. 


PROPOSITION 5.1.2 (2-Transitive Automorphism Group) The 
group PI'L2(D) is 2-transitive on the set of parallel classes of &(R,D). 
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5.2 Derived Planes and Topological Properties 


In this section we define the two standard representations of cylindrical 
circle planes. The first generalizes the representation of the classical 
plane as a geometry of Euclidean lines and parabolas, the second the 
representation as a set of continuous functions S! — R that solves the 
Lagrange interpolation problem of order 3. Following this we consider 
the continuity of the geometric operations, some questions of coherence, 
and the spaces of lines and flags of a cylindrical circle plane. 


5.2.1 Derived R?-Planes 


The idea of representing the classical flat Laguerre plane in the Euclidean 
plane can be extended as follows. 

Let p be a point of a cylindrical circle plane and let V be the parallel 
class containing p. Remember that the point set of the derived plane 
at the point p consists of all points not parallel to p. Its lines are the 
circles through p that have been punctured at p, and all parallel classes, 
except V. This is an R?-plane. In the case of a flat Laguerre plane we 
even obtain a flat affine plane, the derived affine plane at p. This flat 
affine plane extends uniquely to a flat projective plane, which we call 
the derived projective plane at p. 


THEOREM 5.2.1 (Characterization via Derived Planes) Let £ 
be a geometry whose point set the cylinder S' x R is equipped with one 
nontrivial parallelism, the parallel classes of which are the verticals on 
the cylinder. Furthermore, the circles of L are graphs of continuous 
functions S' + R. Then L is a cylindrical circle plane or a flat Laguerre 
plane if and only if all its derived planes are R?-planes or flat affine 
planes, respectively. 


Each derived affine plane of the classical flat Laguerre plane is iso- 
morphic to the Euclidean plane. 

Just as in the case of spherical and toroidal circle planes, it is possible 
to use results about the derived planes of cylindrical circle planes to 
prove similar results for cylindrical circle planes. Here is an example. 


THEOREM 5.2.2 (Intersection of Circles) Two distinct circles in 
a cylindrical circle plane intersect in at most two points. If they intersect 
in exactly one point, then they touch topologically. If they intersect in 
two points, then they intersect transversally at these points. 
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5.2.2 Affine Parts 


A circle C not passing through the distinguished point p intersects the 
parallel class through p in one point. We call the restriction of the 
circle C' to the point set of the derived plane at p a parabolic curve. 
Clearly, this parabolic curve is a topological arc in the derived plane. In 
the case of a flat Laguerre plane, a closer look at the derived projective 
plane at p reveals that the parabolic curve can be extended to a topo- 
logical oval by adding to the parabolic arc the point at infinity of the 
lines that correspond to the parallel classes in the Laguerre plane. 

A cylindrical circle plane can thus be described in one derived plane A 
at a point p by the lines of A and a collection of parabolic curves. We 
call the induced geometry the affine part at p. Note that as geometries 
the affine parts at all points of one parallel class coincide. 

As demonstrated at the end of Subsection 5.1.2, the affine part (at 
any point) of the classical flat Laguerre plane can be identified with the 
Euclidean plane together with its lines and all Euclidean parabolas that 
have a vertical symmetry axis. 

Let L = (P,C) be a geometry whose point set is equipped with one 
nontrivial parallelism and which satisfies Axiom Bl. We say that £ has 
a flat affine part with respect to one of its parallel classes V if it has the 
following properties. 


e P\V=R?. 
e The parallel classes different from V are the verticals in R?. 


e The restrictions of circles in C to P \ V = R? are graphs of contin- 
uous functions R > R. 


Of course, this implies that the derived planes at all points of V are 
R?-planes. In the case that £ is a Laguerre plane all derived planes are 
flat affine plane. 


THEOREM 5.2.3 (Affine Parts) Let L = (P,C) be a geometry whose 
point set is equipped with one nontrivial parallelism. If L satisfies Az- 
iom B1 and L has a flat affine part with respect to one of its parallel 
classes V, then there are a cylindrical circle plane CL’ = (P',C') that is 
isomorphic to L and a parallel class V' in L' such that the restriction 
of L' to P'\V' and the restriction of L to P\V coincide. The cylindrical 
circle plane L' is uniquely determined up to isomorphism. 


If L is a Laguerre plane, then L' is a flat Laguerre plane. 
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This result is a straightforward generalization of Polster-Steinke [1994] 
Proposition 2; see also Theorem 7.2.4. 

In the following, a flat Laguerre plane will often be given as an abstract 
Laguerre plane on the set (RU{oo}) xR with parallel classes the verticals 
in this set and circles that are graphs of functions R U {co} — R that 
are continuous when restricted to R. Every flat Laguerre plane given in 
this form has a flat affine part with respect to the parallel class {oo} xR. 
We will refer to this distinguished affine part as the affine part of the 
Laguerre plane. 


5.2.3 Continuity of the Geometric Operations 


As in the case of the geometries that we considered in previous chapters, 
the topology on the circle set of a cylindrical circle plane is uniquely 
determined by the topology on its point set; for proofs of the following 
results in the case of flat Laguerre planes that generalize to the respective 
results for cylindrical circle planes see Groh [1968] 2.10 and [1970] 3.10. 


THEOREM 5.2.4 (Topology Cylinder — Topology Circle Space) 
The natural topology of the circle space of a cylindrical circle plane is the 
finest topology with respect to which the map a of joining three pairwise 
nonparallel points by a circle is continuous. In particular, a basis for the 
topology of the circle space is formed by the sets a(U;, U2,U3), where the 
sets U,,U2,U3 are nonempty open subsets of the cylinder such that any 
three points p; € U;, i =1,2,3, are pairwise nonparallel. 


In the following we always assume that both point and circle spaces 
of a cylindrical circle plane carry their natural topologies. 

The topology of the point space is, of course, the usual Euclidean 
topology of the cylinder S! x R but one can also describe it geomet- 
rically. Let C,, C2, C3 be three circles that pairwise intersect in two 
points and such that C, 1 C2M C3 consists of a single point g. Let the 
triode D(C;, C2, C3;q) be the collection of all points in the interior of 
the triangle formed by the lines induced by C), C2, C3 in the derived 
plane at q. 


PROPOSITION 5.2.5 (Triodes Form Neighbourhood Basis) 
The triodes for a fixed q that contain a point p that is not parallel to q 
form a basis for the neighbourhoods of p. 
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In fact, one can generalize the notion of a triode and replace one of 
the circles by a parallel class such that in the derived plane one of the 
sides of the triangle is vertical (that is, it comes from a parallel class of 
the cylindrical circle plane). 

It now follows that the other geometric operations are also continuous 
with respect to the topologies defined above. 


THEOREM 5.2.6 (Continuity) In a cylindrical circle plane the op- 
erations of 


© joining three pairwise nonparallel points by a circle, 
e intersecting a parallel class and a circle in a point, 
e intersecting two distinct circles 


are continuous on their respective domains of definition. 
In a flat Laguerre plane, forming the tangent circle to a circle through 
two nonparallel points as in Ariom B2 is also a continuous operation. 


5.2.4 Topological Laguerre Planes 


A topological Laguerre plane is a Laguerre plane whose sets of points and 
circles carry nonindiscrete topologies such that the geometric operations 
of joining, touching, intersecting distinct circles, and intersecting circles 
and parallel classes are continuous on their domains of definition. The 
results of the previous subsections imply that the flat Laguerre planes 
are topological Laguerre planes. 

As usual, we call a topological Laguerre plane an X Laguerre plane 
if its point space is a topological space of type X. The following result 
characterizes the flat Laguerre planes among the topological Laguerre 
planes; see Groh [1968], [1970]. 


THEOREM 5.2.7 (Topological Characterization) The flat La- 
guerre planes are precisely the 2-dimensional locally compact connected 
Laguerre planes. 


A topological locally compact finite-dimensional Laguerre plane has 
dimension 0, 2, or 4; see Buchanan—Hahl—Lowen [1980], Lowen [1981d]. 
For example, one obtains a 4-dimensional Laguerre plane as in Subsec- 
tions 5.1.1 and 5.1.2 by replacing the real numbers R by the complex 
numbers C. 

As in the case of topological M6bius and Minkowski planes, a number 
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of coherence axioms for topological Laguerre planes have to be inves- 
tigated to decide whether or not the derived affine planes of a given 
topological Laguerre plane are topological, too. In the case of a flat 
Laguerre plane the answer clearly is ‘Yes’; compare Theorem 2.3.4. 

To a large extent the different coherence axioms that need to be 
considered coincide with those investigated for topological Mobius and 
Minkowski planes. One of these coherence axioms reflects the fact that 
ovals induced in derived projective planes must be topological. In flat 
Laguerre planes this becomes that touching is the limit of proper inter- 
section. Specializing points and circles yields the continuity of forming 
parallel lines in derived affine planes. Other coherence axioms deal with 
the intersection of circles and parallel classes as the circles pass through 
points that converge to parallel points. 

A topological Laguerre plane is called coherent if it satisfies all coher- 
ence axioms. Groh [1970] 2.7 proved the following result. 


THEOREM 5.2.8 (Coherence) Every flat Laguerre plane is coher- 
ent. 


See the references given above and at the end of Subsection 3.2.4 and 
Iversen [1970] for further information about topological Laguerre planes. 


THEOREM 5.2.9 (Derived Planes, Arcs, and Ovals) Each de- 
rived plane of a cylindrical circle at a point p is an R*-plane. The 
restriction of the natural topology on the line set of the R-plane to the 
set of lines that arise from circles through p is the restriction of the 
natural topology on the circle set to the set of circles through p. 


A circle not passing through the point p turns into a topological arc in 
the derived plane at p. In a flat Laguerre plane such an arc extends to a 
topological oval in the derived flat projective plane at p that touches the 
line at infinity of the derived affine plane at p at the point at infinity of 
the vertical lines. 


5.2.5 Circle Space and Flag Space 


From the description of parallel classes as verticals of the cylinder S'x R 
it is clear that each parallel class is homeomorphic to R and that the 
set II of all parallel classes is homeomorphic to S?. 
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THEOREM 5.2.10 (The Space of Parallel Classes) The set of 
parallel classes of a cylindrical circle plane is homeomorphic to S!. 


Using the fact that each circle in a cylindrical circle plane is uniquely 
determined by its intersection with three distinct parallel classes, the 
circle space of a cylindrical circle plane can be explicitly described topo- 
logically. 


THEOREM 5.2.11 (The Space of Circles) The set of circles of a 
cylindrical circle plane is homeomorphic to R°. 


Remember that a flag in a cylindrical circle plane £ is an incident 
point—circle pair, that is, a pair (p,C), where p is a point and C a circle 
of £ such that p € C. Since parallel classes and circles always intersect in 
unique points, it readily follows that the map (p,C) + (|p|, C) provides 
a homeomorphism from the flag set F onto the Cartesian product II x C 
of the set II of all parallel classes and the circle set C. 


THEOREM 5.2.12 (The Space of Flags) The flag space F of a 
cylindrical circle plane is homeomorphic to the topological space S! x RS. 


5.3 Constructions 


In this section we present some of the most important construction meth- 
ods for nonclassical flat Laguerre planes and cylindrical circle planes. 


§.3.1 Ovoidal Planes 


Let C be a strictly convex topological circle in the xy-plane. Then the 
geometry of nonvertical plane sections of the vertical cylinder over this 
curve is a cylindrical circle plane. Cylindrical circle planes constructed 
like this are called ovoidal planes. The parallel classes in such a plane 
are the vertical Euclidean lines of R*° contained in the cylinder. The 
ovoidal plane associated with C is a flat Laguerre plane if and only if C 
is differentiable. It is classical if and only if C’ is an ellipse. 

We can also describe this construction within real projective 3-space. 
Here we start with C and a point that is not contained in the plane C 
is contained in. Then the cylindrical circle plane associated with C 
and p is the geometry of nontrivial plane sections of the cone K with 
base C and vertex p. Here the point set of the plane is K \ {p}, the 
parallel classes are the lines in K that have been punctured at p, and 
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a plane section is nontrivial if and only if it is a topological circle. The 
resulting circle planes for fixed C and variable p are isomorphic via 
automorphisms of the projective space that fix C’ pointwise. In fact, 
the group of collineations of PG(3,R) that fix a plane EF pointwise is 
transitive on the complement of F. 

Let f : RR be a continuous function. Then f is called parabolic if 
it satisfies the following conditions: 


e f is strictly convex (or concave); 
© limz—+oo f(z) — cz = +00 (or ~oo) for all cE R. 


Recall that parabolic functions generate shift planes, that is, special flat 
affine planes; see Subsection 2.7.4 for a summary of results about these 
special functions. A parabolic function is called strictly parabolic if it is 
differentiable. This is the case if and only if f is a differentiable function 
whose derivative is a homeomorphism R — R. A strictly parabolic 
function is normalized if and only if it is convex and f(0) = f’(0) =0 
and f(1) =1. 

Given a parabolic function f, we obtain a closed topological arc Cs 
in PG(2,R) by augmenting the graph of f by the infinite point of the 
y-axis, that is 


Cy = {(: f(x): 1) |x Ee R}U{(O: 1: 0)}, 


where (a : y : z) denotes the point in 2-dimensional projective space 
spanned by the vector (x,y,z) € R*. The ovoidal cylindrical circle 
plane obtained from this closed topological arc will be denoted by CL(f). 
Moreover, every ovoidal cylindrical circle plane is isomorphic to one 
such plane and every ovoidal flat Laguerre plane is isomorphic to a 
plane £(f) for a suitable normalized strictly parabolic function f; see 
Léwen-Pfiiller [1987a] Lemma 2.1. 

We represent £(f) on the cylinder Z = (RU {oo}) x R using a stere- 
ographic projection. On Z the circles of £(f) are the sets 


{(,y) € R® | y =af(a) + bx + c)} U {(cv, a)}, 


where a,b,c Ee R. 
A special class of normalized strictly parabolic functions are the skew 
parabola functions; see p. 443. These functions are of the form 


xt for x > 0, 
far(a) = { riz|¢ for x <0, 
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where d > 1landr > 0. A skew parabola is the graph of a skew parabolic 
function. Note that d = 2, r = 1 corresponds to a Euclidean parabola. 

An ovoidal plane £(f) represented on Z as above admits the following 
automorphisms: 


(z,rytaf(z)+brt+c) forreR, 
(co, ry + a) for 7 = 00, 


2 2:(ey) { 


where a,b,c,r € R, r #0. These automorphisms form a 4-dimensional 
group of automorphisms. If f is skew parabolic, then the maps 


R? = R?: (z,y) © (sz, y), 


where s € R* also extend to automorphisms of C(f). In fact, it turns 
out that the ovoidal flat Laguerre planes over proper skew parabolas 
are precisely the flat Laguerre planes of group dimension 5; see Theo- 
rem 5.4.12. 


5.8.2 Semi-classical Flat Laguerre Planes 


In general, the construction of semi-classical flat Laguerre planes can be 
imagined as two halves of a classical flat Laguerre plane being pasted to- 
gether along one circle or two distinct parallel classes. We describe these 
two essentially different methods in the following two subsubsections in 
more detail. 


5.3.2.1 Gluing along Two Parallel Classes 


Let H be the set of all orientation-preserving homeomorphisms of R to 
itself. Let ho, hi, ho € H and for every x € (—00, 0] let 


(l+a)ho'(y)-—ahz*(y) for x € [—1,0], 


FiRRiye | CL for x € (—oo, —1]. 


Then the sets 
{(z,y) € R? | y=az? + br+c,z > 0} 

U {(z,y) € R? | y = Fr(ho(a)z? + hi(b)z + ho(c)), 2 < 0} 

U_ {(oo,a)}, 
where a,b,c € R, form the circle set of the semi-classical flat Laguerre 
plane L(ho,hi,h2) of type 1 on the cylinder (RU {oo}) x R. 

The functions F, are used to obtain topological circles in the usual 

topology of the cylinder (RU {co}) x R. An isomorphic model with 
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a slightly different topology but circles that are easier to visualize and 
deal with is one where circles have the form 


{(x,y) € R? | y=azr? +br+ce,x2>0} 
U {(,y) € R? | y= ho *(ha(a)x? + hy(b)x + ho(e)),x < OF 
U {(c0, a)}, 
where a,b,c € R. One only has to fit in the parallel class at infinity 
topologically in a suitable way. The topology on R? is the usual one, 
that is, the affine parts of the two models are (topologically) isomorphic. 
We use this description when specifying automorphisms of these planes. 

If ho = id and hy = he are of the form rt & and z+ ka for s > 0 
and x < 0, respectively, the resulting planes are called Moulton—Laguerre 
planes in Hartmann [1976]; see also Maurer [1972]. 

Let V and W be two distinct parallel classes in the classical flat La- 
guerre plane. One type 1 half of this plane is the restriction of the plane 
to one of the two connected components of the complement of V UW 
in the point set. Since the automorphism group of the classical plane 
acts 2-transitively on parallel classes (see Proposition 5.1.2), all type 1 
halves of the classical plane are isomorphic. 


THEOREM 5.3.1 (Characterization of Semi-classical Planes) 
Let L=(Z,C) be a flat Laguerre plane and let V and W be two parallel 
classes such that the restrictions of L to the two connected components 
of Z\(VUW) are both isomorphic to one type 1 half of the classical plane. 
Then L is isomorphic to one of the semi-classical planes L(ho, hi, ha) of 
type 1 defined above. 


Semi-classical flat Laguerre planes of type 1 have two distinguished 
parallel classes, which in the above representation are the two paral- 
lel classes {co} x R and {0} x R. We summarize some properties 
of £(ho, hi, 2) in the following theorem. Recall that a homeomorphism 
in H is called a multiplication if it is of the form «+ rx for r € Rt. 


THEOREM 5.3.2 (Special Properties) Let £ = C(ho, hi, ho) be a 
semi-classical flat Laguerre plane of type 1. Then the following hold. 
(i) The derived planes at points of the two distinguished parallel 
classes are semi-classical flat affine planes; see Subsection 2.7.2. 
(ii) The flat Laguerre plane L is ovoidal if and only if all the defining 
homeomorphisms are multiplications. 
(iii) The flat Laguerre plane CL is classical if and only if all the defining 
homeomorphisms are multiplications and h? = hzho. 
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Since both classical subgeometries of a semi-classical flat Laguerre 
plane can be uniquely embedded, up to automorphisms of the classical 
flat Laguerre plane, into the classical] flat Laguerre plane, automorphisms 
of semi-classical flat Laguerre planes can be explicitly determined. 

We say that L(ho, hi, ho) is of group/kernel dimensions (m, n) if it is of 
group dimension m and its kernel has dimension n; see Subsection 5.4.2 
for the definition of the kernel of a flat Laguerre plane. 

We define some special classes of orientation-preserving homeomor- 
phisms R. — R that have properties which make them particularly useful 
when it comes to constructing semi-classical flat Laguerre planes of large 
group dimensions. 

Let 
gt for x > 0, 


hap RRiom { —r|z|¢ for z <0, 


and let 
h: ROR: 2h b(ha,(z +t) — har(t)), 


where 6,d,r € R*,t € R. This means that ha, is a semi-multiplicative 
homeomorphism; compare the end of Section A1.4. 

It turns out that h is also a homeomorphism. Let Fay be the set 
of all homeomorphisms of this form, let Hua be the homeomorphisms 
in Hy with fixed d, and let Hs. = Hua (semi-affine homeomorphisms). 
Finally, let Hn be the set of all multiplications as defined above. 


THEOREM 5.3.3 (Group/Kernel-Dimension Classification) 
Let £L = L(ho,hi,h2) be a semi-classical flat Laguerre plane of type 1. 
Then £L has group/kernel dimensions 


7,4 if and only if ho, hi, he € Hm and hoh2 = h?; in this case L is 
the classical flat Laguerre plane; 

5,4 if and only if ho, hi, ho € Hm and hoho # hi; in this case L is a 
nonclassical ovoidal flat Laguerre plane; 

4,3 if and only if two of the defining homeomorphisms are in Hm and 
the third is in Hsa \ Hm; 

3,2 if and only if one of the defining homeomorphisms is in Hm and 
the other two are in Hsa \ Hm, or two of the defining homeo- 
morphisms are in Hm and the third is not in Hya; 

2,1 if and only if all three defining homeomorphisms are in‘H M,d\Hm 
for some d>0, or hi € Hm, hj € Hua \ Hm, hk € Hua \ Asa; 
such that {i,7,k} = {0,1, 2}; 
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1,1 if and only if exactly one of the defining homeomorphisms h,; is 
in Hm and at least one is not in Hu; 

1,0 if and only if exactly two of the defining homeomorphisms are 
in H,a for some d > 0, or if they are all contained in Hu \Hm 
but not all contained in Ha for the same d > 0; 

0,0 in all other cases, that is, none of the homeomorphisms is in Hm, 
for every d > 0 at most one of them is contained in Hoa and at 
least one of them is not contained in Hrs 


By choosing the determining homeomorphisms carefully, we arrive at 
rigid flat Laguerre planes, that is, flat Laguerre planes that do not admit 
any nontrivial automorphisms. For example, let 


frm iB Rize (1-2) 24 40 (G08 a2 +n), 


where m € N, m > 2, andr € R,O0 <7 < 3. It is easily verified 
that each f,,m is a strictly increasing homeomorphism. Furthermore, 
if (ri,m;), 1 = 1,2,3, are three pairwise distinct pairs such as this, 
then L(fr,,mi> fro,ma> fra,mg) is a rigid flat Laguerre plane. 

For these and other information about semi-classical flat Laguerre 
planes of this type see Steinke [1988]. In Polster-Rosehr—Steinke [1998] 
the results summarized in this subsubsection have been extended. In 
it all flat Laguerre planes have been determined that have been glued 
together from two halves of ovoidal flat Laguerre planes. 


5.8.2.2 Gluing along a Circle 


In the following let Ho,1 be the set of all orientation-preserving homeo- 
morphisms of R_ to itself that fix 0 and 1, and let H, be the subset of Ho1 
consisting of all those homeomorphisms A such that h(a) = —A(—z) for 
allzeR. Let y € H, and  € Ho. 

The circles of the semi-classical flat Laguerre plane of type 2, denoted 
by L(y, W), on the cylinder (RU {oo}) x R consist of the following sets. 


{(z,c) € R? | c E R}U {(00,0)}, 


where ce R, 


{(z,y) € R? | x=my+t,y > 0} 
U {(z,y) ER? | c=" (y(m)y + Yt), y < 0} U {(co, 0)}, 
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where m,t € R, m #0, and 


{(z,y) € R? | y = ax? + ba +c} 
U  {(co,a)} for b? < 4ac,a > 0, 


{(z,y) € R? | y = a(y(z))? + bY (x) +c} 
U_ {(oo, a)} for b? < 4ac,a < 0, 


{(z,y) € R? | y = ax? + br +¢,y > 0} 
{(,y) € R? | y = a(p(x))? + bb(x) +Z,y < 0} 
U_ {(co,a)} for b? > 4ac,a > 0, 


Cc 


{(z,y) € R? | y = a2" + br +c,y > 0} 
U {(2,y) € R? | y= a(Y(x))? + h(x) +2,y < 0} 
{(c0, a)} for b? > 4ac,a <0, 


c= 


where in the last two cases 


J+ (gets) (2) -9 (ER) 
Be ay (ES) +v (ER), 
p= ay (=tE=HE) y (=!-VES), 


and a,b,ce R, af 0. 

Let C be a circle in the classical flat Laguerre plane. One type 2 half 
of this plane is the restriction of the plane to one of the two connected 
components of the complement of C in the point set. Since the automor- 
phism group of the classical plane acts transitively on the set of circles 
(see Theorem 5.1.1) and because each circle admits a reflection at it, all 
type 2 halves of the classical plane are isomorphic. 


THEOREM 5.3.4 (Characterization of Semi-classical Planes) 
Let L = (Z,C) be a flat Laguerre plane and a let C be a circle such 
that the restrictions of L to the two connected components of Z\C are 
both isomorphic to one type 2 half of the classical plane. Then L is 
isomorphic to one of the semi-classical planes L(y, ) of type 2 defined 
above. 


We summarize some properties of L(y, w) in the following theorem. 
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THEOREM 5.3.5 (Special Properties) Let £ = L(y, y) be a semi- 
classical flat Laguerre plane of type 2. Then the derived plane at (00,0) 
is a semi-classical flat affine plane. Furthermore, L is ovoidal if and 
only if p =y =id. In this case the Laguerre plane 1s classical. 


Since both classical halves of a semi-classical Laguerre plane of type 2 
can be uniquely embedded, up to automorphisms of the classical flat 
Laguerre plane, into the classical flat Laguerre plane, the automorphisms 
of the semi-classical Laguerre planes can be explicitly determined; see 
Steinke [1987]. One can therefore completely classify the semi-classical 
planes of type 2 with respect to the group/kernel dimensions. In order 
to be able to state this classification, we define Yo = y and force R 


ve +1) - ¥(e) 
We:R-R:2tr v(x + +) — Y(z) a 
0 for x = 0. 


This is an orientation-preserving homeomorphism that fixes 0 and 1. 
We say that two homeomorphism 7%, ~’ € H are equivalent if and only if 
there are affine bijections a, @ : R — R and a coefficient c € RU {oo} 
such that poa = Bow). We remark that ~ is equivalent to zd if and only 
if ~ = id. Let Hy be the set of all semi-multiplicative homeomorphisms 
and let Hs m = Hs Hm, that is, the set of all hg in the notation of 
the previous subsubsection. (These are multiplicative homeomorphisms 
of R onto itself.) 


THEOREM 5.3.6 (Group/Kernel-Dimension Classification) 
Let L= L(y, ) be a semi-classical flat Laguerre plane of type 2. Then L 
has group/kernel dimensions 
7,4 if and only if p = Ww = id; in this case L is the classical flat 
Laguerre plane; 
4,1 if and only if p = id and y € Hs,m \ {id}; 
3,0 if and only if p =id and y ¢ Hsu; 
2,1 af and only if the function w is equivalent to some h € Hy \ {id} 
and p € Hs.m; 
jl if and only if the function w is not equivalent to any h € Hu 
and yp € Hs.M; 
1,0 #f and only if the function W is equivalent to some h € Hyg \ {id} 
and p ¢ Hs,M; 
0,0 if and only if the function p is not equivalent to any h € Hyy \ {id} 
andy ¢ Hsu. 
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Choose for y and w any of the functions frm defined at the end 
of the previous subsubsection. Then the semi-classical flat Laguerre 
plane L(y,w) is a rigid flat Laguerre plane, that is, a flat Laguerre 
plane that does not admit any nontrivial automorphisms. 

For these and other information about semi-classical flat Laguerre 
planes of this type see Steinke [1987]. 


5.3.38 Different Ways to Cut and Paste 


In this subsection we look at different ways to construct new cylindrical 
circle planes and flat Laguerre planes from old ones using a variety of 
cut-and-paste techniques. The results in this subsection are very similar 
to the cut-and-paste results about spherical circle planes. There are two 
essentially different types of techniques. 

One type uses a separating set of the point set Z = S'x R. Examples 
for flat Laguerre planes that arise from this kind of cut and paste are the 
semi-classical flat Laguerre planes discussed in the previous subsection. 
More generally, one can start with two cylindrical circle planes or flat 
Laguerre planes £; and £2 and cut and paste either along two parallel 
classes or along a common circle. In both cases one then needs a rule 
that matches circles of £; that intersect the separating set in two points 
with circles of £2 that intersect the separating set in the same two points. 
However, a general rule for a matching such as this is difficult to specify, 
may even be impossible in general, and has only been carried out so far 
for classical and ovoidal flat Laguerre planes. 

In the following we concentrate on a second type of cut-and-paste 
method, namely cutting and pasting along separating sets in the circle 
space. A formal definition of (strong) (X-embedded) separating sets of 
cylindrical circle planes can be modelled after the definition of such sets 
in the case of spherical circle planes; see Subsection 3.3.4. For example, 
essentially this type of cut-and-paste method is used to obtain the flat 
Laguerre planes of generalized shear type; see Subsection 5.3.5 for this 
kind of plane. 

The following general result can be used to prove that certain ‘nice’ 
sets of circles are separating sets. It also suggests that there may be 
pre-separating sets that do not work for all but only a proper subset of 
the cylindrical circle planes and flat Laguerre planes they are contained 
in. Others may only work for cylindrical circle planes they are contained 
in but not for flat Laguerre planes. 
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THEOREM 5.3.7 (General Cut and Paste) Let £; = (Z,Ci), 
i = 1,2, be two cylindrical circle planes. Suppose that there is a set 
of circles S C Cy N C2 such that C; \S has precisely two (nonempty) 
connected components C;+ and Cz and that each of these components is 
path-connected. Furthermore, the labelling of the components GC and Ct 
agrees, that is, there are three pairwise nonparallel points pi, po, and p3 
such that the circles joining these three points in the respective cylindri- 
cal circle planes belong to C} andCf, respectively. Then (Z, SUC}# UC; ) 
is a cylindrical circle plane. 


If Ly and Ly are flat Laguerre planes, then so is (Z,S UC} UCZ). 


The first part of this result is part of the more general Theorem 7.3.7. 
For the second part, see Polster-Steinke [20XXc]. 

To make this result really applicable we construct some nice separating 
sets. The following considerations suggest a way to find such sets. 

We have a look at the ovoidal cylindrical circle plane over a closed 
topological arc Q. Circles of the cylindrical circle plane are the nontrivial 
plane intersections of a cone with basis O and vertex v in projective 3- 
dimensional space PG(3, R). We now choose a point p # v of PG(3, R) 
and let L be the line through p and v. Since L is homeomorphic to S}, 
the complement L \ {p,v} has precisely two connected components C 
and C2. Every plane of PG(3, R) that does not contain L intersects L in 
precisely one point. Clearly, the collection of all planes of PG(3, R) that 
pass through the point p separate the space of all planes of PG(3, R) that 
intersect the cone nontrivially into two connected components. These 
components are the planes that intersect L in precisely one point of the 
components C and C2, respectively. Similarly, the set C? of all circles 
that arise from planes through p separate the circle set C of the ovoidal 
cylindrical circle plane into two connected components. Moreover, each 
of these components is path-connected. The point p is a point of the 
cone, an inner point of the cone, or an outer point of the cone. This 
suggests looking for three different kinds of separating sets in general 
cylindrical circle planes that correspond to these three different kinds of 
points. In the first case this is no problem. 

Let £ = (Z,C) be a cylindrical circle plane. We fix one point p and 
consider the collection C? of all circles that contain p. The point p 
separates the parallel class V it is contained in into two different com- 
ponents V, and V_, and the set C \C? has two open components C?+ 
and C?~ consisting of all those circles that intersect V in V; and V_, 
respectively. The following result is a corollary of Theorem 5.3.7; see 
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also Polster-Steinke [1995] Theorem 5.1. It shows that C? is a strong 
separating set. 


PROPOSITION 5.3.8 (Cut and Paste I) Let £L; = (Z,C;), 
i = 1,2, be cylindrical circle planes. Suppose that Cy M C2 D C? for 
some point p. Let C = CP UCP* UCR~. Then L = (Z,C) is a cylindrical 
circle plane. If both Ly and Lo are flat Laguerre planes, then L ts a flat 
Laguerre plane, too. 


It. does not make sense to speak of inner and outer points of general 
cylindrical circle planes but, just like in the case of spherical circle planes, 
certain involutory homeomorphisms of the cylinder to itself can play the 
role of such points. 

Consider the cylinder associated with an ovoidal cylindrical circle 
plane £. The bundle involution y of L associated with a point p not 
contained in the cylinder is defined by using the lines through p just 
like the bundle involution of a topological oval in a flat projective plane 
associated with a point off the oval; see p. 120. 

Let Fiz(y) be the set of all circles in £ that are fixed by y. Then 
has the following properties. 


(i) If p is an inner point of O, then +¥ is fixed-point-free. 

(ii) If p is an exterior point of O, then the fixed-point set F of y is the 
union of two parallel classes and y exchanges the two connected 
components of Z \ F. 

(iii) A circle is contained in Fiz(7) if and only if it contains a point q 
and its image +(q), where g 4 ¥(q). 

(iv) The involution y maps parallel classes to parallel classes. 


Note that 7 is not necessarily an automorphism of £. 

Now let £ = (Z,C) be a cylindrical circle plane and let be an invo- 
lutory homeomorphism of Z to itself. We call y an inner involution of £L 
if it satisfies the properties listed in (i), (iii), and (iv) above. We call it 
an outer involution of CL if it satisfies the properties listed in (ii), (iii), 
and (iv). Inner and outer involutions are virtual inner and outer points 
that can play the same role in the construction of separating sets as the 
points of the projective space PG(3,R) in the ovoidal case. See also 
Subsection 5.8.2 for fix-geometries of inner and outer involutions. 

We start. by summarizing some useful properties of inner involutions 
in the following lemma. 
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LEMMA 5.3.9 (Properties of Inner Involutions) Let y be an inner 
involution of a cylindrical circle plane L = (Z,C). Then the following 
hold. 


(i) Two distinct circles in Fix(y) have exactly two points in common. 
These two points get exchanged by y. 
(ii) Let C be a circle not in Fix(y). Then C is disjoint from its image 
under the involution. 
(iii) Let r, s, y(r), and y(s) be four distinct points on a circle C 
in Fix(y). Then r and y(r) are contained in different connected 
components of C \ {s,7(s)}. 


For a proof of this lemma see Polster—-Steinke [1997] Lemma 4. 

From property (iii) we see that the set C \ Fiz(y) has two connected 
components CY* and C?-. Here C7* consists of all circles C such 
that (C) is situated above C on the cylinder. The other connected 
component C?~ consists of all circles C such that 7(C) is situated be- 
low C on the cylinder. Both components are path-connected. 

It is easy to show that ¥ is an inner involution of any cylindrical circle 
plane that contains Fiz(y). This observation plus the following corollary 
of Theorem 5.3.7 shows that Fix(y) is a strong separating set; see also 
Polster—-Steinke [1997] Propositions 2 and 2*. 


PROPOSITION 5.3.10 (Cut and Paste II) Let £L; = (Z,C;), 
1 = 1,2, be two cylindrical circle planes that share the set Fix(y), 
where y is some inner involution of Ly. Let C = Fix(y) UC?* UC]~. 
Then L = (Z,C) is a cylindrical circle plane. If both L, and Lo are flat 
Laguerre planes, then L is a flat Laguerre plane, too. 


We now consider an outer involution y with fixed-point set F’. Some 
useful properties of such an involution are summarized in the following 
lemma. 


LEMMA 5.3.11 (Properties of Outer Involutions) Let 7 be an 
outer involution of a cylindrical circle plane L = (Z,C) with fixed-point 
set F (this set 1s a union of two parallel classes). Then the following 
hold. 


(i) Let CEC \ Fiz(y). Then CN7(C)=CNF. 

(ii) Let r, s, y(r), and y(s) be four distinct points on a circle C 
in Fix(y). Then r and y(r) are contained in the same connected 
component of C \ {s,(s)}. 
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For a proof of this lemma see Polster—Steinke [1997] Lemma 4. 

Let H be one of the connected components of Z \ F. From prop- 
erty (i) listed in the above lemma we conclude that C \ Fiz(y) has two 
connected components CYt+ and C?—. Here C7 consists of all circles C 
such that (C) is situated above C' on the half H. The other connected 
component C7?~ consists of all circles C such that 7(C) is situated be- 
low C on H. Both components are path-connected. 

Again it is easy to see that Fiz(7) is a strong separating set; see also 
Polster-Steinke [1997] Propositions 3 and 3*. 


PROPOSITION 5.3.12 (Cut and Paste III) Let £; = (Z,C;), 
i = 1,2, be two cylindrical circle planes that share the set Fix(y), 
where y is some inner involution of L1. Let C = Fix(y) UC7* UCI”. 
Then L = (Z,C) is a cylindrical circle plane. If both Ly and Le are flat 
Laguerre planes, then L is a flat Laguerre plane, too. 


For further cut-and-paste constructions involving separating sets as- 
sociated with points and virtual points of cylindrical circle planes, see 
Polster—Steinke [1995], [1997], and [20XXa]. We only note that separat- 
ing sets have been constructed whose complement in the circle set falls 
into more than two connected components. These separating sets allow 
us to simultaneously combine more than two cylindrical circle planes. 


5.3.4 Integrals of Flat Linear Spaces 


Let F be an n-unisolvent set on the interval J, that is, a set of continuous 
functions J > R that solve the Lagrange interpolation problem of or- 
der n; see Chapter 7. For example, the set Poly(n, R) of all polynomials 
of degree at most n — 1 is an n-unisolvent set on R. The integral S(F) 
of F is the set consisting of the functions 


I>R:ae | f(t)dt + 6, 


where a € J,b € R. Clearly, S(Poly(n, R)) = Poly(n+1,R). Since the 2- 
unisolvent set Poly(2,R) essentially corresponds to the Euclidean plane 
and the 3-unisolvent set Poly(3,R) to the affine part of the classical flat 
Laguerre plane, this means that this affine part ‘is’ the integral of the 
Euclidean plane. This observation can be generalized in a number of 
ways. 
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5.8.4.1 Integrals of Flat Affine Planes 


Recall from Subsection 2.7.9 the following necessary and sufficient con- 
dition that the integral of a 1-unisolvent set F on R gives rise to a flat 
affine plane on R? by adding the vertical Euclidean lines. 


tin | f° (ate - a) = 00 


t—+too 


for all f,g € F, f #9. Let F be a 2-unisolvent set on R that corresponds 
to a flat affine plane. Then the 1-unisolvent subsets of F correspond to 
the nonvertical parallel classes of the affine plane. 


THEOREM 5.3.13 (Integrals of Flat Affine Planes) Let F be a 
2-unisolvent set on R. Then S(F) corresponds to the affine part of a 
flat Laguerre plane if and only if F corresponds to a flat affine plane 
and the integral of every parallel class of F corresponds to a flat affine 
plane. 


Let F' be as in the above theorem. Then there are so-called coor- 
dinatizing functions R? — R for F. Such a coordinatizing function, 
let us call it F as well, is continuous and has the property that every 
nonvertical parallel class corresponds to an a € R and consists of the 
functions R > R: 2+ F(a,b,x) forb € R. Starting with a 2-unisolvent 
set F as in the theorem let 


F(a, b, z) = f(z), 


where f € F corresponds to the parallel through the point (0, b) of the 
line/function in F that contains the points (0,0) and (1, a). For example, 
if F is Poly(2,R), then (a,6,2) ++ ax + b defines such an associated 
coordinatizing function. Represented on the cylinder (RU{oo}) xR, the 
circles of the flat Laguerre plane whose affine part corresponds to S(F) 
are the sets 


{ (ev € R? 


y= y F(a, b,t)dt + e} U {(co, a)}, 


where a,b,c € R. This means that the derived planes at points of the 
parallel class at infinity are the integrals of the (nonvertical) parallel 
classes in F. If G C F corresponds to the pencil of lines through the 
point (xo, yo), then for a fixed b € R the set of functions 


RoRiers [ g(t)dt + b, 
xo 
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where g € G, corresponds to a pencil of touching circles of the integral 
of F through the point (zp, b). Every pencil of touching circles at a point 
of R? arises like this. Finally, note that all Euclidean translations in the 
vertical direction are automorphisms of the integral of F. 

Let us have a look at some examples of flat Laguerre planes that are 
integrals of flat affine planes. We first deform the Euclidean plane by 
the homeomorphism 


R? = R?: (z,y) > (2, A(y)), 
where h: R — R is a nonlinear homeomorphism. Then 
F:R?=R: (a,b,z) + h(az +b) 
is a coordinatizing function of the deformed Euclidean plane. Now S(F) 
consists of the functions 


RR: ar -(p(ar +0) -(b)) +e 


and 
RoR: zrrh(b)r+0, 


where a,b,c € R,a £0, and p: R- Risa strictly parabolic function 
such that p’ = h. It can be shown that S(F) corresponds to the affine 
part of a nonclassical flat Laguerre plane; see Artzy-Groh [1986] or 
Subsection 5.3.7 for more information on these kind of planes. 

As a second example let 


me | az+b forz <1, 
F:R =Ri(aba{ oy fore. 


This is the coordinatizing function of yet another model of the Euclidean 
plane, namely, the classical model whose point set has been deformed 
by the homeomorphism 


2 2. (x, y) for z <1, 
Mesure (ow) { (z,%) forr>1. 


However, the integral of this model is no longer a flat Laguerre plane 
since 


lim | [F(0,1,t) — F(0,0, t)]dt = 2 < oo. 
ZOO 0 


Thirdly, remember that the affine part of an ovoidal flat Laguerre 
plane corresponds to the set of functions 


R—-R:zrap(z)+br+e, 
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where a,b,c € R and p: R — R is a fixed strictly parabolic func- 
tion. The derivative of the differentiable function p defines a homeo- 
morphism h and 


(a,b, 2) £(av() +bx+c))=ah(xr) +b 


is a coordinatizing function of a flat affine plane. Hence, we obtain the 
following. 


PROPOSITION 5.3.14 (Ovoidal Planes Are Integrals) Every 
ovoidal flat Laguerre plane is an integral of a flat affine plane. 


We now describe how the classical flat M6bius and Minkowski planes 
can be represented as ‘integrals’. Let J be the open interval J = (—1,1). 
The map 


s: RoI: 24H 


x 
V1+22 


is a homeomorphism with inverse 


ea. x 
s- :IloaR:2£n—. 
V1 — x2 


Let 
S:RxR-RxI:(z,y) + (2, s(y)). 


This is a homeomorphism that compresses R? into the strip R x J. 
The image of the Euclidean line given by the linear function 


R-R:rrart+b 
under S is the graph of 
R—R:2+ s(ar+b)). 
Clearly, f s(z)dxz = /1 +2? +c. The graph of 


A:ROR: 28 V14 2? 


is the branch of a hyperbola with asymptotes having slope +1 and 


_ ff s(b)tte for a = 0, 
J slaz+ b)da = { tH(az+b)+c fora#0. 


Hence the integral of the compressed Euclidean plane consists of all lines 
with slope less than 1 and greater than —1, and all branches of hyper- 
bolas that have lines with slope 1 and —1 as asymptotes and that are 
graphs of convex or concave functions. This means that the integral of 
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Fig. 5.4. The classical flat Mébius, Laguerre, and Minkowski planes as inte- 
grals of (parts of) the Euclidean plane 


the compressed Euclidean plane is one half of the classical flat, Minkowski 
plane. We get the other half by just rotating this half around 90 degrees. 
All this corresponds to the right column of Figure 5.4. 

Let us concentrate on the strip R x J in the Euclidean plane, where I 
denotes the open interval J = (—1, 1), and expand it by the inverse S~! 
of S. Under this map the line segment which is the graph of the function 
I +1I:2++ 2 turns into the graph of the function J + R: 2 s7(a). 
The integral of this function is defined by K(x) = -V1-2?,2 € I, 
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and the graph of K is the bottom half of the unit circle. By integrating 
all other expanded line segments in the strip, we get all other top and 
bottom parts of the Euclidean circles. By ‘integrating’ the horizontal 
lines we get all nonvertical Euclidean lines. We conclude that the integral 
of the expanded (Euclidean) strip is the classical flat Mébius plane. All 
this corresponds to the left column of Figure 5.4. 

We only remark that there is a second way in which the affine part of 
the classical flat Laguerre plane can be seen to be an integral. Just rotate 
the middle picture in the bottom row of Figure 5.4 around 90 degrees, 
think of every parabola as being split into a top and a bottom part and 
start arguing as in the case of flat Mobius planes. The resulting way 
of integrating seems to be a mix of the ways in which the classical flat 
Mobius and Minkowski planes were represented as integrals. This makes 
sense considering that the classical flat Laguerre plane is the limiting case 
of both the classical flat Mobius plane and the classical flat Minkowski 
plane (an elliptic quadric in real 3-dimensional projective space can be 
continuously deformed into a hyperbolic quadric via elliptic quadrics, 
one cone and hyperbolic quadrics). 

Many of the known examples of flat Mobius, Laguerre and Minkowski 
planes can be interpreted as integrals of flat affine planes and R?-planes 
as described above. For details see Polster [1997], [1998c]. 


5.8.4.2 Integrals of Point Mobius Strip Planes 


In this subsection we work with the following normalized representations 
of point Mobius strip planes and flat Laguerre planes. 

The point set of a point Mobius strip plane is the strip M = [0,7] xR 
whose left and right boundaries have been identified via the map 


{0} x R > {x} x R: (0,y) + (x, —-y). 


This is a Mébius strip. The set of nonvertical lines in the point MOébius 
strip plane corresponds to a 2-unisolvent set of continuous half-periodic 
functions on [0,z]. The classical example of such a set consists of the 
functions 


[0,7] >R:rcrasinz + bcosz, 


where a,b € R. 
The point set of a flat Laguerre plane is the strip Z = [0,27] x R 
whose left and right boundaries have been identified via the map 


{0} x R > {27} x R: (0,y) + (27, y). 
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This is a cylinder. Its circle set. corresponds to a 3-unisolvent set of 
continuous periodic functions on [0,27]. The classical example of such 
a set consists of the functions 


[0,27] > R: x asinz+bcostz+c, 


where a,b,c € R. 

Note that the second set of functions is the integral of the periodic 
extension of the first set to the interval [0,27]. In this way, the classical 
flat Laguerre plane is the integral of the classical point. Mobius strip 
plane. This observation generalizes as follows. 

Let F' be a 2-unisolvent set. of continuous half-periodic functions on the 
interval [0,7]. Such a set automatically corresponds to a point Mobius 
strip plane. Let F be the set of functions 


eee ere ae, eee Dal, 
f: [0,27] —~ Rix oe for x € [x, 27], 


where f € F. Furthermore, let S(F) be the set of functions 
[0,27] >R:trh | g(t)dt +c, 
0 


where g € F andc € R. It turns out that S(F) is a set of continuous 
periodic functions the set of whose graphs is the circle set of a flat 
Laguerre plane on the cylinder Z. We summarize these considerations 
in the following theorem. 


THEOREM 5.3.15 (Integrals of Point Mébius Strip Planes) 
Let F be a2-unisolvent set of continuous half-periodic functions on (0, 7]. 
Then S(F) corresponds to a flat Laguerre plane. 


Note that the translations of the cylinder in the vertical direction are 
automorphisms of the resulting flat Laguerre planes. This means that 
a nonvertical line in a point Mobius strip plane corresponds to a circle 
and all its vertical translates in the Laguerre plane. This set of circles 
is a so-called flock, that is, a set of circles that partitions the cylinder, 
and the set of all these flock is a partition, or resolution, of the circle set 
into flocks; see Subsection 5.8.3 for more information about flocks and 
resolutions of flat Laguerre planes. 

The integral of a pencil of lines in the Mobius strip plane corresponds 
to tangent pencils of circles in the Laguerre plane, and every tangent 
pencil of circles arises in this manner. 
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By construction, the map 
Z—4Z:(x,y)- (4+ 7 mod 27, —y) 


defines a fixed-point-free involutory automorphism of the Laguerre plane. 
We will see in the next chapter that this automorphism is a so-called 
Mobius involution and that from every flat Laguerre plane that admits 
a Mobius involution a flat Mobius plane can be constructed. 

If the point Mobius strip plane M we started with admits the involu- 
tory automorphism 


M-M: (z,y) > (-2£+7,y), 
then its integral admits also admits the involutory automorphism 
pe (z,y) i (-x + 27, y) 


whose fixed points are the points of the verticals {0} x R and {7} x R. 
We will see in the next chapter that this automorphism is a so-called 
Minkowski involution and that from every flat Laguerre plane that ad- 
mits a Minkowski involution a flat Minkowski plane can be constructed. 

Let f be one of the special functions in Subsection 2.7.3 that we used 
to construct the radial Moulton planes. By removing the point that is 
fixed by all automorphisms of such a flat projective plane, we arrive at 
a point Mobius strip plane whose nonvertical lines are the graphs of the 
functions 


[0,7] -R:craf(x +d), 


where a € [0,+00) and b € [0,z]. This implies that the integral of such 
a point Mobius strip plane has an at least 3-dimensional point-transitive 
group of automorphisms that consists of the homeomorphisms 


ZZ: (x,y) (x +r mod 27, sy +t), 


where r € [0,27], s € R*, t € R. In fact, such a plane has group 
dimension 3 unless it is classical; see Theorem 5.4.13. Furthermore, f 
can be chosen in such a way that the integral admits the special Mobius 
and Minkowski involutions defined above. 

For more information about this special way of integrating point 
Mobius strip planes see Polster [2000]. 
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5.3.5 Planes of Generalized Shear Type 


Given two functions f and g on R we define the binary operation *+, 
on R by 


ee af(z) fora>0, 
fa" ag(t) fora <0. 


Furthermore, let id and 1 denote the identity function x +> x and the 
constant function x +> 1, respectively. With this notation the following 
family of flat Laguerre planes of generalized shear type was. constructed 
in Polster-Steinke [2000]. 

Let f,g,h,k : R — R be four continuous functions on R such that 
the following conditions are satisfied. 


e The function k is positive, that is, k(x) > 0 for alla ER. 

e The function / is an orientation-preserving homeomorphism of R 
to itself. 

e The two functions y and ~ defined by v(x) = Fay and (2) = ae 
for « € R are homeomorphisms of R. 

e The functions f, g, foh—!, goh=}, fo}, Lop}, Loy, Loy} 
are strictly parabolic. 


Let C(f,g,h,k) be the collection of all circles of the form 
{(c,a*pg0+b*iant+C*1,4 2) | x € R}U {(co,a)}, 


where a,b,c € R. Then C(f,g,h,k) is the circle set of a flat Laguerre 
plane £(f,9,h,k) represented on the cylinder Z = (RU {oo}) x R. 

One can think of £(f,g,h,k) as a Laguerre plane whose circle space 
is made up of pieces of the circle spaces from up to eight different 
ovoidal Laguerre planes that have certain circles in common. The ovoidal 
planes involved are represented by the parabolic functions f, g, foh7}, 
goh, £ oy, Zogt, £ op}, Zo!. The ‘basic’ circles are 
graphs of the functions f, g, id, h, 1, and k augmented by the infinite 
points (oo, 1) or (co, 0). Then linear combinations are formed. To verify 
that one indeed obtains a Laguerre plane several cut-and-paste meth- 
ods as described in Subsection 5.3.3 (in particular, Propositions 5.3.8 
and 5.3.12) are employed. 

In fact, one can generalize C(f,g,h,k) a bit further by replacing the 
identity id by another orientation-preserving homeomorphism and the 
constant function 1 by another positive function. However, no new La- 
guerre planes arise. 

The planes C(f,g,id,1) are the flat Laguerre planes of shear type 
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in Lowen-Pfiiller [1987a]. These planes comprise all ovoidal Laguerre 
planes; see Lowen~Pfiiller [1987a] Theorem 3. Indeed, L(f, f,id, 1) is the 
ovoidal plane £(f). In fact, ovoidal Laguerre planes can be characterized 
among the flat Laguerre planes of generalized shear type as follows. 


THEOREM 5.3.16 (Ovoidal Planes of Gen. Shear Type) 
A Laguerre plane C(f,g,h,k) is ovoidal if and only if g is related to f 
by g(x) = af(x) + bx +c for some a,b,c € R, a > 0, h is an affine 
function, and k is constant. 

A Laguerre plane L(f,g,h,k) is classical if and only if f and g are 
quadratic polynomials, h is an affine function, and k is constant. 


Note that for all r > 0 the maps (z,y) + (x,ry), x € RU {oo}, are 
automorphisms of L(f,g, h, k). Steinke [2000] showed that the family of 
Laguerre planes C(f,g,h,k) comprises, up to isomorphisms, all flat La- 
guerre planes whose kernels are at least 3-dimensional; they are obtained 
for h = id,k = lor f=9,k =1lor f = g, h = id. For more infor- 
mation see Theorem 5.4.11. The flat Laguerre planes L(f,g,id,1) are 
called Laguerre planes of skew parabola type by Lowen-—Pfiiller [1987a] 
and the flat Laguerre planes C(f, f,h,1) where f is a skew parabola 
function and h is semi-multiplicative are called Laguerre planes of mod- 
ified skew parabola type by Schroth [2000]. Furthermore, the Laguerre 
planes of generalized shear type also comprise all flat Laguerre planes 
that admit 4-dimensional groups of automorphisms fixing at least two 
parallel classes; see Theorem 5.4.15. 


5.3.6 Planes of Translation Type 


A function f is called strongly parabolic if it is normalized strictly parabo- 
lic (see p. 305), twice differentiable on R.\ {0}, log|f’| is strictly concave 
on the open intervals (—0oo,0) and (0,+00), and limz_,400 i =1 
for each be R. 

Let f and g be two strongly parabolic functions and let C(f,g) be the 
collection of the sets 


{(z,ma +t) | « € R}U {(00,0)}, 
where m,t € R and 
{(a,a*s9(x—b)+c)|z2ER}U{(c~,a)}, 


where a,b,c € R,a # 0. Then C(f,g) is the circle set of a flat La- 
guerre plane £(f,g) represented on the cylinder Z = (RU {oo}) x R. 
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Note that the derived affine plane at the point (oo, 0) is the Euclidean 
plane. We call a flat Laguerre plane of translation type if it is isomor- 
phic to one of the planes £(f,g); see Lowen—Pfiller {1987a] for this 
kind of flat Laguerre planes. These planes also generalize a construc- 
tion of Hartmann [1979]. The ovoidal planes among the flat Laguerre 
planes of translation type can be characterized as follows; see L6wen- 
Pfiiller [1987a] Theorem 5. 


THEOREM 5.3.17 (Ovoidal Flat Laguerre Planes) A Laguerre 
plane L(f,g) is ovoidal if and only if f(x) = g(x) = 2? 
the flat Laguerre plane L(f,g) is classical. 


. In this case, 


The following homeomorphisms of R? to itself extend to automor- 
phisms of the plane L(f,g) that fix the point (00,0) and the parallel 
class at infinity (globally). 


R? > R?: (2, y) > (« +b, ay +0), 


where a,b,c€ R, a> 0. 
If f = g is the skew parabola function fa, (see p. 443), then the 
homeomorphisms 


R? = R?: (2, y) © (rz, r7y) 


also extend to automorphisms of £(f,g). Hence in this case the Laguerre 
plane £(f,g) has an at least 4-dimensional group of automorphisms. 
Furthermore, the point (00, 0) is fixed under all these automorphisms. In 
fact, a flat Laguerre plane whose automorphism group is 4-dimensional 
and fixes a point is isomorphic to a Laguerre plane of shear type over 
a pair of different skew parabolas or to a Laguerre plane of translation 
type over a pair of skew parabolas. See Theorem 5.4.14 and Lowen- 
Pfiiller [1987b] Theorem 2, for this and other results about the planes 
of translation type. 


5.3.7 The Artzy—Groh Planes 


The planes that we will encounter in this subsection are constructed in 
the same manner as the flat Minkowski planes from Subsection 4.3.5 and 
are similar to the planes of generalized translation type from the previous 
subsection. As for flat Minkowski planes, Artzy and Groh [1986] started 
their construction with the group of affine similarities, that is, the group 
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of transformations 
R? > R?: (z,y) 6 (ra +b,ry +c), 


where b,c,r € R, r £0, and all Euclidean lines. They then looked for a 
curve C’ such that its images under the above group and the nonvertical 
Euclidean lines properly extended (in the sense of Subsection 5.2.2) yield 
a flat Laguerre plane. 

Let f :R — R be a continuous function. For a,b,c € R let 


C Sanne arena for a = 0, 
abe {(x,af(%*) +c) | ce R}U{(co,a)} fora ¥0, 


and let 
Cr = {Ca,b,c | a,b,c € R}. 


Artzy and Groh [1986] showed that Cy is the circle set of a flat Laguerre 
plane if and only if f is strictly parabolic, that is, f is differentiable 
and f’ is a homeomorphism R — R. We denote this plane by L’(f). 

Since the generating curve C' can be moved around, one can assume 
that C passes through the point (0,0) and has the Euclidean line Co0,0 
as a tangent at this point. This means that f(0) = f’(0) = 0. Moreover, 
because the circles Co,o,0 for a € R, a # 0, then form the tangent pencil 
of circles through the point (0,0), there is exactly one circle in this pencil 
that passes through the point (1,1). This circle must be obtained for 
some a > 0. Of course, we can choose the corresponding function as 
the one that generates the plane. Therefore each Artzy—Groh plane is 
isomorphic to a plane £’(f), where f is a normalized strictly parabolic 
function, that is, the function f is strictly parabolic and f(0) = f’(0) =0 
and f(1) = 1; see also p. 305. 


PROPOSITION 5.3.18 (Normalized Artzy—Groh Planes) Every 
Artzy-Groh plane is isomorphic to a plane L'(f) where f is a normalized 
strictly parabolic function. 


THEOREM 5.3.19 (Classical Artzy—Groh Planes) Under the as- 
sumptions of Proposition 5.8.18 one obtains the classical flat Laguerre 


plane if and only if f is equal tor x”. 


From the way the Artzy-Groh planes are constructed it becomes clear 
that these flat Laguerre planes can be characterized by the type of their 
automorphism groups. Furthermore, using the cut-and-paste method 
described in Proposition 5.3.8, these planes can be generalized as follows. 
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Let f,g : R — R be two normalized strictly parabolic functions of R. 
For a,b,c € R let 


{(z, ba +c) | x € R} U {(co, 0)} fora =0, 
Cy {(x, af (2=2) +c) |ceER}U{(c,a)} fora>0, 
{(x, ag(4?) + ¢) |cER}U{(~w,a)} fora<0. 


Then 
Chg = {Ca,b,c | a,b,c € R} 


is the circle set of a flat Laguerre plane L(f,). 

Note that if f and g are both skew parabola functions, then the gen- 
eralized Artzy-Groh plane L(f,g) is isomorphic to a Laguerre plane of 
translation type; see Subsection 5.3.6. 


5.3.8 Planes of Shift Type 


Let h be a differentiable homeomorphism of R such that the derivative h’ 
of A is planar, that is, for each a € R, a 4 0, the function 


zr h'(¢ +a) —h'(z) 


is bijective; see also Subsection 2.7.4 for a different description of planar 
functions and a characterization of those functions on R. Then the 
collection of all sets 


{(z, h(x — a) + bx +c) | cz ER} U {(cv, a)}, 


where a,b,c € R, is the circle set of a flat Laguerre plane £(h) repre- 
sented on the cylinder Z = (RU {co}) x R. Note that derived affine 
planes at points (oo, a) are classical. 

This kind of Laguerre plane can be obtained by integrating the shift 
plane generated by h’; see Subsubsection 5.3.4.1 for the general con- 
struction principle and Steinke (20XXa] for automorphisms of the flat 
Laguerre planes of shift type. 

Note that h(x) = z° yields the classical flat Laguerre plane and the 
map (x,y) ++ (x,y — z°) is an isomorphism onto the parabola model. 
Conversely, this essentially is the only way to obtain the classical flat 
Laguerre plane in this family of flat Laguerre planes. 


THEOREM 5.3.20 (Ovoidal Planes of Shift Type) A Laguerre 
plane L(h) is ovoidal if and only if h is a polynomial of degree 3. In this 
case L(h) is classical. 
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Clearly, each transformation 
R? | R?: (zy) (eq +a,y t+ br +0), 


where a,b,c € R, extends to an automorphism of £(h). Furthermore, 
if h is the semi-multiplicative homeomorphism ha,, (see p. 442), then 


R? = R?: (z,y) 4 (2, t4y), 


where ¢t € R™, also extends to an automorphism of £(h). Hence in this 
case the Laguerre plane £(h) has an at least 4-dimensional group of 
automorphisms. Furthermore, the parallel class {00} x R is fixed under 
all these automorphisms. In fact, a flat Laguerre plane whose auto- 
morphism group is 4-dimensional and fixes precisely one parallel class is 
isomorphic to a Laguerre plane of shift type over a semi-multiplicative 
function or to a Laguerre plane of translation type over a pair of skew 
parabolas. See Theorem 5.4.16 and Steinke [20XXa] for this and other 
results about the planes of shift type. 


5.4 Automorphism Groups and Groups of Projectivities 


In this section we investigate automorphisms of cylindrical circle planes 
and flat Laguerre planes and show that the collection of all automor- 
phisms of a flat Laguerre plane is a Lie group when suitably topologized. 
Then the well-known structure of Lie groups of small dimensions can be 
used to classify the most homogeneous flat Laguerre planes. The results 
and their proofs to a large extent mirror those of their counterparts for 
flat M6bius and Minkowski planes. We only summarize the main results 
and refer to the literature for proofs and to the preceding chapters for 
the ideas behind these proofs. 


5.4.1 Automorphisms 


Using the fact that isomorphisms of R?-planes are continuous, the re- 
spective result can be proved for cylindrical circle planes. 


THEOREM 5.4.1 (Isomorphisms Are Continuous) Every iso- 
morphism between cylindrical circle planes is continuous. In particular, 
every automorphism of a cylindrical circle plane is continuous. 


Recall from Corollary 2.4.4 that a collineation of a flat projective plane 
that fixes the points of a nondegenerate quadrangle is the identity. The 
corresponding result for flat Laguerre planes is as follows. 
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LEMMA 5.4.2 (Automorphism with Fixed Points) If an auto- 
morphism y of a flat Laguerre plane fires four nonconcircular points of 
which at least three are pairwise nonparallel, then y = id. 


Proof. Suppose that y fixes the four nonconcircular points p1, po, p3, 
and pq of which pi, po, and p3 are pairwise nonparallel and pq is not 
parallel to po or pg. In the derived projective plane P at p3 the auto- 
morphism ‘+ induces a collineation ¥ that fixes the finite points pi, po 
and pq and the infinite point w corresponding to parallel classes. Fur- 
thermore, the point q of intersection of the line at infinity with the line 
through p; and pg is also fixed by ¥. The four points pa, po, w, and q 
form a nondegenerate quadrangle in P. Hence ¥ = id by Corollary 2.4.4. 
Therefore y = id as well. O 


The automorphism group I of a cylindrical circle plane is an effective 
topological transformation group on the cylinder S! x R when I carries 
the compact-open topology (or, equivalently, the topology of uniform 
convergence on compact sets). For I to be a Lie group we essentially 
need that I is locally compact; compare Theorem A2.3.5. This condition 
can be verified for flat Laguerre planes; see Steinke [1986b]. 


THEOREM 5.4.3 (Automorphism Group) The collection T of all 
automorphisms of a flat Laguerre plane is a Lie group with respect to 
the compact-open topology of dimension at most 7. 


The statement on the dimension of the automorphism group is an im- 
mediate consequence of the dimension formula A2.3.6 and Lemma 5.4.2 
on the stabilizer of four nonconcircular points because each of the three 
pairwise nonparallel points has an orbit of dimension at most 2 and the 
fourth point, which can be chosen to be parallel to one of the first three 
points, has an orbit of dimension at most 1 under the stabilizer of the 
other three points. 

As for flat linear spaces and the other flat circle planes, we say that a 
flat Laguerre plane £ has group dimension n if the (full) automorphism 
group of £ has dimension n. 

In fact, if the group dimension of a flat Laguerre plane is at least 6, 
then the plane is classical; see Theorem 5.4.12. Examples in all other 
possible dimensions can be found among the semi-classical flat Laguerre 
planes L(f,9,h) of type 1; see Subsection 5.3.2 and Steinke [1988]. 
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Let f,g,h,k : R — R be homeomorphisms defined by 


. for z > 0, 
g(x) = 


where x € R. Then we have the following flat Laguerre planes; compare 
Theorem 5.3.3. 


L(id, id, id) is the classical flat Laguerre plane. It has group dimen- 
sion 7. 


L(f,id, id) has group dimension 5. The transformations 


(sa, ry + ax? + br +c) for z > 0, 


2 2. 
R*—R ON a oa for z < 0, 


where a,b,c,r,s € R, r,s > 0, extend to automorphisms of this 
plane. 


L(qg, id, id) has group dimension 4. The transformations 
R? — R?: (z,y) + (sz,ryt+bz+c), 


where b,c,r,s € R, r,s > 0, extend to automorphisms of this plane. 


L(h, id, id) has group dimension 3. The transformations 


(xz, ry + bz +c) for x > 0, 


2 2% 
R?—R 1a anne. for x <0, 


where b,c,r € R, r > 0, extend to automorphisms of this plane. 
L(h,g,id) has group dimension 2. The transformations 
R? > R?: (x,y) + (sz, s?y +c), 


where c,s € R, s > 0, extend to automorphisms of this plane. 
L(k, h, id) has group dimension 1. The transformations 


R’ + R?: (z,y) > (x,y +0), 


where c € R*, extend to automorphisms of this plane. 
L(k,k,k) has group dimension 0. 
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5.4.2 The Kernel 


The automorphism group [ of a flat Laguerre plane £ has a distin- 
guished subgroup, the kernel T of the action of I on the set of parallel 
classes, that is, T consists of all automorphisms that fix each parallel 
class globally. This collection of automorphisms is a closed normal sub- 
group of the automorphism group of the Laguerre plane. If y € T fixes a 
point p, then y induces a central collineation ¥ in the derived projective 
plane at p with centre w, the infinite point of the lines that correspond 
to parallel classes. 

For the dimension of the kernel one again uses the dimension for- 
mula A2.3.6 and Lemma 5.4.2. Note that now each point has an orbit 
of dimension at most 1. 


THEOREM 5.4.4 (The Dimension of the Kernel) The dimension 
of the kernel of a flat Laguerre plane is at most 4. 


The maximum dimension 4 is realized in ovoidal flat Laguerre planes. 
If v is the vertex of the associated cone in 3-dimensional real projective 
space, then every collineation of PG(3, R) that leaves each line through v 
invariant induces an automorphism of the Laguerre plane that belongs 
to the kernel. Moreover, the group of central collineations with fixed 
centre in PG(3, R) is 4-dimensional. From this description we see that 
there are no compact subgroups of positive dimension in the kernel. This 
is true for arbitrary flat Laguerre planes; see Steinke [1990a] Lemma 2.4. 


LEMMA 5.4.5 (Compact Subgroups) The kernel T of a flat La- 
guerre plane contains no compact, connected nontrivial subgroup. More 
precisely, a compact subgroup of T is finite and has order at most 2. 


From the structure theory of Lie groups and the classification of almost 
simple Lie groups of dimension at most 4 one obtains the following. 


PROPOSITION 5.4.6 (Kernel Is Solvable) The kernel of a flat 
Laguerre plane is solvable. 


In an ovoidal flat Laguerre plane with automorphism group T° and 
kernel T one sees that the factor '/T can be at most 3-dimensional. 
This follows from the dimension formula for quotients A2.2.2 and the 
fact that the group I is at most 7-dimensional and the kernel T is 4- 
dimensional. 
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For arbitrary flat Laguerre planes we still find that ['/T is at most 3- 
dimensional, but there are nonovoidal semi-classical flat Laguerre planes 
where this maximum dimension is attained; see Theorem 5.3.6. 


THEOREM 5.4.7 (Closed Connected Subgroups) Let © be a 
closed connected subgroup of the automorphism group of a flat Laguerre 
plane £ and let A be the kernel of the action of = on the set II of 
parallel classes. Then X/A has dimension at most 3. Furthermore, 
if dim(Z/A) = 3, then &/A ~ PSL2(R) and & acts transitively on IL. 

Either © is solvable, or A is the radical of X and X/A is isomorphic 
to PSL2(R). In the latter case & contains a locally simply connected Lie 
subgroup (Levi complement) isomorphic to either PSL2(R) or its simply 
connected covering group. 


For the proof see Steinke [1990a]. In particular, if I is the automor- 
phism group of a flat Laguerre plane £ and T denotes the kernel of CL, 
then we deduce the inequalities m < n < m+3 and m < 4 for the 
dimensions n and m of T and T, respectively. 


5.4.3 Planes Admitting an at Least 3-Dimensional Kernel 


Recall that the kernel of an ovoidal flat Laguerre plane is 4-dimensio- 
nal. Every central collineation of PG(3, R) with centre the vertex of the 
associated cone induces an automorphism of the Laguerre plane that 
belongs to the kernel. Conversely, Groh [1969] showed that ovoidal flat 
Laguerre planes are characterized by this property. 


THEOREM 5.4.8 (Ovoidal Equals 4-Dimensional Kernel) A flat 
Laguerre plane L is ovoidal if and only if the kernel T of L is 4-dimen- 
sional. In this case L has a representation as one of the flat Laguerre 
planes L(f) on Z = (RU {co}) x R, where f is a parabolic function 
on R. The kernel of L(f) consists of all maps 


(a,ryt+af(z)+br+c) forceR, 


ZZ: (ey)ne | ru ak fie sis. 


where a,b,c,r € R, r #0. 


The central collineations of PG(3, R) with fixed centre v that fix each 
point on a plane through uv form a closed normal subgroup of the group 
of all central collineations with centre v. In fact, this normal subgroup 
is isomorphic to R°. Moreover, such a collineation fixes no plane but 
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the distinguished plane and planes passing through v. In the ovoidal 
Laguerre plane we obtain automorphisms in the kernel that fix no circle 
except the identity. We call an automorphism in the kernel of a flat 
Laguerre plane £ an elation if it is the identity or if it fixes no circle. 

It is not clear whether or not the collection of all elations of £ forms a 
group. If it does we call it the elation group of £. The corresponding con- 
struction for finite Laguerre planes and 4-dimensional Laguerre planes 
always yields a group; see Steinke [1991a] and [1991b], respectively. The 
elation group of a flat Laguerre plane can be at most 3-dimensional, and 
in this case it must be isomorphic to R®. Such a group again character- 
izes ovoidal flat Laguerre planes. 


THEOREM 5.4.9 (Ovoidal Equals 3-Dim. Elation Group) 
A flat Laguerre plane L is ovoidal if and only if the kernel of L con- 
tains a subgroup isomorphic to R°. 


The proof of this result is implicitly contained in Groh [1969]; see also 
Steinke [1993] Lemma 2.8 and Lowen [1994] Corollary 6.8. 

Under the assumptions of the above theorem, the elation group of £ 
acts sharply transitively on the circle set C. Hence the kernel of L 
is transitive on C. Conversely, the existence of such a kernel implies 
ovoidal; see Steinke [2000a] Proposition 1. The kernel must be at least 
3-dimensional. If it is 4-dimensional, £ is ovoidal by Theorem 5.4.8, or 
the connected component containing the identity is sharply transitive 
on the circle set and thus isomorphic to R°. 


THEOREM 5.4.10 (Ovoidal Equals Circle-Transitive Kernel) 
The kernel of a flat Laguerre plane L is transitive on the circle set if 
and only if £ is ovoidal. 


The flat Laguerre planes admitting a 3-dimensional kernel are also 
completely classified; see Steinke [2000a]. All these planes are of gener- 
alized shear type; see Subsection 5.3.5. 

Recall that a semi-multiplicative homeomorphism of R_ to itself is of 
the form 

ses { xt for x > 0, 
s|z|¢ for x <0, 


where d > 0 > s, written hg, and that one obtains a skew parabola 
function, written fa,s, if d > 1 and s > 0; see p. 442 for the definition of 
semi-multiplicative homeomorphisms and skew parabola functions. 
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THEOREM 5.4.11 (Planes with 3-Dimensional Kernel) The 
family of Laguerre planes L(f,g,h,k) of generalized shear type com- 


prises, 


up to isomorphisms, all 2-dimensional Laguerre planes whose 


kernels are at least 8-dimensional. These special planes are obtained 
forh=id,k=1 orf=g9,k=1o0rf=g,h=id. The kernel of such 
a plane is 3-dimensional unless the Laguerre plane is ovotdal. 

More precisely, a 2-dimensional Laguerre plane whose kernel is at least 
§-dimensional is isomorphic to one of the following planes. 


(i) 


A Laguerre plane C(f,g,id,1) where f and g are normalized 
strictly parabolic functions. This plane admits the 3-dimensional 
group 


ee (z,ry+ba+c) forreR 
a (co, ry) for z = 00 


here Rir>ol 


as group of automorphisms in the kernel. The flat Laguerre 

plane L(f,g,id,1) is ovoidal if and only if f = g. The auto- 

morphism group of L(f,g,id,1) is 

e 7-dimensional if and only if f(x) = g(x) = x”; 

e 5-dimensional if and only if f = g describes a skew parabola 
but not a conic; 

e 4-dimensional if and only if either f = g does not describe a 
skew parabola or f # g and both describe skew parabolas; 

e 3-dimensional if and only if f # g and at least one of f, g does 
not describe a skew parabola. 


A Laguerre plane L(f, f,h,1) where h is an orientation-preserving 
homeomorphism of R. fixing 0 and 1 and f and foh! are strictly 
parabolic functions. This plane admits the 8-dimensional group 


(z,ry+af(z)+c) forreR 
{team { areas for x = 00 


noreRr>ol 


as group of automorphisms in the kernel. The flat Laguerre 

plane L(f, f,h,1) is ovoidal if and only if h = id. The auto- 

morphism group of L(f, f,h,1) for h # id is 

e 4-dimensional if and only if f describes a skew parabola and h 
is semi-multiplicative; in this case L(f, f,h,1) also admits the 


group 
fi R 
few {5 ea vert} 


(00, 7¢y) for x = co 
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as group of automorphisms not contained in the kernel; 
e 3-dimensional if and only if f does not describe a skew parabola 
or h is not semi-multiplicative. 


Ned 


(iii) A Laguerre plane L(f, f,id,k) where k is a positive continuous 
function such that k(0) = 1 andy: rv Ze) is a homeo- 


morphism of R and f and £ oy are parabolic functions such 
that f(0) = —1 and f'(0) =0. This plane admits the 3-dimen- 


sional group 


{tea oo forrE€R 


(co, ry +a) for Z = co 


shreRr>ol 


as group of automorphisms in the kernel. L(f, f,id, k) is ovoidal 
if and only if k= 1. The automorphism group of L(f, f,id, k) is 
3-dimensional for k # 1. 


Note that in the above theorem the planes C(f,g,id,1), C(f, f,h, 1), 
and L(f, f,id,k) are ovoidal for f = g, h = id and k = 1, respectively, 
so that they have 4-dimensional kernels. 

For the proof one considers a 3-dimensional closed connected subgroup 
in the kernel. Such a group must be isomorphic to R?, and then the 
plane is ovoidal by Theorem 5.4.9, or is the semi-direct product of R. 
by R?. In the latter case, R? is in the elation group of the Laguerre 
plane and R fixes a circle. An analysis of the possible actions of these 
groups on parallel classes yields the planes of generalized shear type. 


5.4.4 Classification with Respect to the Group Dimension 


In this subsection we give the classification of the flat Laguerre planes 
with respect to the group dimension so far as it is known at present. 
As for the other circles planes, the classical plane has the largest group 
dimension among all flat Laguerre planes. In the next possible lower 
dimension, that is, group dimension 5, one still finds close relatives of the 
classical flat Laguerre plane. In particular, all these planes are ovoidal 
over ‘nice’ ovals. 


THEOREM 5.4.12 (Group-Dimension Classification I) Let £ be 
a flat Laguerre plane. 
(i) The maximal possible group dimension of L is that of the classical 
flat Laguerre plane. The classical plane has group dimension 7 
and kernel dimension. 4. 
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(ii) The plane L has group dimension at least 6 if and only if it is 
classical. 

(iii) The plane L has group dimension 5 if and only if it is a plane 
of shear type over a proper skew parabola. These flat Laguerre 
planes are ovoidal and have kernel dimension 4; see p. 304. 


See Léwen-Pfiiller {1987a] for the proof of the above theorem. 

We already encountered a variety of flat Laguerre planes of group 
dimension 4 so that the classification cannot be as nice as for group di- 
mension 5. Flat Laguerre planes of group dimension 4 were investigated 
by Steinke in a series of papers. There are various possible ways a closed 
connected 4-dimensional group of automorphisms can act on the point 
set Z, the set of parallel classes II, and the circle set C. It can fix 


e neither a parallel class nor a circle; 

® a point; 

e at least two parallel classes, being transitive on each of them; 

e precisely one parallel class, being transitive on it; 

e no parallel class (and thus being transitive on II) but not being 
transitive on Z. 


The first case leads to the classical flat Laguerre plane and the group 
must be transitive on the point set; see Steinke [1993]. 


THEOREM 5.4.13 (4-Dimensional + Point-Transitive) Let £ 
be a flat Laguerre plane with automorphism group T and let & <T 
be a closed connected 4-dimensional group of automorphisms that fixes 
neither a parallel class nor a circle. Then % is point-transitive, and L 
is isomorphic to the classical flat Laguerre plane. 

The kernel A of the action of & on II is 3-dimensional, =1/A is iso- 
morphic to SO2(R), and ¥ is conjugate to one of the following groups. 


{(z,y, 2) + (xcost—ysint, xsint+ycost,rz+ay+bz)|a,b,t € R,r>0}, 


{(z,y, 2) + (xcost—ysint, zsint+y cost, z+ay+bxr+c) | a,b,c,t € R}, 


where we use the spatial description of the classical flat Laguerre plane 
on the cyclinder Z = {(x,y,z) € R? | 2? +y? =1}. 


The second case was dealt with in Loéwen—Pfiiller [1987a] Theorem 2. 
The derived plane at the distinguished fixed point is Desarguesian and 
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the group can be identified with a subgroup of the 5-dimensional group 
of collineations 


{(t,y) > (sz +a,ry+bz+c) | a,b,¢,r,s € R,r,s > O}. 


Depending on the form of this subgroup one obtains a Laguerre plane 
of translation type or one of shear type. 


THEOREM 5.4.14 (4-Dimensional + 1 Fixed Point) A flat La- 
guerre plane whose automorphism group is 4-dimensional and fixes a 
point is isomorphic to a Laguerre plane of shear type over a pair of daf- 
ferent skew parabolas or to a nonclassical Laguerre plane of translation 
type over a pair of skew parabolas. In the former planes precisely two 


parallel classes are fired and in the latter planes precisely one parallel 
class is fixed. 


If the 4-dimensional group fixes at least two parallel classes, it turns 
out that the kernel must be relatively large and the resulting flat La- 
guerre planes are covered by Theorem 5.4.11; see Steinke [20XXb]. In 
particular, all such flat Laguerre planes are of generalized shear type. 


THEOREM 5.4.15 (4-Dimensional + 2 Fixed Parallel Classes) 
Let £ be a flat Laguerre plane with automorphism group T and let Xo <T 
be a closed connected 4-dimensional group of automorphisms that fixes at 
least two parallel classes. Then the kernel of L is at least 3-dimensional. 

IfT is 4-dimensional, then L is isomorphic to one of the following 
planes represented on Z = (RU {oo}) x R. 


(i) An ovoidal Laguerre plane L(f) where f is a normalized strictly 
parabolic function such that the associated oval Of is not projec- 
tively equivalent to a skew parabola. In this case I! consists of 
all automorphisms 


(xz,ry+af(z)+br+c) forzeER, 


ZZ: (oy)no{ (ryt as for z = 00, 


where a,b,c,r € R, r > 0 and fizes every parallel class. Two such 
planes L(f) and L(g) are isomorphic if and only if the ovals Os 
and O, are projectively equivalent. 

(ii) A Laguerre plane L( fa, .r,, fdz,r2,24, 1) of shear type over two dif- 
ferent skew parabolas, that is, (di,r1) # (de,re2); see p. 448. In 
this case I} fixes precisely the parallel classes To. = {0} x R 
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and m7 = {0} x R and each transformation 
R? | R?: (z,y) + (sz, ry + bx +c) 


where r,s,b,c € R, r,s > 0 extends to an automorphism. Such a 
flat Laguerre plane is isomorphic to exactly one of the planes with 
parameters d},d2 >1,71 >r2>0 ord, >dg>1, 7) =1r2>1. 

(iii) A Laguerre plane L(f, f,h,1) where f = fa,,r,, describes a skew 
parabola and h = hd,,r, # id is semi-multiplicative. Here I fires 
precisely the two parallel classes Tay and m% and each transfor- 
mation 


R2 | R?: (z,y) + (sz,ry + af(x) +c) 


where r,s,a,c € R, r,s > 0 extends to an automorphism. Such a 
Laguerre plane is isomorphic to exactly one of the flat Laguerre 
planes L far; ’ Sarr: ) hdo,ra) 1), where 


el<d,.<d,-1,7, >1, 7r2>0, or 
el<dg<d,—-1,7 =1, r22>1, or 
e dg =1,d, > 2,7; >1,7r2>1, or 
e dy — dg =1, dg > 1, 71,7r2 > 1, or 
e dg =1, dg) = 2,7, >1, 72> 1. 


In the second to last case, where precisely one parallel class is fixed, 
one looks at the kernel A of the action of the 4-dimensional group on II. 
This kernel has dimension 2 or 3. If A is 3-dimensional, then we are 
in the situation of Theorem 5.4.11 and the Laguerre plane is, in fact, 
classical. If A is 2-dimensional, one further uses the classification of 
flat projective planes of group dimension at least 3 that admit a closed 
connected 3-dimensional group of collineations that fix a flag. One then 
obtains that the Laguerre plane must be a flat Laguerre plane of shift 
type over a semi-multiplicative homeomorphism; see Steinke [20XXc]. 


THEOREM 5.4.16 (4-Dimensional + 1 Fixed Parallel Class) 
Let £L be a flat Laguerre plane whose automorphism group T is 4-di- 
mensional and such that the connected component I" fixes precisely one 
parallel class. Then £L is isomorphic to one of the following planes rep- 
resented on Z = (RU {oo}) x R. 


(i) A nonclassical Laguerre plane L(fa,,r1, faz,r.) of translation type 
over a pair of skew parabolas. Here I! fixes the point (00,0) and 
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precisely the parallel class To, = {co} x R and consists of all 
automorphisms 


(sa +b,ryt+c) forzeR, 
Z>Z:(r,y) ©; Fay for z= 0, y 2 0, 


©, ayy forz=m,y <0, 


where b,c,r,s € R, r,s > 0. Such a plane is isomorphic to 
exactly one of the planes corresponding to parameters r\,7r2 > 1, 
dj >dg>1 orr, >12,d, =d2>1. 

(ii) A Laguerre plane L(hm,q) of shift type over a semi-multiplicative 
function hm,q where m > 2, q > 0, (m,q) # (3,1). The group T 
fixes precisely the parallel class To. = {00} x R, acts transitively 
ON To, and consists of all automorphisms 


(set+ta,s™y+br2+c) forxzeR, 


Z: 
ZO (zu) { (00, sy +a) for 2 = 00, 


where a,b,c,s € R, s > 0. Such a Laguerre plane is isomorphic 
to exactly one plane where m > 2 and q> 1. 


In the last case, where no parallel class is fixed but the group is 
not transitive on Z, one always has a circle that is fixed under the 
group, a 1-dimensional kernel and an almost simple subgroup isomor- 
phic to PSL2(R) or its simply connected covering group PSL2(R). In 
the former case one obtains a semi-classical flat Laguerre plane of type 2. 
The latter case is not completely worked through. 

The various cases can now be summarized as follows. 


THEOREM 5.4.17 (Group-Dimension Classification II) Let £ 
be a flat Laguerre plane. Then L is of group dimension 4 if and only if 
it has 


(i) kernel dimension 4 and is an ovoidal flat Laguerre plane of shear 
type over a parabolic function that is not skew-parabolic; see p. 324; 
(ii) kernel dimension 3 and is one of the following planes- 


(a) a plane of shear type over a pair of different skew parabo- 
las; see p. 325; 
(b) a plane of modified shear type; see p. 825; 
(iii) kernel dimension 2 and is one of the following planes- 
(a) a plane of translation type over two different skew parabo- 
las; see p. 325; 
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(b) a plane of shift type over a skew parabola; see p. 328; 
(iv) kernel dimension 1 and is one of the following planes— 


(a) a semi-classical flat Laguerre plane L(y, id) of type 2 ob- 
tained by gluing along a circle where y # id is a multi- 
plicative homeomorphism of R. onto itself; = 

(b) a plane that admits the universal covering group PSL2(R) 
of PSL2(R) as a group of automorphisms and the con- 
nected component of the automorphism group containing 
the identity fixes a circle. 


5.4.5 Von Staudt’s Point of View—Groups of Projectivities 


Following von Staudt’s point of view, the group of all projectivities of a 
circle plane was investigated by Kroll [1977c] and Lowen [1977], [1981d]. 
Here, as in the case of the other circle planes, a projectivity of a fixed 
circle C is a composition of finitely many perspectivities between circles, 
the first and last circle being C. Perspectivities between circles are de- 
fined in the familiar manner by the correspondence between the points of 
two circles via a pencil of circles with the obvious modifications for par- 
allel points and points of tangency or via parallel projections; compare 
Subsections 2.9.2 and 3.4.4 for the corresponding constructions in flat 
projective planes and flat Mobius planes, respectively. These maps are 
continuous by coherence so that projectivities become homeomorphisms 
of the circle C to itself; see also Groh [1968] 3.2. 

Given two triples of three distinct points of C we can find a projectivity 
that takes the points in the first triple to the corresponding points in 
the second triple. For example, if (p1,p2,p3) and (q1, 92,93) are two 
such triples on a circle C, we can choose a point p ¢ C and a circle D 
through p. If D; denotes the tangent circle to D at p through the point p; 
for i = 1,2,3, let r; = D;|qi| and let C’ be the circle through ri, r2 
and r3. If we project C onto C’ via the tangent pencil to D at p and then 
project C’ back onto C’ using parallel classes, we obtain a projectivity 
that takes (p1, p2,p3) to (qi, 92,93); see also Groh [1968] 3.3. 


LEMMA 5.4.18 (High Degree of Transitivity) The group of pro- 
jectivities of a circle C in a flat Laguerre plane is 3-transitive on the 
points of C. 


Note that the group of projectivities Ig of a circle C in a flat Laguerre 
plane is independent of C, that is, the groups II¢ and Ig are isomorphic 


342 Cylindrical Circle Planes 


for any circles C and C’. We can therefore simply speak of the group 
of projectivities without referring to any particular circle. The above 
lemma shows that the group of projectivities in a flat Laguerre plane 
tends to be rather large. In fact, the classical flat Laguerre plane has 
the smallest group of projectivities, namely the group PGL2(R). This 
is in marked contrast to the situation with respect to automorphism 
groups: the smaller the automorphism group of a flat Laguerre plane, 
the larger the group of projectivities. 


THEOREM 5.4.19 (Sharply 3-Transitive Equals Classical) A 
flat Laguerre plane is isomorphic to the classical flat Laguerre plane if 
and only if the group of projectivities of a circle C is sharply 3-transitive 
on the points of C. 


Pursuing this line of investigation further, the following characteriza- 
tion of the classical flat Laguerre plane was obtained by Lowen [1981d]. 


THEOREM 5.4.20 (Locally Compact Equals Classical) Let £ 
be a flat Laguerre plane and let Ilc be the group of projectivities of a 
circle C. Then L is classical, if 


(i) Ig or its closure in the group of all homeomorphisms of C with 
respect to the compact-open topology Tt is locally compact with 
respect to T, or 

(ii) Ile acts w-regularly on C, that is, there exists a finite set F CC 
such that the subgroup in Ilo fixing F elementwise is discrete with 
respect to T. 


5.5 The Kleinewillinghofer Types 


Similarly to the Lenz—Barlotti classification of projective planes, the Her- 
ing classification of Mobius planes, and the Klein—Kroll classification of 
Minkowski planes (see Subsection 2.9.1 and Sections 3.5 and 4.5, respec- 
tively), Laguerre planes can be classified with respect to central auto- 
morphisms, that is, automorphisms that fix at least one point and induce 
a central collineation in the derived projective plane at that fixed point. 
More precisely, one considers subgroups of central automorphisms that 
are linearly transitive, that is, the induced groups of central collineations 
are transitive on each central line except for the obvious fixed points, 
the centre and the point of intersection with the axis. 

As in the case of Minkowski planes central automorphisms of Laguerre 
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planes come in a variety of types according to whether the axis of a cen- 
tral collineation in the derived projective plane at a fixed point is the 
line at infinity, a line that stems from a circle of the Laguerre plane, or a 
line that comes from a parallel class of the Laguerre plane, and whether 
or not the centre is on the axis of the central collineation. Kleinewil- 
lingh6fer therefore obtained a multitude of types of Laguerre planes. 
She considered four kinds of central automorphisms, G-translations, 
(G, B(q, C))-translations, C-homologies, and (p, q)-homotheties; see the 
following subsections. In fact, in her classification she considered groups 
of automorphisms and determined their types according to transitive 
subgroups of central automorphisms contained in them. In the follow- 
ing we only deal with the full automorphism group. 


5.5.1 C-Homologies 


Let C be a circle of a Laguerre plane £. A C-homology of £ is an 
automorphism of £ that either is the identity or fixes precisely the 
points of C. A C-homology induces a homology of the derived projective 
plane P, at each q € C with infinite centre w (the infinite point associ- 
ated with lines coming from parallel classes of the Laguerre plane). Note 
that every C-homology is in the kernel of £. A group of C-translations 
of £ is called C-transitive, if it acts transitively on each parallel class 
minus its point of intersection with C. We say that the automorphism 
group [ of £ is C-transitive if P contains a C-transitive subgroup of C- 
homologies. 

With respect to C-homologies Kleinewillinghdfer obtained seven types 
of Laguerre planes; see Kleinewillinghéfer [1979] Satz 3.1. 

If Z denotes the set of all circles C' for which the automorphism group 
of the Laguerre plane is C-transitive, then exactly one of the following 
statements is valid. 


I zZ=9. 

Il. {Z| =1. 

III. There are a point p and a circle C with p € C such that Z is the 
tangent bundle B(p,C). 

IV. There are nonparallel points p and qg such that the set Z is the 
bundle {C' €C | p,q € C} of circles through p and gq. 

V. Z consists of a flock of £, that is, the circles in Z partition the 
point set of £; see Subsection 5.8.3 for more information about 
flocks. 
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VI. Z has the property that for each point p of £ the collection of all 
circles in Z that pass through p equals B(p, C) for some circle C 
or the bundle of circles through p and gq for some point q /| p. 
VII. Z=C. 


In fact, Type VI cannot occur in flat Laguerre planes; see Polster— 
Steinke (20XXb]. 


LEMMA 5.5.1 (Type VII) If the set Z of a flat Laguerre plane L 
contains at least three circles that neither are pairwise disjoint nor pass 
through the same point, then L is ovoidal and thus of type VII. 


Since in Laguerre planes of type VI the set Z contains at least one 
circle through each point of £, we readily obtain the following possible 
types for flat Laguerre planes. 


PROPOSITION 5.5.2 (Possible Types) A flat Laguerre plane is of 
type I, H, I, IV, V, or VII. 


For flat, Laguerre planes of types I, II, III, or VII see the examples in 
Subsection 5.5.4. 

An immediate consequence of Lemma 5.5.1 is the following character- 
ization of ovoidal flat Laguerre planes; see also Maurer [1977] Satz 6. 


COROLLARY 5.5.3 (Ovoidal Equals Type VII) A flat Laguerre 
plane L is of type VII if and only if L is ovoidal. 


5.5.2 Laguerre Translations 


A Laguerre translation of a Laguerre plane £ is an automorphism of £ 
that either is the identity or fixes precisely the points of one parallel class. 
More precisely, there are two kinds of Laguerre translations. Let G be a 
parallel class of £. A G-translation of £ is an automorphism in the kernel 
of £ that either is the identity or fixes precisely the points of G. A group 
of G-translations of £ is called G-transitive, if it acts transitively on each 
parallel class H # G. We say that the automorphism group F of C is 
G-transitive if P contains a G-transitive subgroup of G-translations. 
The second kind of Laguerre translations uses a circle C’ passing 
through p € G. As for flat Mobius planes let B(p,C) denote the touch- 
ing pencil with support p, that is, B(p,C) consists of all circles that 
touch the circle C' at the point p. In the derived affine plane at p the 
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touching pencil represents a bundle of parallel lines and we can look at 
translations in this direction. Then a (G, B(p,C))-translation of L is a 
Laguerre translation that fixes C (and thus each circle in B(p,C)) glob- 
ally. Note that G is fixed pointwise by each (G, B(p, C))-translation. A 
group of (G, B(p,C))-translations of CL is called (G, B(p, C))-transitive, 
if it acts transitively on C\{p}. We say that the automorphism group [ 
of £L is (G, B(p, C))-transitive if! contains a (G, B(p, C))-transitive sub- 
group of (G, B(p, C))-translations. 

With respect to Laguerre translations Kleinewillinghdfer obtained 11 
types of Laguerre planes; see Kleinewillingh6fer [1979] Satz 3.3, or [1980] 
Satz 2. 

Let II be the set of all parallel classes of L. If € € II denotes the 
set of all parallel classes G for which the automorphism group I of the 
Laguerre plane is G-transitive, and B denotes the set of all touching 
pencils B(p,C) with support p for which I is (|p|, B(p, C))-transitive, 
then exactly one of the following statements is valid. 


A. €=0;B=9%. 
J€l=LB=0 
C. 2) = 2: 6b =o 
D. |€| > 3; B=0 
E. € =0; |B] = 1. 
F. € =; there are a parallel class G, a subset U C G, |U| > 2, and 


an injective map y: U —C such that q € y(q) and 
B= {B(q,9(q)) |g € U}. 
G. € =; there is a circle C such that 
B= {B(q,C) | qe C}. 

H. There is a point p such that € = {{p|}, 

B= {B(p,C) |peC EC}. 
I. There is a parallel class G such that 

€={G}, B={B(CNG,C)} Cec}. 

J. € =TII; there is a parallel class G such that 

B={B(CNG,C)|CeECc}. 
K. €=II; B={B(q,C) |qeCec}. 
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In types J and K the set € contains all parallel classes. In fact, E also 
contains all parallel classes in type D; see Polster-Steinke [20X Xb]. This 
situation is realized in the ovoidal flat Laguerre planes. 


LEMMA 5.5.4 (Types D, J, K Imply Ovoidal) [f the set € of all 
parallel classes G for which the automorphism group of the flat Laguerre 
plane L is G-transitive contains at least three parallel classes, then the 
kernel T contains a 3-dimensional subgroup isomorphic to R? and L is 
ovordal. 


The groups of G-translations for three distinct parallel classes G;, Go, 
and G3 in € generate an abelian subgroup isomorphic to R® and the 
Laguerre plane is ovoidal by Theorem 5.4.9. 

Since a type K plane is the classical flat Laguerre plane and be- 
cause € = II in ovoidal Laguerre planes, we can characterize the type D 
flat Laguerre planes as follows. 


COROLLARY 5.5.5 (Type D) A flat Laguerre plane is of type D if 
and only if it is a nonclassical ovoidal flat Laguerre plane. 


A further consequence of the above Lemma 5.5.4 and the classifica- 
tion of ovoidal flat Laguerre planes of group dimension at least 5 (see 
Theorem 5.4.12) is that type J cannot occur in flat Laguerre planes. In 
fact, Type I cannot occur either. 


LEMMA 5.5.6 (Type K) If there is a parallel class G in a flat La- 
guerre plane L such that the automorphism group of L is (G, B(p, C))- 
transitive for eachpeE G and C EC, pe C, then L is the classical flat 
Laguerre plane and thus of type K. 


Each derived affine plane at points of the parallel class G is a transla- 
tion plane and thus must be the Euclidean plane by Proposition 2.4.9. 
The translation group of the derived plane at one point p € G acts as 
a group of shifts in the derived plane at q 4 p, gq € G. However, a 
shift plane is classical if and only if the associated planar function is 
a quadratic polynomial. This then leads to the classical flat Laguerre 
plane. We can further exclude Type F in flat Laguerre planes. 


LEMMA 5.5.7 (Type F) Jf there are a parallel class G and at least 
two points p,,p2 € G and circles C,,C2 EC, pi € Cj, for which the auto- 
morphism group of a flat Laguerre plane L is (G, B(pi, C;))-transitive, 
then L is (G, B(pi, C))-transitive for all circles C through p,. 
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From the classification of types with respect to Laguerre translations 
it then follows that under the assumptions of the above lemma the set B 
must contain all bundles B(CNG,C) for C €C. 

In summary, we obtain the following possible types with respect to 
Laguerre translations. 


PROPOSITION 5.5.8 (Possible Types) A flat Laguerre plane is of 
type A, B, C, D, E, G, H, or K. 


For flat Laguerre planes of types A, B, C, D, G, H, and K see the 
examples in Subsection 5.5.4. 


5.5.8 (p,q)-Homotheties 


Let p and q be two nonparallel points of a Laguerre plane £. An auto- 
morphism y of £ is a (p,q)-homothety if y fixes p and q and induces 
a homothety with centre q in the derived affine plane A, at p. Note 
that each (p, g)-homothety is also a (q¢,p)-homothety. A group of (p, q)- 
homotheties is called (p, q)-transitive if it acts transitively on each circle 
through p and q minus the two points p and qg. We say that the auto- 
morphism group T of CL is (p, q)-transitive if I contains a (p, q)-transitive 
subgroup of (p, q)-homotheties. 

With respect to (p,q)-homotheties Kleinewillinghdfer [1979] Satz 3.2, 
or [1980] Satz 1, obtained 13 types of Laguerre planes. 

If H denotes the set of all unordered pairs of points {p,q} for which 
the automorphism group of the flat Laguerre plane is (p, q)-transitive, 
then exactly one of the following statements is valid. 


1 H=89. 
2. |H| =1. 
3. There are a point p and a parallel class G with p ¢ G such that 


H = {{p,q} | ¢ € G}. 


4. There are a point p and a circle C through p such that 
H= {{p,q} |qeC \ {p}}. 


5. There are a circle C and a fixed-point-free involution gy: C = C 
such that 


H = {{p, y(p)} | p € Ch. 
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6. There is a circle C such that 
H = {{p,q} | p,.9 € Cp F gh. 


7. There are two distinct parallel classes F and G and a bijection 
y: F — G such that 


H = {{p, o(p)} | p € F}. 


8. There are two distinct parallel classes F and G such that 


H = {{p,q} | p € Fyq € G}. 


9. Each point of £ is in exactly one pair in H. 
10. There are a parallel class G and a bijection y : G — II\ {G} such 
that 


H = {{p,q} |p € G,q € 9(p)}. 
11. There is a point p such that 


H = {{p,q} | € Z\ |p|}. 
12. There is a parallel class G such that 


H = {{p,4} |pEG,q€ Z\ G}. 
13. H consists of all unordered pairs of nonparallel points. 


Type 13 describes the classical flat Laguerre plane. In fact, it suffices 
for to contain sufficiently many unordered pairs in order to obtain the 
classical flat Laguerre plane. 


LEMMA 5.5.9 (Type 13) If the set H of a flat Laguerre plane L 
contains all unordered pairs of nonparallel points p, q for all points p 
on a parallel class G and all points q off G, then L is the classical flat 
Laguerre plane and thus of Type 13. 


A set H as in the lemma implies that each derived affine plane at 
a point of the distinguished parallel class is a translation plane and 
thus the Euclidean plane by Proposition 2.4.9, and each translation of 
the derived plane is induced by a Laguerre translation. It then follows 
that € = II, and C is classical by Lemma 5.5.6. 

The above lemma readily implies that type 12 cannot occur in flat 
Laguerre planes; compare Hartmann {1982b] Satz 8. Apart from that, 
little is known about the possible Kleinewillinghofer types with respect 
to (p, q)-homologies. 
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PROPOSITION 5.5.10 (Possible Types) A flat Laguerre plane is 
of Type 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, or 13. 


For flat Laguerre planes of types 1, 8, 11, or 13 see the examples in 
Subsection 5.5.4. 

Combining all three classifications Kleinewillinghéfer [1979] Satz 3.4 
obtained 46 types of Laguerre planes. Of those only the types I.A.1, 
1.A.2, 1.A.5, LA.7, LA.9, 1.B.1, 1.B.3, 1.B.10, 1.C.1, 1.C.8, LE.1, LE.4, 
1.G.1, 1.G.6, I.H.1, LH.11, 1.K.1, 1.K.13, I.A.1, ILA.2, I1A.5, IL.E.1, 
ILE.4, II.G.1, I1.G.6, II1.B.1, II.B.3, I0.H.1, I1.H.11, IV.A.1, IV.A.2, 
V.A.1, VII.D.1, VII.D.8, VII.K.13 can possibly occur in flat Laguerre 
planes. Note that Kleinewillinghdfer’s labelling of the combined types 
differs from the above one where the combined type just refers to the 
respective single types. For example, type IJI.B.3 refers to type III 
with respect to C-homotheties, type B with respect to Laguerre trans- 
lations, and type 3 with respect to (p,q)-homotheties. (In Kleinewil- 
linghéfer [1979] Satz 3.4, this combined type is labelled as III.A.1.) 

Kleinewillinghéfer furthermore coordinatizes derived affine planes at 
suitable points. She investigates what algebraic properties such a coor- 
dinatizing ternary ring has and derives functional equations for circle- 
describing functions of circles not passing through the distinguished 
point of derivation. This gives more information about the possible 
forms of circles of certain types. See also Hartmann [1982b] for charac- 
terizations of ovoidal or Miquelian Laguerre planes in terms of transi- 
tivity properties of central automorphisms. 


5.5.4 Some Examples 
So far no complete classification of those types that can occur in flat 


Laguerre planes has been carried out. Examples for some of the possible 
Kleinewillinghéfer types of flat Laguerre planes are as follows. 


IA.1 


A plane of group dimension 0. In particular, a rigid plane; see Subsec- 
tion 5.3.2. Clearly, such a plane must be of type I.A.1. 


IB.1 


A semi-classical plane C(f, 9, id) of type 1 where f and g are the homeo- 
morphisms given by f(x) = sinhz and g(z) = z° for z € R. The distin- 
guished parallel class is {oo} xR. The transformations (z, y) +> (z, y+c) 
for c € R extend to G-translations of the Laguerre plane. 
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LC.1 


A semi-classical plane L(id,g,id) of type 1 where g(z) = x? forz ER. 
The distinguished parallel classes are {oo} x R and {0} x R and the 
transitive groups of G-translations consist of the maps (z, y) + (x, y+c), 
(co, y) + (00, y) fore € Rand (z,y) & (z,y+az?), (00, y) & (00, y+a) 
for a € R, respectively. 


lG.1 


A semi-classical plane L(f,id) of type 2 with f(z) = 2° for z € R. 
The distinguished circle C is the circle y = 0. The transformations 
of the form (z,y) + (z+t,y) for t € R form a transitive group of 
({co} x R, B((oo, 0), C))-translations. Likewise, the transformations 


for s € R form a transitive group of ({0} x R, B((0, 0), C))-translations. 
The other transitive groups of translations can be found by forming 
compositions. (Each transformation 


(ey) (SEo ota) 


cz +d’ (cx + d)? 


where a,b,c,d € R, ad — bc = 1, extends to an automorphism of the 
Laguerre plane.) 


ILA.1 


A semi-classical plane £(h, h, h) of type 1 where h # id is a multiplicative 
homomorphism; for example, h(z) = x? for z € R. The distinguished 
circle is the circle y = 0 and {(z,y) + (z,sy) | s € R,s # O} isa 
transitive group of C-homologies. 


TID.H.1 


A flat Laguerre plane £(f, f) of translation type over f, where f is not 
a skew parabola function. The distinguished point is p = (00, 0) and the 
distinguished circle C' is the circle y = 0. In the derived affine plane at p 
(this is the Euclidean plane) each of the translations (x, y) > (+b, y+c) 
for b,c € R and each homology (2, y) + (z,a(y—c)+c),aER,a¥0, 
at the parallel y = c of C extend to automorphisms of the Laguerre 
plane. 
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TII.H.11 


A flat Laguerre plane C(fa, fa) of translation type over a skew parabola 
function fq of the form fa(x) = x|z|?-1, d > 2. The distinguished point 
is p = (00,0) and the distinguished circle C' is the circle y = 0. Each 
translation and each homology at a parallel of C of the derived affine 
plane at p (this is the Euclidean plane) extend to an automorphism 
of the Laguerre plane. Furthermore, for each b,c € R the homoth- 
eties (z,y) > (a(x — b) + b,a(y—c) +c) fora € R, a ¥ 0, forma 
transitive group of ((00, 00), (b, c))-homotheties. 


VIL.D.1 


An ovoidal flat Laguerre plane £(f), where f is not projectively equiv- 
alent to a skew parabola. For example, f(x) = coshz yields such a 
plane. Note that the transformations (z, y) > (x, y+t(af(z)+bz+c)), 
where ¢t € R, form a transitive group of G-translations whenever the 
circle {(z, af(z) + bx +c) | c € R} U {(00, a)} touches the circle y = 0 
at a point. 


VI.D.8 


An ovoidal flat Laguerre plane £(f), where f is a skew parabola func- 
tion different from the squaring function z+» x”. The two distinguished 
parallel classes are {oo} x R and {0} x R. For each a,c € R the trans- 
formations (x,y) + (sz, sy + (1— s)af(x) + (1—s)c) for s ER, s £0, 
form a transitive group of ((00, a), (0, c))-homotheties. 


VII.K.13 


The classical flat Laguerre plane. Here all admissible subgroups of cen- 
tral automorphisms are linearly transitive. 


5.6 Characterizations of the Classical Plane 


In this section we summarize various characterizations of the classical flat 
Laguerre plane. Most of these characterizations parallel those of the clas- 
sical flat Mobius und Minkowski planes; see Theorems 3.6.9 and 4.6.8. 
We only state the characterizations. For most of the proofs the reader 
is referred to the same sources as for the proofs of the respective results 
in Subsection 3.6.2. For characterization (vi) see Maurer [1978]. The 
characterizations in terms of the group dimension, the Kleinewillinghéfer 
types, etc. have been proved earlier on in this chapter. 
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THEOREM 5.6.1 (Characterizations of the Classical Plane) A 
flat Laguerre plane L with automorphism group T is isomorphic to the 
classical flat Laguerre plane if and only if any one of the following holds. 
(i) T is flag-transitive. 
(ii) T’ is at least 5-dimensional. 
(iii) £ 1s Miquelian. 
(iv) £L is locally Miquelian. 
(v) £ is locally classical. 
(vi) For any two nonparallel points p and q the plane L admits a 
unique reflection at {p,q}. 
(vii) £ is of Kleinewillinghéfer type at least I. 
(viii) L is of Kleinewillinghdfer type at least 12. 
(ix) The group of projectivities of L is sharply 3-transitive on the 
points of a circle C. 
(x) The group of projectivities Ic of a circle C or its closure in the 
group of all homeomorphisms of C with respect to the compact- 
open topology T 1s locally compact with respect to T. 
(xi) IIc acts w-regularly on C. 


5.7 Planes with Special Properties 


In the following two subsections we consider flat Laguerre planes that do 
not admit any nontrivial automorphisms and differentiable flat Laguerre 
planes. 


5.7.1 Rigid Planes 


Examples of rigid flat Laguerre planes, that is, flat Laguerre planes that 
do not admit any nontrivial automorphisms, can be found among the 
semi-classical flat Laguerre planes; see Section 5.3.2. 


5.7.2 Differentiable Planes 


The point set S! x R and the circle set R? of a cylindrical circle plane 
naturally carry smooth differentiable structures that make them into 
(differentiable) smooth manifolds. In the classical flat Laguerre plane 
each parallel class and each circle are then submanifolds of S' x R and 
the geometric operations are not only continuous (see Theorem 5.2.6) 
but even smooth (differentiable) maps with respect to the appropriate 
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smooth manifold structures. We can now replace the topological condi- 
tions in the definition of a cylindrical circle plane or flat Laguerre plane 
by differentiability assumptions and ask what planes can occur. More 
precisely, a smooth cylindrical circle plane or flat Laguerre plane is a 
cylindrical circle plane or flat Laguerre plane such that parallel classes 
and circles are submanifolds of the point space and such that the geo- 
metric operations are smooth on their respective domains of definition. 

The classical flat Laguerre plane is smooth according to this definition. 
More generally, any ovoidal flat Laguerre plane over a smooth oval is 
smooth. 


THEOREM 5.7.1 (Smooth Ovoidal Planes) An ovoidal flat La- 
guerre plane over an oval O in R3 is smooth if and only if O is a smooth 
submanifold of R?. 


5.8 Subgeometries and Lie Geometries 


Apart from the constructions in this section, a large number of construc- 
tions of other types of geometries from flat Laguerre planes are described 
in detail in Chapter 6. Also included in Chapter 6 is the solution of the 
Apollonius problem for flat Laguerre planes. 


5.8.1 Recycled Flat Projective Planes 


In Subsection 3.8.1 we introduced a way to ‘recycle’ flat projective planes 
from spherical circle planes. We did this by constructing disk models of 
flat projective planes on disks bounded by circles. In cylindrical circle 
planes it is both circles and pairs of parallel classes that can be used to 
construct flat projective planes. 


5.8.1.1 Recycling along Pairs of Parallel Classes 


Let V and W be two distinct parallel classes of a cylindrical circle 
plane £ = (Z,C), let H be one of the connected components of the 
set Z\(VUW), and let H = HUVUW. Given an orientation-reversing 
homeomorphism y : V — W we define a geometry R whose point set 
is H and whose lines are the restrictions to H of the circles in C that pass 
through pairs of points (p,y(p)), p € V. We construct a geometry R’ 
from FR by identifying V and W via y. Furthermore, we add all parallel 
classes of lines contained in H to the line set. Consequently, the point 
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set of R’ is a Mobius strip and all lines that do not arise from parallel 
classes are topological circles. 


THEOREM 5.8.1 (Strip Model) Let R’ be the geometry constructed 
as above from a strip H bounded by two distinct parallel classes in a 
cylindrical circle plane £ and let A be the restriction to H of a circle 
in L that does not give rise to a line in R’. Then R’ is a point Mobius 
strip plane and A is a topological arc in R’. 


This result is a corollary of a more general result that we will prove 
in Theorem 7.1.8. See also Polster [1996a] Section 2.3. 


5.8.1.2 Recycling along a Circle 


Let C be a circle in a cylindrical circle plane £ = (Z,C). We compactify 
the cylinder Z by two points u, d (one for each of the two open ends). The 
resulting topological space Z is homeomorphic to the 2-sphere. Let H 
be the connected component of Z \ C that contains the compactifying 
point u and let H = HUC. Clearly, FH is a closed disk. Starting 
with a fixed-point-free involutory homeomorphism 7 of C to itself we 
construct a disk model (D,7,G) of a flat projective plane (as defined in 
Subsection 3.8.1). If p is a point on the circle C, let V(p) be the parallel 
class through p. Now D = H and G consists of the restrictions to D of 
the sets 


V(p) U {u} UV (y(p)), 


where p € C, and circles in £ through pairs of points (p,y(p)) on C. 


THEOREM 5.8.2 (Disk Model) Let £ be a cylindrical circle plane, 
let C be one of its circles, and let y : C — C be a fixed-point-free 
continuous involution. Then (D,y,G), as defined above, is a disk model 
of a flat projective plane P. 

Let I be the set of all circles completely contained in the interior of D, 
let T be the set of all circles completely contained in D and touching C 
at exactly one point, and let S be the restrictions to D of all circles 
that intersect C in two points that do not get exchanged by y. Then 
the elements of I, T, and S are topological arcs in the flat projective 
plane P. If £L is a flat Laguerre plane, then the elements of I and T are 
topological ovals in P. 


For more information about this construction see Polster [1996a] Sec- 
tion 2.2. 
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5.8.2 Double Covers of R?-Planes and Flat Projective Planes 


In Subsection 5.3.3 on cut-and-paste constructions we introduced inner 
and outer involutions of cylindrical circle planes and used them to con- 
struct separating sets in such planes. In the following we consider the 
fixed-circle sets of these involutions. 


5.8.2.1 Inner Involutions 


Let ‘y be an inner involution of a cylindrical circle plane £ = (Z,C) with 
fixed-circle set Fix(y). This means that 7 is a fixed-point-free involutory 
homeomorphism Z — Z mapping parallel classes to parallel classes such 
that a circle is contained in Fix(7) if and only if it contains some point p 
and its image y(p). For further useful properties of inner involutions see 
Lemma 5.3.9. 

It readily follows that the complete bundle of circles through a point 
and its image under 7+ is contained in Fiz(y). Hence any two points 
of Z whose parallel classes are not exchanged by 7¥ are contained in ex- 
actly one circle in Fix(y). Let P be the quotient space Z/y and let G 
be the set consisting of all C/y, C € Fix(y), and all images of par- 
allel classes under the identification. We conclude that R = (P,G) is 
a geometry on the Mobius strip all of whose lines are either topologi- 
cal circles or, if they arise from parallel classes, topological lines. We 
conclude that this geometry is a point Mobius strip plane; see Subsub- 
section 1.2.1.3. We express this by saying that (Z, Fix(y)) is a double 
cover of the point Mobius strip plane ®. Furthermore, it is easy to see 
that 7 is isomorphic to one of the point Mobius strip planes constructed 
in Subsubsection 5.8.1.1 and that the flat projective plane correspond- 
ing to R is isomorphic to one of the flat projective planes constructed 
in Subsubsection 5.8.1.2. 


THEOREM 5.8.3 (Double Covers of Mébius Strip Planes) Let 7 
be an inner involution of a cylindrical circle plane L = (Z,C). Then the 
geometry (Z, Fix(7)) is the double cover of a point Mobius strip plane R. 

Let H be a strip on Z whose two bounding parallel classes V and W 
are exchanged by y. Then y defines an orientation-reversing homeo- 
morphism V — W and is isomorphic to the point Mobius strip plane 
constructed in Subsubsection 5.8.1.1. 

Let C be a circle in Fix(y). Then the restriction of y to C is a fixed- 
point-free continuous involution and the flat projective plane constructed 
in Subsubsection 5.8.1.2 is isomorphic to the flat projective plane that 
extends R. 
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5.8.2.2 Outer Involutions 


Let y be an outer involution of a cylindrical circle plane £ = (Z,C) and 
let. Fiz(y) consist of all circles that are globally fixed by 7. This means 
that the fixed-point set F of y is the union of two parallel classes V 
and W such that the two connected components of Z \ (V U W) get 
exchanged by y. Furthermore, a circle is contained in Fix(y) if and 
only if it contains some point p and its image (p), where p 4 y(p). For 
further useful properties of outer involutions see Lemma 5.3.11. 

Now it follows that the complete bundle of circles through a point and 
its image under + is contained in Fix(y) provided that p 4 y(p). Hence 
any two points of Z whose parallel classes do not get exchanged by 7 
are contained in exactly one circle in Fiz(y). Let H;, i = 1,2, be the 
two connected components of Z \ (V UW) and let 9; consist of all the 
parallel classes contained in H; and all restrictions of circles in Fix(7) 
to D;. Then R; = (H;,G;) is an R*-plane. This R?-plane cannot be 
a flat affine plane. Furthermore, y defines an isomorphism between FR 
and R2. We express all this by saying that (Z, Fix(7)) is a double cover 
of an R?-plane. 

If £ is the classical flat Laguerre plane on the cylinder Z and ¥ is the 
bundle involution of Z associated with an exterior point, then this R?- 
plane is isomorphic to the restriction of the Euclidean plane to the strip 
bounded by two parallel Euclidean lines. 

We summarize our considerations in the following theorem. 


THEOREM 5.8.4 (Double Covers of R?-Planes) Let 7 be an outer 
involution of a cylindrical circle plane L = (Z,C). Then (Z, Fix(y)) is 
the double cover of an R?-plane. 


5.8.3 Flocks and Resolutions 


A flock of a cylindrical circle plane C is a partition of its point set into 
pairwise disjoint circles of L. 

Examples of flocks in ovoidal cylindrical circle planes can be obtained 
as follows. Let £ be an ovoidal cylindrical circle plane that is the geom- 
etry of nontrivial plane sections of a cone C' in PG(3, R) with vertex v. 
Let L be a line of PG(3,R) that has no points in common with C. 
Each plane through L that does not pass through v intersects the point 
set Z = C \ {v} in a circle of the ovoidal plane. The collection of circles 
obtained in this way yields a flock in this plane. This kind of flock is 


5.8 Subgeometries and Lie Geometries 357 


called linear. Nonlinear flocks can be constructed as follows. Using the 
same setup, let K be a second line different from L that intersects L but 
does not intersect the cone. Let P be the plane determined by both lines. 
Then P dissects the cylinder Z into an upper and a lower part. Now a 
nonlinear flock consists of the circles that correspond to planes through L 
that intersect the cylinder in the upper part, the planes through K that 
intersect the cylinder in the lower part, and the plane P. This kind of 
flock is called bilinear; see Biliotti-Johnson {1999} for bilinear flocks of 
Miquelian Laguerre planes over ordered fields. 

Intersection of circles in a flock with a fixed parallel class in a cylin- 
drical circle plane defines a bijection between the parallel class and the 
flock. 


PROPOSITION 5.8.5 (Flocks) Each flock of a cylindrical circle 
plane is homeomorphic to R. 


As for flat Minkowski planes, one can define partial flocks and the 
automorphism group of a flock; see Subsection 4.8.1. Starting with 
two disjoint circles of a flat Laguerre plane, one can again inductively 
construct a partial flock such that the intersections of its circles with each 
parallel class form a dense subset of that parallel class. This partial flock 
can then be completed to a flock of the Laguerre plane; see Rosehr [1998] 
Theorem 1.9. 


THEOREM 5.8.6 (Existence of Flock) Every flat Laguerre plane 
admits a flock. 


The automorphism group of a flock of the classical flat Laguerre plane 
is at most 3-dimensional, the linear flocks attaining that maximum di- 
mension. In fact, the linear flocks are characterized by this property. 


THEOREM 5.8.7 (Linear Flock) A flock of the classical flat La- 
guerre plane has an automorphism group of dimension 3 if and only if 
the flock is linear. 


Rosehr [1998] Section 3.3 derives further characterizations of linear 
and bilinear flocks. 

A resolution of a cylindrical circle plane L is a partition of the circle 
space of £ into flocks of £. We call a cylindrical circle plane resolvable 
if it admits a resolution. For example, every ovoidal cylindrical circle 
plane £ given as above is resolvable as follows. Start with a plane in R? 
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that does not intersect the cylinder £ is living on. Then the set of 
all linear flocks that correspond to nonvertical lines in this plane are a 
resolution of L. 

Further examples of flat Laguerre planes that are resolvable are given 
in Polster-Steinke [1997] Section 4. 


5.9 Open Problems 


PROBLEM 5.9.1 What R?-planes and flat affine planes can occur 
as derived planes of cylindrical circle planes and flat Laguerre planes? 
What flat projective planes and point Mobius strip planes do we arrive at 
by recycling along circles or pairs of parallel classes of cylindrical circle 
planes, respectively? In particular, classify the flat projective planes and 
point Mobius strip planes that we arrive at by recycling along a circle 
or two parallel classes of the classical flat Laguerre plane, respectively. 
Classify the flat Laguerre planes that are integrals of the Euclidean plane. 


Some more constructions of flat linear spaces from flat Laguerre planes 
via generalized quadrangles (see Chapter 6) correspond to some further 
similar questions. 


PROBLEM 5.9.2 Assume that all derived affine planes of a flat La- 
guerre plane are Desarguesian. Does this imply that the Laguerre plane 
is ovoidal? 


In the case of a spherical circle plane the answer to the respective ques- 
tion is unknown. On the other hand, we know that a flat Minkowski 
plane all of whose derived planes are classical is classical itself; see The- 
orem 4.6.3. For finite Laguerre planes of odd order the answer is ‘Yes’. 
In fact, in this case the Laguerre plane must be Miquelian. 


PROBLEM 5.9.3 Are there any further essentially new ways to con- 
struct flat linear spaces from cylindrical circle planes apart from the ones 
that come about as combinations of the links between the different classes 
of geometries described in this book? 


PROBLEM 5.9.4 Show that the automorphism group of a cylindrical 
circle plane is a Lie group and develop a classification of cylindrical 
circle planes with respect to their group dimensions. 
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PROBLEM 5.9.5 Classify all flat Laguerre planes of group dimen- 
sion 3. 


A complete classification of the flat Laguerre planes/cylindrical circle 
planes of group dimension 3 should still be possible, whereas a complete 
classification of the planes of group dimension 2 seems to be beyond 
reach. 


PROBLEM 5.9.6 Are there flat Laguerre planes whose collection of 
elations does not form a group? 


For finite Laguerre planes and 4-dimensional Laguerre planes the an- 
swer to the respective question is negative. 


PROBLEM 5.9.7 Develop a classification of flat Laguerre planes with 
respect to Kleinewillinghdfer types. 


PROBLEM 5.9.8 If a is an automorphism of a Laguerre plane that 
fizes a point and induces a translation in the derived affine plane at p, 
does a necessarily fiz the parallel class of p pointwise? 


In the definition of Laguerre translations one requires that such trans- 
lations fix all the points of one parallel class. Is this restriction necessary? 
It is often easy to see that an automorphism that fixes a point p induces 
a translation but it is usually harder to deduce that all the points on 
the parallel class of p are indeed fixed. 


PROBLEM 5.9.9 Does every cylindrical circle plane contain a flock 
or, even stronger, is every such plane resolvable? 


PROBLEM 5.9.10 In general, extend some more results about flat 
Laguerre planes listed in this chapter to results about cylindrical circle 
planes. 


More problems include the counterparts of some of the problems listed 
at the ends of the chapters on spherical and toroidal circle planes. 


6 


Generalized Quadrangles 


Although the main objects of this chapter are not geometries on surfaces 
the theory of antiregular 3-dimensional generalized quadrangles as devel- 
oped in Schroth [1995a] ties the flat Mobius, Laguerre, and Minkowski 
planes into a tight knot full of beautiful connections and unexpected 
relationships. In this chapter we give a summary of Schroth’s theory 
and state the most important results about flat Laguerre, Mébius, and 
Minkowski planes that are best expressed in the language of generalized 
quadrangles. 

A generalized quadrangle is a geometry G = (P,£) with point set P, 
line set £, and set of flags F satisfying the following axioms. 


Axioms for Generalized Quadrangles 


(Q1) Any two distinct points have at most one joining line. 


(Q2) For every antiflag (p, K) € (P x £L) \F there exists exactly 
one flag (gq, L) € F such that (p, L) € F and (q, K) € F. 


Two points p,q are said to be collinear, denoted by p 1 q, if they can 
be joined by a line. The set of points collinear with a given point p is 
called the perp of p and is denoted by pt. Given two points p and q, 
the set pt Nq" is called the trace of p and gq. Note that if p and q are 
distinct and collinear, then p' Mq1 is just the line connecting the two 
points. 

A generalized quadrangle is called antiregular if for any three pairwise 
noncollinear points a, b, and c the centre at Nb+ Nc either is empty 


360 


6.1 The Classical Antiregular 8-Dimensional Quadrangle 361 


or contains precisely two points. A set of three pairwise noncollinear 
points is called a triad. 


q=n(p,K) 


Fig. 6.1. 


Axiom Q2 yields two maps m : (PxL)\F — Pandd:(PxLl)\F aL 
with m(p,K) = q and X(p,K) = L; see Figure 6.1. A topological 
(generalized) quadrangle is a generalized quadrangle in which P and L 
carry Hausdorff topologies such that the maps 7 and A are continuous. 
A topological quadrangle is called a compact quadrangle if P and £ 
carry compact topologies. If G is a compact quadrangle whose lines 
and line pencils are topological manifolds of positive dimensions, then 
there are parameters m,n € N such that all lines are homeomorphic to 
the n-dimensional sphere S” and all line pencils to the m-dimensional 
sphere S™. In this case we speak of a compact quadrangle G with topo- 
logical parameters (m,n). Compact quadrangles with parameters (1,1) 
are also known as 3-dimensional quadrangles. It turns out that, given 
a 3-dimensional quadrangle, either it or its dual is antiregular; see p. 21 
for the definition of the dual of a geometry. Note that the dual of a 
generalized quadrangle is also a generalized quadrangle. 

In the following we will only be dealing with antiregular 3-dimensional 
generalized quadrangles, for short A3GQs. 

In every A3GQ there exist triads of points whose centres are empty 
and there exist triads of points whose centres contain exactly two points. 

For proofs of the results mentioned above and more background infor- 
mation about topological generalized quadrangles see Schroth [1995al, 
Forst [1981], and Kramer [1994]. For more information about general- 
ized quadrangles in general see Payne-Thas [1984] and Thas [1995]. 


6.1 The Classical Antiregular 3-Dimensional Quadrangle 


The orthogonal quadrangle Q(4, R) over R is the classical A3GQ. It can 
be described as follows. Consider the symmetric bilinear form on R® 
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defined by the matrix 


Then the point set P and line set £ of the quadrangle consist of the to- 
tally isotropic 1- and 2-dimensional subspaces of R®, respectively, that 
is, the 1- and 2-dimensional subspaces that are completely contained in 
the quadric associated with the symmetric bilinear form. Note that this 
construction is very similar to the construction of the classical flat pro- 
jective plane as the geometry of 1- and 2-dimensional subspaces of R°. 

Two points of the quadrangle are collinear if and only if the correpond- 
ing 1-dimensional isotropic subspaces are perpendicular with respect to 
the symmetric form. In this case the 2-dimensional subspace spanned 
by the two 1-dimensional isotropic subspaces is totally isotropic. This 
construction works for every field. However, the generalized quadrangle 
is antiregular if and only if the field is not of characteristic 2. 

The Euclidean plane R? together with its lines contains most of the 
information about the classical flat projective plane. Similarly, we now 
show that the 3-dimensional Euclidean space R? together with an easily 
described subset of its lines contains most of the information about the 
classical quadrangle @(4, R). 

We start by describing the orthogonal quadrangle using homogeneous 
coordinates in PG(4, R). 

Two points pj = (a; : b : G : dj : e;) € PG(4,R), i = 1,2, are 
orthogonal with respect to the above symmetric form if and only if 


QQ + b1b2 — c1C2 + dyeg + e1d2 = 0. 
This implies that 
P={(a:b:c:d:e) € PG(4,R) | a? +b? —c* + 2de = 0}. 


Let po = (0:0:0:0:1) € P. Then (a@:b:c:d:e) € pd if and 
only if d = 0. Consequently, (a: b:c:d:e) € P\ pt, if and only 
if d # 0 and a? + b? — c? + 2de = 0. Because d # 0 we may assume 
that d = 1. Then e = —(a? + b? — c*)/2. Therefore, the space P \ pd 
can be identified with R? via the correspondence 


(x,y, 2) > (wry: 2:1: (2? —2? — y*)/2). 
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Next we determine within R? the set of points collinear with a given 
point (a,b,c) € R’. 


(x,y,z) 1 (2,6, ¢) 
& (e:y:z2:1: (22-2? —y?)/2) 1 (a:b:¢:1: (c? — a? — b*)/2) 
 («—a)? +(y—6)? =(z-0). 


So (a,b, c)+ RY = {(2,y,z) € R® | (w — a)? + (y — 6)? = (z-¢)?}. 
This is a double cone with vertex (a, b,c); see Figure 6.2. 


Fig. 6.2. The points collinear to a given point form a double cone 


The group of those automorphisms of PG(4,R) that fix P globally 
acts transitively on P. This means that none of the points of P is 
distinguished among the rest. This in turn means that in order to verify 
that our geometry really satisfies Axioms Q1 and Q2 we may assume 
that the points and lines in the axioms are contained in R®. It is clear 
that two points of R? are contained in at most one element of the line 
set £. Hence Axiom Q1 is satisfied. Let CL’ be the set of all lines in R® 
that are part of a line in £. Given a point p of R? and a line K € L’ 
that does not contain p, consider the unique Euclidean plane in R® 
containing p and K. Then this plane intersects the double cone at p in 
two or one generator so that this plane contains either two or one line 
in £L’ through p. In the first case one of the two lines is parallel to K 
and the other one and its point of intersection with K are what we are 
looking for in Axiom Q2. In the second case K meets the unique line in 
a point outside R%. Also try to visualize what antiregularity means in 
this affine part of the quadrangle. 
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6.2 Basic Properties 


We summarize some important geometrical and topological properties 
of A3GQs in the following two theorems. 


THEOREM 6.2.1 (Topology) Let G be an A8GQ with point set P 
and line set L. Then the following hold. 


(i) 
(ii) 


The trace p+ q+ of two distinct points p and q is homeomorphic 
to S!; see Figure 6.3. 

The perp p+ of a point p is homeomorphic to a quadratic cone in 
3-dimensional projective space, where p corresponds to the vertex 
of the cone. The set p+ \ {p} is homeomorphic to a cylinder 
in RS. 

In the dual of G the perp of a point q is homeomorphic to the 
real projective plane and the set q+ \ {q} is homeomorphic to the 
Mobius strip. 

The sets P and L are homeomorphic to the point and line sets of 
the classical ASGQ, respectively. In particular, the set of points 
is homeomorphic to (S? x S!)/ ~, where (a,b) ~ (c,d) if and 
only if (c,d) € {(a,b),(—a,—b)}. The set P\ p+ forpe P is 
homeomorphic to R3. The set of lines is homeomorphic to the 
real projective space PG(3,R). 


For proofs of (i), (ii), and (iii) see Schroth-Van Maldeghem [1994] 2.2 
and Schroth [1995a] Lemma 2.3. For a proof of (iv) see Schroth [20XX] 
Theorem 4.6. 


THEOREM 6.2.2 (Automorphisms) Let G be an A3GQ with point 


set P. 


(i) 
(ii) 
(iii) 


(iv) 


Then the following hold. 


Every automorphism of an A3GQ is continuous, that is, is in- 
duced by a homeomorphism of the point set P to itself. 

If G has an automorphism group that acts transitively on P, 
then G is classical. 

The connected component of the automorphism group of G is a 
finite-dimensional real Lie group of dimension < 10 (the classical 
example has group dimension 10). 

If G is nonclassical, then its group dimension is at most 5. If its 
group dimension is 5, then it arises from a flat Laguerre plane of 
skew parabola type (as described in the following section). 
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For a proofs of (i) and (iii) see Forst [1981] 4.1 and 4.6. For a proof 
of (ii) see Kramer [1994] Corollary 5.2.7. Finally (iv) is proved in 
Schroth [2000] Corollary 4.9 and Theorem 4.10. Schroth’s paper is the 
first step in the direction of a group-dimension classification of A3GQs. 
It is based on the group-dimension classification of flat Laguerre planes 
by Steinke; see Chapter 5. 


q 


Fig. 6.3. The trace of two noncollinear points in Q(4, R) is a conic 


6.3 From Circle Planes to Generalized Quadrangles and Back 


The main relationships between circle planes and A3GQs are summa- 
rized in Figure 6.4. We will give detailed descriptions of all these re- 
lationships following the exposition in Schroth [1995a] Chapters 3, 4, 
and 5. 


6.3.1 Flat Laguerre Planes 


The connection between flat Laguerre planes and A3GQs is very strong. 
In fact, in a way, an A3GQ is just a special representation of a flat 
Laguerre plane, and vice versa. 

Let G be an A3GQ with point set P. Then for every p € P the derived 
structure 


Lp(G,p) = (p~ \ {p}, {p* Ng* | ge P\p"}) 


turns out to be a flat Laguerre plane. Note that our use of the word 
‘derived’ is different from the way we usually use this word. 

The proof that the geometry Lp(G, p) is really a flat Laguerre plane is 
not difficult; see Schroth [1995a] Theorem 3.1. Note that Theorem 6.2.1 
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Fig. 6.4. The network of relationships between A3GQs and flat Mobius, La- 
guerre, and Minkowski planes 


guarantees that the point set p+ \ {p} is a cylinder. The parallel classes 
of points in the Laguerre plane Lp(G,p) are the lines in the quadrangle 
through p that have all been punctured at p. 

Let £ be a flat Laguerre plane and let S, C, and E be its point set, 
circle set, and set of parallel classes, respectively. Let oo denote an 
additional point. An eztended parallel class is a parallel class to which 
the point oo has been added. An extended tangent pencil is the set 
consisting of a point p, a circle through this point, and all circles touching 
the given circle at p. Let B and G denote the sets of all extended tangent 
pencils and parallel classes, respectively. 

Then 


Lie(L) = (SUC U {oo}, BUG) 


is the so-called Lie geometry of £. This geometry turns out to be an 
antiregular generalized quadrangle. Furthermore, it is possible to make 
this generalized quadrangle into an A3GQ by equipping its point and 
line sets with topologies that induce the topologies that the four object 
sets S, C, B, and G inherit from the flat Laguerre plane £. It turns 
out that such topologies exist and that they are unique. We call them 
natural topologies. 
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The following theorem summarizes the relationship between flat La- 
guerre planes and A3GQs. 


THEOREM 6.3.1 (Flat Laguerre Plane and A3GQ) Let L be 
a flat Laguerre plane. Then the Lie geometry Lie(L) equipped with its 
natural topology is an A8GQ and 


Lp(Lie(L), co) = L. 


Conversely, let G be an A8GQ and let co be one of its points. Then 
the geometry Lp(G, co) is a flat Laguerre plane and 


Lie(Lp(G,00)) & G. 


If p and q are two points of G, then Lp(G,p) is isomorphic to Lp(G, q) 
if and only if there is an automorphism of G mapping the point p to the 
point q. 

The group of automorphisms of G fixing the point p is the full auto- 
morphism group of the flat Laguerre plane Lp(G, p). 


One surprising consequence of this result is that it allows us to con- 
struct new flat Laguerre planes from a given flat Laguerre plane. Just 
observe that the derived structure Lp(Lie(L),q) at any point q 4 oo is 
a new flat Laguerre plane that may not be isomorphic to the one we 
started with; see Subsection 6.5.1 for more details. Of course, the de- 
rived structure of the classical A3GQ at any point is isomorphic to the 
classical flat Laguerre plane. 

In general it can be shown that the derived structures of any antiregu- 
lar generalized quadrangle are Laguerre planes; see again Schroth [1995a] 
Theorem 3.1. On the other hand, the Lie geometry of an abstract La- 
guerre plane is not necessarily a generalized quadrangle. The topology of 
a flat Laguerre plane is used in an essential way to obtain a generalized 
quadrangle. 

For more details and proofs we refer to Schroth [1995a] Chapter 3. 


6.3.2 Flat Mobius Planes 


Let M be a flat Mébius plane with point set S and circle set C. A 
cycle of M is a pair (C, X) where C is a circle of M and X is one of 
the connected components of S\C. This means that to every circle 
correspond two cycles, or equivalently, that every circle can be oriented 
in two different ways. Two cycles (C, X) and (D, Y) touchif C touches D 
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and X CY or Y C X. In the following we will depict a cycle (C, X) by 
drawing the circle C together with an arrow. Here X is the connected 
component of S\ C that is on your left when you travel along C in 
the direction of the arrow. An extended cycle pencil in the point p € S 
consists of the point p, a cycle containing p, and all other cycles touching 
the given one at p; see Figure 6.5. 


Fig. 6.5. An extended cycle pencil in the classical flat Mébius plane 


Let C be the set of all cycles and B the set of all extended cycle pencils. 
Then the so-called lifted Lie geometry 


Lie(M) = (SUC, B) 


turns out to be an antiregular quadrangle. 

Again, as in the case of the Lie geometry of a flat Laguerre plane, there 
are unique natural topologies on the point and line sets of this antiregular 
quadrangle that turn it into an A3GQ and extend the natural topologies 
on S, C, and B. 

Note that we could also define a Lie geometry for flat Mobius planes as 
described for flat Laguerre planes. This Lie geometry is not a generalized 
quadrangle, though. 

Unlike in the case of flat Laguerre planes, not all A3GQs arise as 
lifted Lie geometries of flat Mobius planes. In fact, only those do that 
admit a Mobius involution, that is, an involutory automorphism that 
does not fix any lines and whose fixed-point set is homeomorphic to S?. 
It turns out that every line in an A3GQ intersects the fixed-point set of 
a Mobius involution in exactly one point and that every three distinct 
points of the fixed-point set form a triad; see Schroth [1995a] Propo- 
sition 4.16 for these results and a number of other characterizations of 
Mobius involutions. In the A3GQ Lie(M) the involution tT), that fixes 
all elements of S and exchanges the two cycles belonging to the same 
circle is a Mobius involution. Let G be an A3GQ with point set P that 
admits a Mobius involution 7 with fixed point set S. We define 
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MoG,r) =(S,{SNgq~ |qe P\S}). 


The following result summarizes the relationship between A3GQs and 
flat Mobius planes. 


THEOREM 6.3.2 (Flat Mébius Plane and A3GQ) Let M be a 
flat Mobius plane. Then the lifted Lie geometry Lie(M) is an A8GQ 
with Mobius involution Ty and 


Mo(Lie(M),7m) ~ M. 


Conversely, let G be an A8GQ with Mobius involution 7. Then the 
geometry Mo(G,7T) is a flat Mobius plane and 


Lie(Mo(G,7)) x G. 


Ifv is another Mobius involution of G, then the Mobius plane Mo(G, v) 
is isomorphic to Mo(G,7T) if and only if there is an automorphism y of G 
such that T = y~1vy. 

The automorphism group of the Mobius plane Mo(G,rT) is the quo- 
tient group of the group consisting of all automorphisms of G commuting 
with T by the group consisting of T and the identity. 


We give examples of Mobius involutions of the real orthogonal quad- 
rangle Q(4,R), as described in Section 6.1, at the end of the following 
section. The flat Mobius plane constructed from this classical A3GQ 
and one of its Mobius involutions is classical. 


6.4 Flat Minkowski Planes 


The connection between flat Minkowski planes and A3GQs is similar to 
the connection between flat Mobius planes and A3GQs described in the 
previous section. There are two main differences, though. 

First, remember that the circle space of every flat Minkowski plane 
has two geometrically completely independent connected components. 
In fact, it is possible to combine any two halves taken from (possibly) 
different flat Minkowski planes into a new flat Minkowski plane; see 
Chapter 4. We will associate one A3GQ each with these two components. 

Second, there is no easy way to define orientation for circles that 
will yield a lifted Lie geometry that is an antiregular quadrangle. In 
particular, just imitating what we did in the case of flat Mobius planes 
does not give anything usable. Here is a brief outline of the solution of 
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this problem and how it is used to define working lifted Lie geometries 
for flat Minkowski planes. 

Let M be one half of a flat Minkowski plane with point set S, circle 
set C, and sets G* and G~ of (+)- and (—)-parallel classes, respectively. 
This means that S, Gt, and G~ are the full point set and the full sets 
of parallel classes of a flat Minkowski plane. Only C is just one of the 
two connected components of the circle set of this Minkowski plane. 

As a topological space the circle set C is homeomorphic to PSL2(R) 
which, in turn, is homeomorphic to S! x R?. This space has a unique 2- 
fold covering space which is homeomorphic to SL2(R). We denote this 
space by C and the covering map C — C by x. If S denotes the point set 
of M, we can extend k to a map CUS — CUS which is the identity 
on S. This extended map induces a 2-fold covering B of the space B of 
all extended tangent pencils of M. 

Then the so-called lifted Lie geometry 


Lie(M) = (SUC,BUGt UG) 


turns out to be an antiregular quadrangle. 

Again, there are unique natural topologies on the point and line sets 
of this antiregular quadrangle that turn it into an A3GQ. 

As in the case of flat Mobius planes, the Lie geometries of halves 
of flat Minkowski planes, defined as for flat Laguerre planes, are not 
generalized quadrangles. 

Furthermore, not all A3GQs arise as lifted Lie geometries of halves of 
flat Minkowski planes. In fact, only those do that admit a Minkowski 
involution, that is, an involutory automorphism having the following 
properties: the fixed-point set is homeomorphic to the torus S! x S1, the 
fixed lines are all contained in this torus, and the set of fixed lines is, just 
like the set of parallel classes of a flat Minkowski plane, a disjoint union 
of two sets Gt and G~ such that the elements of either set partition the 
torus and a line in Gt intersects a line in G~ in exactly one point. 

In the A3GQ Lie(M) the involution rj that fixes all elements of S 
and exchanges the two elements of C belonging to the same circle is a 
Minkowski involution. 

Let G be an A38GQ with point set P that admits a Minkowski involu- 
tion 7 with fixed-point set S. We define 


Mi(G,r) =(S,{SNqt |qeP\S}). 


The following result summarizes the relationship between A3GQs and 
flat Minkowski planes. 
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THEOREM 6.4.1 (Flat Minkowski Plane and A3GQ) Let M be 
one half of a flat Minkowski plane. Then the lifted Lie geometry Lie(M) 
is an A8GQ with Minkowski involution Tx, and 


Mi(Lie(M),7™m) & M. 


Conversely, let G be an A8GQ that has a Minkowski involution rT. 
Then Mi(G,r) is one half of a flat Minkowski plane where the sets Gt 
and G~ of fixed lines of rt form the parallel classes of points of all flat 
Minkowski planes that Mi(G,r) is a half of. Furthermore, 


Lie(Mi(G,r)) ~ G. 


If uv is another Minkowski involution of G, then the half Mi(G,v) of 
a flat Minkowski plane is isomorphic to Mi(G,r) if and only if there is 
an automorphism y of G such that tT = y~!vy. 

The automorphism group of the half of a Minkowski plane Mi(G,7) 
is the quotient group of the group consisting of all automorphisms of G 


commuting with rt by the group consisting of t and the identity. 


In the real orthogonal quadrangle Q(4, R), as described in Section 6.1, 
Mobius and Minkowski involutions are rather natural maps. 
For gq = {a:b:c:d:e} € PG(4,R) let ry = a? +b? — c? + 2de and 


H,={{s:t:u:u:w} | as+bt-—cu+dw+ev=0}. 


Reflection at Hg is a Mobius involution if rg < 0 and a Minkowski 
involution if rg > 0. 

Let po = {0: 0:0: 0: 1} and identify P \ p4, with R? as in 
Section 6.1. Then every reflection at a plane perpendicular to the z-axis 
corresponds to a Mobius involution fixing po. Every reflection at a plane 
parallel to the z-axis corresponds to a Minkowski involution fixing pgo. 

A flat, Mobius plane or half of a flat Minkowski plane constructed from 
the classical A3GQ and one of its Mobius or Minkowski involutions is 
classical. 


6.5 Sisters of Circle Planes 


The results of the last three sections imply that, given any flat Laguerre, 
Mobius, or Minkowski plane, it is possible to construct many new flat 
Laguerre planes by first constructing the associated A3GQ and then 
deriving this generalized quadrangle at different points. Sometimes it 
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is also possible to construct new flat Mobius or Minkowski planes de- 
pending on whether the associated A3GQ admits any (new) Mobius or 
Minkowski involutions. 

A flat Laguerre plane derived from an A3GQ G is called a daughter 
of G. A flat Mébius or Minkowski plane associated with G is called 
a son. It then makes sense to speak of sisters and brothers of circle 
planes. Certain types of sisters of a given circle plane have attractive 
characterizations entirely within the given circle plane. In the following 
we give a Summary of these characterizations. 


6.5.1 Sisters of Flat Laguerre Planes 


Sisters of a flat Laguerre plane £, with point set S and circle set C, are 
themselves flat Laguerre planes. In fact, by Theorem 6.3.1 these sisters 
are the Laguerre planes 


L(q) = Lp(Lie(L),4q)), 


where gE SUC. 

By Theorem 6.3.1, the sisters corresponding to the points g and r are 
isomorphic if and only if there is an automorphism of the generalized 
quadrangle Lie(£) that maps q to r. 

It is possible to describe the sisters of C within £. We distinguish 
between two essentially different ‘embeddings’ depending on whether q 
is a point or circle of L. 


Case where q is a point of £: The points of the sister £(q) are all points 
parallel to but different from p, plus all circles incident with p, plus the 
additional point oo. The circles of the sister are all points of £ not 
parallel to p, and all circles not incident with p. A flag of the sister 
consists of either a flag of £, a pair of tangent circles of CL, or a pair of 
the form (00,r), where r is a point not parallel to p. 


Case where q is a circle of £: The points of the sister of £ are all points 
on this circle, plus all circles that touch q properly, that is, at exactly 
one point. The circles are all points not on gq, the additional point oo, 
plus all circles not tangent to g. A flag of the sister consists of either 
a pair of parallel points, a flag of £, a pair of tangent circles of £, or a 
pair (r,co), where r is a point incident with g. 


We have already noted before, using different language, that all sis- 
ters of the classical flat Laguerre plane are isomorphic. Recently, it 
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was proved by Schroth [1995b] that the flat Laguerre planes of ‘shear 
type’ constructed in Léwen-Pfiiller [1987a] (see also Subsection 5.3.5) 
are sisters of the flat Laguerre planes of ‘translation type’ described in 
Subsection 5.3.6. For further results that relate different families of flat 
Laguerre planes via sisterhood see Schroth [2000]. First results towards 
a classification of the A3GQs of large group dimension suggest that this 
classification can be roughly described as the classification of flat La- 
guerre planes modulo sisterhood; see again Schroth [1995b]. 


6.5.2 Sisters of Flat Moébius Planes 


The sisters of a flat Mébius plane M with point set S$ and circle set C 
are the flat Laguerre planes 


M(q) = Lp(Lie(M),q)), 


where g € SUC. 
It is possible to describe these sisters within M. We distinguish be- 
tween two essentially different embeddings. 


Case where q is a point of M: Then the points of the sister M(q) are the 
cycles containing q and the circles are all the cycles not containing gq plus 
all elements of S. Two points are parallel if and only if they correspond 
to cycles that touch (necessarily at g). A point is incident with a circle 
if, considered as objects of the Mébius plane, they form a flag or touch. 
In the affine part of the Mobius plane with respect to the point q, the 
points of M(q) are just the oriented lines in the derived affine plane 
of M at g. Two points of the Laguerre plane are parallel if and only if 
the corresponding oriented lines in the affine plane are parallel and share 
the same orientation. This means that the classical flat Laguerre plane 
is the geometry whose points are the oriented Euclidean lines (these are 
also called spears), and whose circles are the points of the Mobius plane 
plus the oriented Euclidean circles; see Subsection 5.1.4 for details about 
this model of the classical flat Laguerre plane. We note that Groh was 
the first to completely establish this particular way of constructing flat 
Laguerre planes from flat Mébius planes; see Groh [1974a] 


Case where q is a cycle of M: Points of the sister M(q) are the cycles 
that touch g properly plus all points incident with g. Circles are all points 
of the Mobius plane not incident with q plus all cycles not touching q. 
A point of the Laguerre plane is incident with a circle if and only if the 
corresponding objects in the Mobius plane form a flag or touch. 
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A Mobius involution of a flat Laguerre plane is an inner involution 
that is also an automorphism of the plane; see Subsection 5.3.3. This 
means that a Mobius involution of a flat Laguerre plane is fixed-point- 
free, that any two fixed circles intersect in two points that get exchanged 
by the involution, and that a circle that is not fixed by the involution 
does not intersect its image under the involution. 

The reflection (x,y,z) + (—x, —y, —z) through the origin of R? in- 
duces a Mobius involution on the classical Laguerre plane in its rep- 
resentation as the geometry of nontrivial plane sections of the vertical 
cylinder over the unit circle in the zy-plane. The circles fixed by this in- 
volution are the intersections of the cylinder with the nonvertical planes 
that contain the origin of R® 

Back to M and its sister M(q), g € S. The Mobius involution Tay 
of the quadrangle Lie(M) fixes the point g. Therefore tT), induces an 
involutory automorphism T,4,q on the Laguerre plane M(q). Conversely, 
any involutory automorphism 7 of a flat Laguerre plane £ induces an 
involutory automorphism 7, of its associated quadrangle. 


THEOREM 6.5.1 (M6bius and Laguerre) Let M be a flat Mobius 
plane with point set S. Then Taq 1s a Mobius involution of the flat 
Laguerre plane M(q), q€ 8S. 

Conversely, let £ be a flat Laguerre plane with Mobius involution Tr. 
Then Tc is a Mobius involution of its associated A8GQ Lie(L). 


For details see Schroth [1995a] Section 6.3, as well as Groh [1974a] 
and [1974b]. Note that the two constructions ‘flat Mobius plane to flat 
Laguerre plane with Mobius involution’ and ‘flat Laguerre plane with 
Mobius involution to flat Mobius plane’ are inverse to each other. 

In a flat Laguerre plane £ with Mobius involution 7, the points of the 
associated flat Mobius plane are just the circles fixed by 7 plus the extra 
point co in Lie(L). Its circles are pairs of points and pairs of circles in 
the Laguerre plane that get exchanged by 7. A point and circle of the 
Mobius plane are incident if they arise from collinear points in Lie(L). 


6.5.3 Sisters of (Halves of) Flat Minkowski Planes 


The sisters of one half of a flat Minkowski plane M with point set S and 
circle set C are the flat Laguerre planes 


M(q) = Lp(Lie(M),q)), 


6.6 Flat Biaffine Planes and Flat Homology Semibiplanes 375 


where g € SUC. A description of these sisters within M is very cum- 
bersome and we do not give one here. 

A Minkowski involution of a flat Laguerre plane is an outer involution 
that is also an automorphism of the plane; see Subsection 5.3.3. Re- 
member that the reflection (1, y,z) > (z,—-y,z) through the xz-plane 
of R° induces a Minkowski involution on the classical Laguerre plane 
in its representation as the geometry of nontrivial plane sections of the 
vertical cylinder over the unit circle in the ry-plane. The circles fixed by 
this involution are the intersections of the cylinder with planes that are 
perpendicular to the zz-plane. Just like this prototype, every Minkowski 
involution fixes two parallel classes pointwise. Furthermore, every pair 
of nonparallel fixed points is contained in exactly one fixed circle. 

Consider M(q), g € S. The Minkowski involution Tj, of the quad- 
rangle Lie(M) fixes the point g. Therefore rj, induces an involutory 
automorphism T,4,q on the Laguerre plane M(q). Conversely, any invo- 
lutory automorphism 7 of a flat Laguerre plane £ induces an involutory 
automorphism Tz of its associated quadrangle. 


THEOREM 6.5.2 (Minkowski and Laguerre) Let M be one half 
of a flat Minkowski plane with point set S. Then Taq 1s @ Minkowski 
involution of the flat Laguerre plane M(q), q € S. 

Conversely, let L be a flat Laguerre plane with Minkowski involution rT. 
Then Tz is a Minkowski involution of its associated ASIGQ Lie(L). 


The constructions ‘half of a flat Minkowski plane to flat Laguerre plane 
with Minkowski involution’ and ‘flat Laguerre plane with Minkowski 
involution to half of a flat Minkowski plane’ are inverse to each other. 

Given a flat, Laguerre plane £ with Minkowski involution 7, the points 
of the associated half of a flat Minkowski plane are just the circles fixed 
by 7 plus the extra point oo in Lie(L). Its circles are pairs of points 
and pairs of circles in the Laguerre plane that get exchanged by 7. A 
point and circle of the half are incident if they arise from collinear points 
in Lie(L). The circles through a fixed point of 7 form a parallel class of 
points in the half. 


6.6 Flat Biaffine Planes and Flat Homology Semibiplanes 
Let G be an A3GQ with point set P. Recall that the flat Laguerre plane 
associated with a point p € P is defined as 


Lp(G,p) = {pt \ {p}, {pt Ng" | qe P\ ps }}. 
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Let g be a point of this Laguerre plane, that is, a point in G distinct 
from but collinear with p. Then the derived geometry of Lp(G,p) at the 
point qg is 


G(p, a) = {p* \ ({p} Ut), a> \ ({q} Upt), L}. 


This is a flat biaffine plane, that is, a flat affine plane from which all lines 
in a certain parallel class have been removed. This means that the point 
and line sets of a flat biaffine plane carry one nontrivial parallelism each. 
Furthermore, the dual of a flat biaffine plane is also a flat biaffine plane. 
Note that incidence in G(p, q) is just ‘being collinear’ in the quadrangle. 
We also call G(p, q) the derived geometry of G at the two points p and q. 

The definition of the geometry G(p,q) still makes sense if the two 
points p and gq are no longer collinear. We first describe this geometry 
within the Laguerre plane Lp(G, p). As usual, let S and C denote the sets 
of points and circles of this circle plane. That p and gq are not collinear 
in the quadrangle implies the following. 


e The point q is a circle in the Laguerre plane. 

e The point set of G(p,q) is S \ gq. This means that the point set has 
two connected components $; and S2 that are both homeomorphic 
to the cylinder S! x R. 

e The block set B of the geometry is the set of all circles in C that 
touch the circle g properly, that is, at one point each. Again, the 
block set has two connected components B, and Bz, where B; con- 
sists of all those elements of B that are contained in S; U gq. 

e Incidence between points and blocks is containment. 


Since no point of $;, 2 = 1,2, is contained in any block of Bs3_;, we 
conclude that the point-block geometry G(p, q) is the disjoint union of 
the two geometries G;(p, q) = (S;, B;), i = 1,2. Note that G(p, q) is the 
dual of G(q, p) and that, similarly, G;(p,q) is the dual of G;(q, p). 


THEOREM 6.6.1 (A3GQ to Semibiplane I) Let G be an ASGQ 
and p and q two distinct points of G. 

If p and q are collinear, then the derived geometry G(p,q) is a flat 
biaffine plane. 

If p and q are not collinear, then G(p,q) is the disjoint union of the 
two geometries G;(p,q), i = 1,2. In this case G;(p,q) is a flat homology 
semibiplane (see Subsection 2.10.8 for the definition of flat homology 
semibiplanes). 
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A flat biaffine plane has a unique extension to a flat projective plane 
and every flat homology semibiplane arises from a flat projective plane 
with homology involution in a unique manner. This means that asso- 
ciated with any two points of an A3GQ are one or two flat projective 
planes depending on whether the points are collinear or not. 


Proof of theorem. Keeping in mind our discussion above and Theo- 
rem 2.10.7, which states that flat homology semibiplanes are basically 
the same thing as cylinder semibiplanes, it suffices to show that G;(p, q) is 
a cylinder semibiplane. From what we said before, we know that G;(p, q) 
certainly looks like a cylinder semibiplane in that its point space and the 
embeddings of the blocks in the point space are of the right form. It 
remains to check that the following three properties are satisfied. 


(i) Two points are parallel if and only if they are parallel in the 
Laguerre plane. 
(ii) Two blocks are parallel if and only if they touch the circle q at 
the same point. 
(iii) Axioms $1 and $2 for semibiplanes. 


We check that Axiom S1 and (i) are satisfied. Let r and s be two 
nonparallel (in the Laguerre plane) points in S;. Then the solution of 
the Apollonius problem for flat Laguerre planes (see Theorem 6.8.1) 
guarantees that there are exactly two circles in the Laguerre plane that 
touch the circle g and contain the two points r and s. Both these circles 
are contained in B;. Clearly, if r and s are parallel, then there is no 
block containing both of them. Since G;(p, q) is the dual of G;(q,p), we 
can simply exchange the roles of p and gq to conclude that Axiom S2 
and (ii) are also satisfied. O 


Following our approach in the last three sections, we can now try 
to identify the biaffine planes and semibiplanes that we encountered 
above as attractive substructures of the various flat Laguerre and Mobius 
planes associated with G. For more details about semibiplanes con- 
structed from A3GQs and circle planes see Polster-Schroth [1997a], 
[1997b], [1998a], [1998b], and [20XX]. 


6.6.1 Flat Biaffine Planes in Flat Laguerre Planes 


Let G = Lie(£), where CL is a flat Laguerre plane. Let p and q be 
two collinear points in G, let L be the line connecting p and q, and 
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let r denote the extra point (at infinity) of the generalized quadrangle. 
We interpret the flat biaffine plane G(p,q) in terms of the objects that 
make up Lie(£). Then G(p, gq) can be viewed as a ‘subgeometry’ of the 
Laguerre plane £. We discuss the essentially different possibilities for r 
relative to p and g. Remember that by exchanging the roles of p and q, 
we switch from G(p, q) to its dual (which is also a flat biaffine plane); we 
do not really get anything new. 


Case where r = p: Here q has to be a point of the Laguerre plane 
and G(p,q) is the derived geometry of the Laguerre plane £L at the 
point q. 


Case where r € L \ {p,q}: Here p and q correspond to parallel points 
of the Laguerre plane. The points and lines of G(p,q) are the following 
objects. 


points: circles containing p 
lines: circles containing q 


Incidence between points and lines is touching. 

As an example, choose p and gq to be the points (00,1) and (co, —1) 
on the parallel class at infinity of the classical flat Laguerre plane. 
Then G(p, q) lives on R?. Its points and lines correspond to the translates 
of the parabolas {(x,x*) | z € R} and {(x,—2?) | « € R}, respectively. 
Two points or lines are parallel if one is the vertical translate of the 
other. Figure 6.6 shows two points and their connecting (grey) line in 
this model of G(p, q). 


Fig. 6.6. Two points and their connecting (grey) line in a flat biaffine plane 
embedded in the affine part of the classical flat Laguerre plane 
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Case where r ¢ L and p € r+: In this case p is a point of the La- 
guerre plane and q is a circle containing this point. The points and lines 
of G(p,q) are the following objects. 


points: points parallel to but different from p 
the extra point r (not a point of the Laguerre plane) 
circles through p but not touching q 

lines: points on q different from p 
circles that touch q properly at points different from p 


A point is incident with a line if, as objects of the Laguerre plane, they 
form a flag or are two touching circles. The extra point r is incident 
with all lines that correspond to points of the Laguerre plane. 


Case where p,q ¢ r+: In this case p and q are circles of the Laguerre 
plane that touch at a point s. The points and lines of G(p,q) are the 
following objects. 


points: points contained in the circle p different from s 

circles that touch p properly at points different from s 
lines: points contained in the circle q different from s 

circles that touch q properly at points different from s 


A point is incident with a line if, as objects of the Laguerre plane, they 
form a flag, are parallel points, or are two touching circles. 


Fig. 6.7. Three pairs of points and their connecting (grey) lines in a flat biaffine 
plane embedded in the affine part of the classical flat Laguerre plane 
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As an example, choose s to be the point (00,0) on the parallel class 
at infinity of the affine part of the classical flat Laguerre plane and let p 
and q correspond to the horizontal lines U and D in R?. Then G(p, q) 
lives on R?. Its points are all points of U and all Euclidean parabolas 
that touch U. Its lines are all points of D and all Euclidean parabolas 
that touch D; see Figure 6.7. 


6.6.2 Flat Biaffine Planes in Flat Mobius Planes 


Assume that G = Lie(M), where M = (S,C) is a flat Mobius plane 
and, as above, let p and gq be two collinear points in G. We interpret the 
flat biaffine plane G(p, q) in terms of the objects that make up Lie(M), 
that is, in terms of the points and cycles of the flat Mébius plane M. 


Case where p and q are two cycles of M that touch in a point s of M: 
The points and lines of G(p,q) are the following objects. 


points: points of the cycle p different from s 

cycles that touch p in points different from s 
lines: points of the cycle q different from s 

cycles that touch q in points different from s 


A point is incident with a line if, as objects of the Moébius plane, they 
form a flag or are two touching cycles. 


D 


Fig. 6.8. Three pairs of points and their connecting (grey) lines in a flat biaffine 
plane embedded in the affine part of the classical flat M6bius plane 


As an example, choose s to be the infinite point of the affine part of 
the classical flat Mobius plane. Then p and gq correspond to two parallel 
oriented Euclidean lines U and D and G(p,q) lives on R?. Its points are 
all points of U and all oriented Euclidean circles that touch U. Its lines 
are all points of D and all oriented Euclidean circles that touch D; see 
Figure 6.8. Compare this model of our geometry to the one introduced 
at the end of the previous subsection. 
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Case where q is a cycle of M that contains the point p of M: The points 
and lines of G(p,q) are the following objects. 


points: cycles containing p but not touching q 
lines: points of the cycle q different from p 
cycles that touch g at points different from p 


A point is incident with a line if, as objects of the Mdbius plane, they 
form a flag or are two touching cycles. 


Fig. 6.9. Two pairs of points and their connecting (grey) lines in a flat biaffine 
plane embedded in the affine part of the classical flat MOébius plane 


As an example, choose p to be the infinite point of the affine part 
of the classical flat Mébius plane. Then g corresponds to an oriented 
Euclidean line U and G(p,q) lives on R?. Its points are all oriented 
Euclidean lines that are not parallel to U. Its lines are all points of U 
and all oriented Euclidean circles that touch U; see Figure 6.9. 


6.6.3 Flat Homology Semibiplanes in Flat Laguerre Planes 


Let G = Lie(L), where CL is a flat Laguerre plane. Let p and q be two 
noncollinear points in G and let r denote the extra point (at infinity) 
of the generalized quadrangle. We interpret the flat homology semibi- 
plane G(p,q) in terms of the objects that make up Lie(L). We discuss 
the essentially different possibilities for r relative to p and g. Remember 
that by exchanging the roles of p and g we switch from G(p,q) to its 
dual (which is a geometry of the same type). 

In every single case, the division of G(p,q) into its two components 
corresponds to the natural division of its points and blocks by p and q 
(within the Laguerre plane). 


Case where r = p: Here we get the model of G(p,q) that we discussed 
at the beginning of this section. 
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Case where r € pt M qt: Here p and q correspond to nonparallel points 
of the Laguerre plane. The points and blocks of G(p, q) are the following 
objects. 


points: points parallel to but different’ from p 
circles through p but not through q 

blocks: points parallel to but different from q 
circles through q but not through p 


A point is incident with a block if, as objects of the Laguerre plane, they 
form a flag or are two touching circles in the Laguerre plane. 


Case where r ¢ p+ Uqt: Here p and q correspond to circles that do 
not touch in the Laguerre plane. This means that the two circles are 
disjoint or intersect in two points. The points and blocks of G(p,q) are 
the following objects. 


points: points contained in p but not in q 

circles that touch p properly but do not touch q 
blocks: points contained in qg but not in p 

circles that touch gq properly but do not touch p 


A point is incident with a block if, as objects of the Laguerre plane, they 
form a flag, are parallel, or are two touching circles. 


Fig. 6.10. An incident point-block pair of a flat homology semibiplane em- 
bedded in the classical flat Laguerre plane 


Suppose, as circles of the Laguerre plane, p and qg do not intersect. 
Then one of the two flat homology semibiplanes contained in G(p, q) is 
particularly attractive. Let Y be the closed cylinder bounded by p and gq. 
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Then the points of the semibiplane are the circles of the Laguerre plane 
that touch p properly, do not touch qg, and are contained in Y. Similarly, 
the blocks of the semibiplane are the circles of the Laguerre plane that 
touch q properly, do not touch p, and are contained in Y; see Figure 6.10. 


Case where r € p+ \ ({p}Uqt): Here p is a point and g a circle of the 
Laguerre plane. The point is not incident with the circle. The points 
and blocks of G(q, p) are the following objects. 


points: points not in qg that are parallel to but different from p 
circles incident with p that do not touch q 
the extra point r (not a point of the Laguerre plane) 
blocks: points incident with q but not parallel to p 
circles not incident with p that touch q at one point 


A point is incident with a block if, as objects of the Laguerre plane, they 
form a flag or are two touching circles. The extra point is incident with 
those blocks that correspond to points of the circle q. 


6.6.4 Flat Homology Semibiplanes in Flat Mébius Planes 


Assume that G = Lie(M) where ™ is a flat Mébius plane. We interpret 
the flat homology semibiplane G(p, q) in terms of the objects that make 
up Lie(M), that is, in terms of the points and cycles of the flat Mobius 
plane M. In fact, it turns out that the semibiplanes that make up G(p, q) 
can sometimes be described in terms of points and circles of M without 
our having to refer to orientation of those circles at all. There are many 
cases to consider and we only concentrate on those cases that give the 
most attractive models for our semibiplanes. 


Case where both p and q are points of the Mobius plane: Consider the 
point-block geometry with the following object sets. 


points: circles through p but not through q 
blocks: circles through q but not through q 


Incidence is touching. This is a flat homology semibiplane. There are 
two ways to orient circles in this geometry consistently such that touch- 
ing circles turn into touching cycles. By orienting the circles in these 
two different ways, we arrive at the two flat homology semibiplanes that 
make up G(p,q). This means that reversing orientation of the circles 
induces an isomorphism between these two semibiplanes. 
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Fig. 6.11. Two points and their connecting (grey) blocks of a flat homology 
semibiplane embedded in the affine part of the classical flat Mobius plane 


As an example, choose p to be the infinite point of the affine part 
of the classical flat Mobius plane and q the origin of R?. Then our 
semibiplane has as points the Euclidean lines not containing the origin 
and as blocks the Euclidean circles through the origin; see Figure 6.11. 


Fig. 6.12. Two nonparallel blocks that intersect in two nonparallel points of 
a flat homology semibiplane embedded in the classical flat Mébius plane 


Case where p and q are two cycles that only differ in their orientation: 
Again we do not have to worry about orientation of the cycles but, in 
contrast to the previous case, we can describe the full geometry G(p, q) 
in terms of circles of M. Let r be the circle that underlies both p and q. 


points: circles that touch r properly 
blocks: circles that touch r properly 


Incidence is touching at points off r. Note that the point and block 
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sets of this model of G(p, q) coincide. If S is the point set of the Mobius 
plane, then the two semibiplanes that make up G(p, q) are the restrictions 
of G(p, q) to the two topological disks that make up $\r; see Figure 6.12. 


Case where p and q are two cycles as in Figure 6.13: Here one of the 
flat homology semibiplanes in G(p, q) has a description in terms of circles 
of M and lives on the closed annulus Z bounded by p and gq. The objects 
of this semibiplane are as follows. 


points: circles contained in Z that touch p properly but do not 
touch q 

blocks: circles contained in Z that touch q properly, but do not 
touch p 


Incidence is touching within the annulus Z; see Figure 6.13. 


P 


Fig. 6.13. Two nonparallel points and their connecting (grey) blocks of a flat 
homology semibiplane embedded in the classical flat Mébius plane 


6.6.5 Split Semibiplanes 


There is one more essentially different construction of semibiplanes in 
A3GQs. The resulting semibiplanes are not homology semibiplanes. 

Let G be an A3GQ with point set P, let p,q,r, and s be distinct 
collinear points with connecting line L, and let os = pt \ L. Further- 
more, let 


G(p,4,7,8) = (PP U PF, Phu PP, 1). 


Note that a point of this geometry is incident with a block if they cor- 
respond to collinear points of the quadrangle. 
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THEOREM 6.6.2 (A3GQ to Semibiplane II) Let G be an A3GQ 
and let p,q,r, and s be four distinct collinear points with connecting 
line L. Then G(p,q,r,8) is a semibiplane if and only if p and q are 
contained in different connected components of L \ {r,s}. If G(p, 4,7, 8) 
is a semibiplane, then it is divisible. 


For a proof of this result see Polster-Schroth [1997b]. Alternatively, 
try to prove it yourself using the solution of the Apollonius problem for 
flat Laguerre planes; see Theorem 6.8.1. 

For x € {p,q} and y € {r,s} the biaffine plane G(x, y) = (Pe sre; 1) 
is a subgeometry of G(p,q,r, s). Given x € {p, q}, the point sets of G(z, r) 
and G(x, s) coincide and points are parallel in G(x,r) if and only if they 
are parallel in G(z,s). The dual statement is true for blocks. Note also 
that the four sets P’, P.’, P’, and P? are pairwise disjoint. This means 
that G(p,q,7, s) is the ‘disjoint union’ of the two biaffine planes G(v, w) 
and G(x,y) whenever {v,x} = {p,q} and {w,y} = {r,s} and that it 
can be represented as such a union in two different ways. This is the 
reason why the semibiplanes of the form G(p,q,r,s) are referred to as 
split semibiplanes. 
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Fig. 6.14. Five ways for two nonparallel (grey) blocks to intersect in two non- 
parallel points of a split semibiplane 
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Let us have a look at an example of a split semibiplane in the affine 
part of the classical Laguerre plane. We choose L to be the parallel class 
at infinity {oo} xR that has been extended (to an extended parallel class) 
by the point p. Let g = (00,0) be the infinite point of the Euclidean 
lines, r = (00,1), and s = (o0,-1). Then the points of G(p,q,7r,s) are 
the points of R?, and the Euclidean lines. The blocks are the images 
of the Euclidean parabolas {(x,x*) | 2 € R} and {(z,—x?) | z € R} 
under all possible translations. Figure 6.14 shows the five essentially 
different ways in which two nonparallel points can be connected by two 
nonparallel blocks in this semibiplane. 

For more detailed information about split semibiplanes see Polster— 
Schroth [1997b]. 


6.7 Different Ways to Cut and Paste 


Cut-and-paste constructions play an important role in constructing new 
flat circle planes from known ones. Of course, cut-and-paste construc- 
tions of flat Laguerre, Mébius, and Minkowski planes can also be trans- 
lated into the quadrangle setting. 

In the following, we only present three particularly attractive examples 
of ‘separating’ sets in A3GQs and describe how these translate into cut- 
and-paste techniques for producing new A3QGs. 

Let G; and Gp be two A3GQs that share the same point set P. This 
is not asking for too much since, by Theorem 6.2.1, the point sets of 
any two A3GQs are homeomorphic. Assume that the two quadrangles 
also share one of the following sets S consisting of points, lines, and 
involutory automorphisms. 


(i) All points in p+ Uq", p,q € P,p #q, p 1 q, plus all the lines 
through p and/or gq. 
(ii) All points and lines in pt, p € P, plus a Mobius involution that 
fixes p, plus the fixed points of this involution. 
(iii) All points and lines in p+, p € P, plus a Minkowski involution 
that fixes p, plus the fixed points and lines of this involution. 


Then P \ S has two connected components P, and Pa, and every line 
not in S intersects the set P \ S in one or two points. Every line of the 
first. kind is completely contained in one of the sets P; U(SMP). The 
set consisting of all pairs of points of intersection of lines of the second 
kind with SM P is the same for the two quadrangles. 

We construct a new point-—line geometry G3 as follows. The point set 
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is P, the restriction of Gs to P; U(S NP), i = 1,2, coincides with that 
of G;. Given a line segment s; in P; UU (SMP) whose two endpoints 
are points of S, there is a unique line segment s3_; in P3_;U (SMP) 
whose two endpoints are the same two points of S. Then the combined 
set s; U s3_; is homeomorphic to the l-sphere. These combined sets 
together with the lines in S and the lines of G; completely contained 
in P; (SMP) form the line set of G3. Finally, we equip the line set 
of Gs with the natural Hausdorff topology. 


THEOREM 6.7.1 (Cut and Paste) Let G, and G2 be two A3SGQs 
that share the same point set P and set S, as described above. Then the 
geometry G3 is also an A8GQ. 


This result follows from Theorem 6.2.1, the fact that the topologies 
on the point and line spaces of A3GQs are uniquely determined by the 
topologies on the point and circle sets of their associated flat Laguerre 
planes, and the respective cut-and-paste result in flat Laguerre planes; 
see Propositions 5.3.8, 5.3.10, and 5.3.12. See also Polster—Steinke [1997] 
Section 5. 

We need to emphasize that combining two (or more) A3GQs into new 
A3GQs using separating sets can be performed at three different levels: 
at the (highest) level of the quadrangles themselves, as described above; 
at the level of a pair of associated circle planes; or at the level of the affine 
parts of a pair of associated circle planes of the same type. The fact that 
a cut-and-paste technique based on some separating set can be applied 
at one of these levels does not imply that it can also be applied in some 
form at a higher level; see the respective comments about the two levels 
of cutting and pasting in flat projective planes and flat circle planes in 
Subsubsection 2.7.10.2 and Polster-Steinke [1997], respectively. 

Note that all three sets considered above have to do with geometries 
that we considered earlier on. For example, the first set consists of 
the points p and q and all the points and lines of the derived geome- 
try G(p,q). This set is also very similar to the basic separating set for 
flat projective planes consisting of two lines and all points on these lines. 


6.8 The Apollonius Problem 


According to Heath [1963], the Apollonius problem in its original form 
is the following ancient problem in plane geometry posed and solved by 
Apollonius of Perga. 
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Given three distinct objects, each either a point, a Euclidean line, or 
a Euclidean circle, construct a Euclidean circle that touches all three 
objects. (For a Euclidean circle to touch a point simply means that the 
circle contains the point.) 


Note that this problem is very closely related to antiregularity in 
A3GQs constructed from flat circle planes. For example, if we are given 
a triad of points in an A3GQ associated with a flat Mobius plane M, 
that is, three nontouching points/cycles in the Mébius plane, then to ac- 
tually check that there are no or two points in the quadrangle collinear 
to all three points involves solving the following two problems. 


(i) Determine the number and relative positions of all circles in the 
Mobius plane that touch all three points/cycles. 

(ii) Determine for every single one of the touching circles whether one 
of its associated cycles touches all three points in such a way that 
orientations in the points of touching coincide. 


It turns out that (ii) is trivial once (i) is solved. Let us consider an 
example. The left diagram in Figure 6.15 shows two nontouching cycles 
and a point in the classical flat Mobius plane. The diagram in the middle 
shows that there are four common touching circles. It also shows the 
position of these touching circles. The diagram on the right shows the 
two of the eight corresponding cycles that touch the given cycles. This 
means that the centre of the triad of points in the associated A3GQ that 
we started with has exactly two elements. 
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Fig. 6.15. Determining the common touching cycles of one point and two 
cycles in the classical flat Mobius plane 


Let K be a flat Mobius, Laguerre, or Minkowski plane with point 
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set S and circle set C. Then the Apollonius problem for this plane can 
be phrased as follows. 


Given three distinct elements of SUC, determine the number and relative 
positions of all circles in K that touch the given objects. 


It turns out that the solution of this problem depends only on what 
type of circle plane we are dealing with, and the essentially different 
configurations of the three given objects in the respective point set. 
Even stronger, all essentially different configurations are already present 
in the respective classical circle planes, and it therefore suffices to give 
the solutions of the problem for the classical flat Laguerre, Mobius, and 
Minkowski planes. See Bruen et al. [1983] for a very readable exposition 
of the solution of the Apollonius problem in the case of the classical flat 
Mobius plane. 

The only other class of circle planes for which such a strong result 
has been proved are the 4-dimensional Laguerre and Minkowski planes. 
This very difficult task has also been accomplished by Schroth in his 
monograph Schroth [1995a]. 

The following theorem and tables give the complete solutions of the 
Apollonius problem for flat Mobius, Laguerre, and Minkowski planes; 
see Schroth [1995a] Chapter 7. It only lists the essentially different 
configurations of the three points/circles and the corresponding number 
of touching circles, not the position of the touching circles with respect 
to the given three points/circles. The reason for this is twofold. First, to 
describe the relative positions of the touching circles in every single case 
is very cumbersome. Second, once we know which of the configurations 
we are dealing with and how many touching circles to expect, it is not 
difficult to construct these touching circles in the classical plane and 
thereby arrive at a complete picture for both the classical and general 
cases. 


THEOREM 6.8.1 (Solution of the Apollonius Problem) Let K be 
a flat Laguerre, Mébius, or Minkowski plane with point set S and circle 
setC. Then Tables 6.1, 6.2, and 6.3 give the number of circles collinear 
with three distinct elements of SUC for all possible configurations of 
these three elements in S. In every table the entries in the middle column 
specify the type and relative position of the given three elements, while 
the entries in the right column give the number of common touching 
circles. 
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[ i | two parallel points plus one element of SUC 0 
| ii | three pairwise nonparallel points 1 


two nonparallel points $1, $82; one circle K 

s, eK 

$1, 82 in different connected components of S \ K 
$1, 2 in the same connected component of S \ K 
one point s; two circles Ki, K2 

Kin Ke = {s} 

K, 0 Ke = {u} and s not parallel to u 

Ki Ke = {u} # {s} and s parallel to u 

|i nN K2| # 1ls€ Ki, \ Ke 

|KiN Kal =2;seKinkKe 

|K1 9 Kel = 2; |Kin Kens) \ {s}] =1 

|K1M Kg| = 2; s in one of the relatively compact 
connected components of S \ (Ki U K2) 

\K1 ON Kol = 2; Kin K2NI(s) =0; s not ina 
relatively compact connected component of S \ (Ki U K2) 
Ki K2 = 9; s not in the relatively compact 
connected component of S \ (Ki U K2) 

Ki K2 = 9; s in the relatively compact 
connected component of S \ (Ki U K2) 

three circles Ki, K2, K3 

pairwise disjoint 

Kin Ke = {u} = kin Kz 

Ki nke = {u} # kiN Ks; uc Ky nN Kg 

Kit Ke = {u} ¢ Kin Kg 

|K1n Ka| =2.= |Ki 9 K3|; Kon K3 =9 

| NM Ko| = 2; |i Nn Ks} — \Kon K3} Al 
JKiNK;| = 2,1 #7; | nN Ko Ks] =] 

JK; K;| = 2,1 #7; |Fy nN Kk2N Ks} — 


=: 
= 


Noahwne <lwnr 


Con MmoPWNEH < 
Oornorosnac 


Here ['(s) denotes the set of all points that are parallel to the point s. 


Table 6.1. Laguerre planes 
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three points $1, $2, $3 

ii | two points $1, 82; one circle K 

Si € K 

$1, $2 in the same connected component of S \ K 

$1, 52 in different connected components of S \ K 

one point s; two circles K,, K2 

KinKe= {s} 

Sse ky \ Ke 

Ki Ko = {x} F {s}; s in the connected 

component of S \ (Ki U K2) bounded by Ki U K2 

Ki Ke = {x} F {s}; s not in the connected 
component of S \ (Ki U Kz) bounded by Ki U K2 

|y N Ko| =2;sEeKinkKe 

|i M Kal = 2; s ¢ Ki U Ke 

Kin Ko =9; s ¢ Ki; s in the connected 

component of S \ (Ki U K2) bounded by Ki U K2 

Ki Ke =9; s ¢ Ki; s not in the connected 
component of S \ (Ki U Kz) bounded by Ki U K2 
three circles Ki, Ko, K3 

pairwise disjoint; K; separates K; 

and K; for all {2, 7,1} = {1, 2,3} 

pairwise disjoint; K, separates K2 and K3 

|i N K2N K3| = 2 

|JK,iN Ko K3])=1=|Kin Kj|,i #79 

|K1 9 Ko Ks3| =) = |K1N Kal; |i Kol = |KoN Ks =2 
[Kin Kon K3| =1;|KinK;|=2,1439 

Ki nN Kon K3 =9; \Ki Kyl = 2, nee 

Kin Ken K3 = 9; |i 9 Ka| = |K2 Ks| = 2; |Ki nN K3| = 
Kin Ken K3 =9; |K1N Kol = 2; |K1 Kal = aK lai 
Ki Nn Kon K3 = 9; \KiN Kj| = 1, i#g 

Kin Kk3=0= Kin Ke: [Rin Ka| 21; 

Kz separates K, and K3 

Ki Kk3 =@0= kiN K3; |Ai MN Kal = 1; Ke does not 
separate K, and K3 

Ky Nn K3 = @; |Kin Kel =2 

Kink3=9; |Ki N Ko| = \K2n K3| = 1; K2 does not 
separate K, and K3 

Kin K3 =; |Ky N Ke| = |K2N K3| =1; 

Ke separates K; and K3 


— ee 
bo FOO OANOD OA Ww DO 


a 
me 


i 
or 


Table 6.2. Mobius planes 
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two parallel points plus one element of SUC or two circles 
Ls contained in different halves of K plus one element of SUC 0 
Tit [three pairwise nonparallel poinis———SSSSSSCiwCS 
iii | two nonparallel points s1, 52; one circle K 
si EK 
{6(s1, $2), 6(se, s1)} nK =96; T(s1) UK 
does not separate s2 and 6(y_(s1, K), 7¥+(s1, K)). 
{6(s1, $2), 6(se, $1)} Nnk= Q; 
I'(s1) UK separates s2 and 6(y~(s1, K),¥+(s1, K)). 
6(81, 52) € K; 6(s2,51) € K 
{6(s1, 82), 6(s2, $1)} C K 
one point s; two circles K,, K2 contained in the same half of K 
Ky nN Ke = {s} 
Kin Ko = {2x}; 5 ¢ T(z) 
Ki Ka = {x}; s € P(x) \ {2} 
|i Ko| =2;sEKinke 
|i N Kal =.2: |i Ken T(s)| = 2 
|i Kal = 2; \Ay N K2NT(s) \ {s}] =1 
|i Kel = 2; |K1N K2MT(s)| = 0; s in the component 
of S \ (Ki U Ke) containing points parallel to Ki NM K2 
|i Kal = 2; |K1N Ke NT(s)| = 0; s ¢ Ki; ¢ not in the com- 
ponent of S \ (Ki U K2) containing points parallel to Ki NM K2 
s€Ki;s¢ Ko 
Kink. =0; 5 €¢K; 
three circles K,, K2, K3 contained in the same half of K 
pairwise disjoint 
|kiN Ko K3| =2 
\K1 0 Ko Ka| ea i= \KiNKj\,t4#9 
|i N K2N Ka] == |\Kin K3|; |K1 N Ks] = |k1M Kal =:2 
|KiN Ko K3| = 1; |Ain Kj|=2,149 
Kin Ke K3 = 96; |Kin Kj| = 2,14 3; Ki meets Kz 
in the same connected component of K3 \I'(s) as Ka, 
where s € Ki N Ko 
Kinken K3 =; |Ki 1K; | =2,1479; Ky meets K3 
not in the same connected component of K3\T(s) as Ka, 
where s € Ki Ke 
kiN Ken K3 =O; |i N Ke] = |K2N K3| = 2; 
|\K. N K3| = 1; Ky meets Kg in the same connected 
component of K3 \(s) as Ko, where s € Kin Ke 


Oo NOuUhwne don 


Oohwnre </Oo 


The following abbreviations are used in this table: Let r, s be two points. 
Then I'(s) is the set of all points that are parallel to s and 6(s,t) is the 
point that is (+)-parallel to s and (—)-parallel to ¢. 


Table 6.3. Minkowski planes (continued on next page) 
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Ky n Ko a K3 =; 

K, meets K3 not in the same connected component of 
K3\T(s) as Ko, where s € Kin Ke 

Ki nKk2nNK3= 0; \K1 0 Ke] =2; \Ky n K3| = |K2N Ka} el 
K, meets Kg in the same connected component of 

K3\T(s) as Ko, where s € Kin Ka 


KinKk2nK3 = 9; |\KiN K2| = 2; |\Ky n K3| = |K2n Ks| =1; 
K, meets K3 not in the same connected component of 

Ky \T(s) as Ke, where s € Kin Ke 

Kin K2nK3=9,; |KiNK,|=1,149 

Kinke =; |\K1 n Kol =2 

Kin K2=9,; |\K1N Ko| =|K2N K3| =1 


Table 6.3. Minkowski planes (continued from previous page) 
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Tubular Circle Planes 


Many of the different types of geometries we are concentrating on in this 
book have representations as n-unisolvent sets, that is, sets of contin- 
uous functions that solve one of the Lagrange interpolation problems. 
For example, the Euclidean plane corresponds, in the obvious way, to 
the set of all linear functions over the reals that solves the Lagrange in- 
terpolation problem of order 2. Also, the tubular circle planes of rank n 
correspond to sets of continuous periodic or half-periodic functions that 
solve the Lagrange interpolation problem of order n. 

In this chapter we summarize many important results about inter- 
polating sets of functions and their corresponding geometries following 
the exposition in Polster [1998d], [1998f], and Polster-Steinke [20XXd]. 
We find that many of the results that we encountered in the previous 
chapters have counterparts in this very general setting. However, many 
more of these counterparts are still waiting to be proved. 

The results in this chapter form part of the topological foundation of 
the theory of approximation and interpolation. There are two properties 
that make n-unisolvent sets important for classical interpolation and 
approximation theory. 


e An n-unisolvent set on an interval J solves the Lagrange interpola- 
tion problem of order n. 

e Given an n-unisolvent set F on a closed interval J and a continuous 
function g : J — R, there is a unique ‘best approximant’ to g in F. 
This means that there is a unique function f € F for which 


max lf (x) — g(x) 
is minimal. 


For more background information about n-unisolvent sets the reader is 
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referred to the papers and books by Curtis [1959], Kemperman [1969], 
Morozov [1952], Nemeth [1969], Rice [1964], [1969], Tornheim [1950]. We 
recommend the books by Karlin and Studden [1966], Schumaker [1981], 
and Zielke [1973], [1975], [1979] for information about Chebyshev spaces, 
that is, linear n-unisolvent sets. Also worth a look is the excellent book 
by Braess [1980] about nonlinear approximation theory. 


7.1 Unisolvent Sets of Functions 


Let n > 1 be an integer, let J C R be an interval with nonempty interior, 
and let F be a set of continuous functions J — R. Then F is called an 
n-unisolvent set on I if, for any 4) < %g <--: <2, € J and any set of n 
real numbers y), y2,---;Yn, there is a unique f € F such that 


f(ti) = %, a=1,...,n. 


Note that two distinct elements of F can never be equal at more 
than n — 1 distinct points. We will also say that f interpolates the 
points (x;,y;:) € J x R,i = 1,...,n. Also, another way of expressing 
that F is n-unisolvent is to say that it solves the Lagrange interpolation 
problem of order n. 

Let I be the closed interval [a,6] and let F be n-unisolvent when 
restricted to the half-open interval [a,b). Then F is called a periodic 
n-unisolvent set if all its elements are periodic functions on J, that 
is, f(a) = f(b) for all f € F. Similarly, F is called a half-periodic 
n-unisolvent set if all its elements are half-periodic functions, that is, 
if f(a) = —f(b) for all f € F. It turns out that periodic n-unisolvent 
sets exist if and only if n is odd and half-periodic n-unisolvent sets ex- 
ist if and only if n is even; see Theorem 7.1.3 below. In view of this 
result and the fact that periodic and half-periodic unisolvent sets be- 
have in a very similar fashion, we will often jointly refer to them as 
n-phunisolvent sets. Depending on n, it will be clear whether we have 
a periodic or a half-periodic n-unisolvent set in mind. Whenever we 
talk about n-(ph)unisolvent sets, we are referring to all three kinds of 
unisolvent sets. If we do not specify which interval an n-(ph)unisolvent 
set lives on, this interval will be the whole of R or [—$, §] if F is n- 
unisolvent or n-phunisolvent, respectively. In general, when dealing with 
an n-phunisolvent set on [a,b], we consider a and 0 as being identified. 

The above unique interpolating function f will be denoted by 


P21) 2952 25 Bag Vis V2e+<+5 Ua): 
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We further write 


F (21, 22,.-.,2n39) = F(£1,22,.--,£n; 9(£1), 9(£2),---, 9(Zn)), 


where g is a function J > R. If F is n-phunisolvent on [a, 6], then, 
since a and b are identified, we may require z, 4 b in both definitions. 

Let J be a subinterval of J, and let g be a function defined on J. 
Then gy will denote the restriction of g to J and Fy will denote the set 
of all restrictions of functions in F' to J. 


7.1.1 Fibrated Circle Planes 


Let F be an n-(ph)unisolvent set on the interval J. The circle plane 
associated with F has point set P = xR. Furthermore, if F' is periodic, 
then the left and right boundaries of P get identified by the map 


{a} x R > {b} x R: (a,y) & (0, y). 


Similarly, if F is half-periodic, then the left and right boundaries of P 
get identified by the map 


{a} x R > {b} x R: (a,y) + (6, -y). 


The circles are the graphs of the functions in F’. Parallelism of points 
defines an equivalence relation whose parallel classes are the verticals 
contained in the point sets of the geometries. All this means that the 
geometry associated with an n-phunisolvent set is a tubular circle plane 
of rank n (see Subsection 1.2.2) and the geometry associated with an 
n-unisolvent set lives on a vertical strip with all circles being homeo- 
morphic to J; we call such a plane a strip circle plane. We also intro- 
duce fibrated circle planes of rank n as a common name for the three 
different kinds of circle planes associated with the three different kinds 
of n-(ph)unisolvent sets. 

Note that a strip circle plane corresponding to a 2-unisolvent set over 
an open interval turns into an R?-plane if we add the verticals to its 
line set. Similarly, the tubular circle plane that corresponds to a half- 
periodic 2-unisolvent set turns into a point Mobius strip plane if we add 
the verticals to its line/circle set. 

Two n-(ph)unisolvent sets are called (topologically) isomorphic if their 
associated circle planes are (topologically) isomorphic. Note also that 
in an n-phunisolvent set on [a,b] the point which corresponds to a and b 
is not really distinguished among the points of the interval, that is, 
we can always ‘rotate’ the n-unisolvent set to arrive at a topologically 
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isomorphic n-phunisolvent set on [a, b] in which the corresponding point 
is to be found somewhere in the interior of the interval. 

The results in this chapter can all be expressed in both an incidence- 
and an interpolation-theoretic setting. Since it is no problem to switch 
back and forth between the two, we will usually state a result only in 
the setting in which it is most easily expressed and proved. 


7.1.2 Models of the Classical Tubular Circle Planes 


In the following we give a description of the classical tubular circle plane 
of rank n, n > 1, as the geometry of nontrivial hyperplane sections of 
a cone in PG(n,R) over a normal rational curve in PG(n — 1,R). This 
generalizes the construction of the classical flat Laguerre plane as the 
geometry of nontrivial plane sections of a quadratic cone in PG(3,R); 
see Chapter 5. We also establish an isomorphism between this model 
of the classical tubular circle plane of rank n and the polynomial ge- 
ometry Poly(n,R) as we defined it in Subsection 1.1.4. The classical 
n-unisolvent set gives rise to the polynomial geometry while the classical 
n-phunisolvent set corresponds to the geometry of nontrivial hyperplane 
sections. 

The classical tubular circle plane of rank 1 has a vertical cylinder in R3 
as its point set and all the horizontal plane sections of this cylinder as 
its circle set. Clearly, this geometry is isomorphic to Poly(1,R). 


7.1.2.1 The Geometry of Nontrivial Hyperplane Sections 


Let cn be the normal rational curve in PG(n — 1,R), n > 2 given by 


Cn = {(s?7): 8 "-7t:.-.: st"? : 4°71) € PG -1,R) | 
s,t €R,(s,t) F (0,0)}. 
The curve c, has the property that any n mutually distinct points on it 
span the entire projective space PG(n — 1,R). We embed PG(n — 1, R) 
in PG(n,R) as the hyperplane z, = 0 and form the cone Cy, over Cy 
with vertex v = (0:---:0:1) € PG(n,R), that is, 
Cn = {(s?7's 8" 72: ---: gt? 2"! +z) © PG(n,R) | 
s,t,z €R,(s,t) F (0,0)}. 
A hyperplane intersects C, in either v, at most n lines through », or a 


rational curve. The latter occurs if and only if the hyperplane does not 
pass through v. We call the intersection of a hyperplane with the cone 
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nontrivial if it intersects the cone in such a curve. Then a model of the 
classical tubular circle plane of rank n has as point set the set C,\{v}, as 
circles the nontrivial hyperplane intersections of the cone, and as parallel 
classes the lines on C, through v that have been punctured at v. 
It readily follows that every point on c, can be obtained for s = cos x 
“us 


and ¢ = sinz, where x € [—5, 5]. Note that x = 5 and z = —$ yield 


the same point (0:---:0:1) € c,. We can therefore represent C,, \ {v} 


on the strip S = [-4, §] x R where a boundary point (—3,y) becomes 


identified with (3,(—1)”~'y). The map from S to Cy given by 


s n—l 


"le :cos”? asing:+++:sin"~! 2: y) 


(x,y) + (cos 
defines a bijection. 

The intersection of C, with a hyperplane not passing through v given 
by 2n = G92 +4121 +++: +@n_12n—1 then corresponds on S to the curve 
that is defined by the equation 

y = agcos”! x +a; cos”-? zsing +--+ +ap,_; sin”! 2. 
Hence circles are represented by linear combinations of the functions 
cos”! x, cos”~* xsinz,..., sin"! 2. 

Note that for n = 2 the normal rational curve cz is just a projec- 
tive line and the cone C2 becomes the entire projective plane PG(2, R). 
Clearly, C2 \ {v} is a Mobius strip and the resulting geometry is es- 
sentially the classical point Mébius strip plane minus the verticals; see 
Subsection 2.1.3. For n = 3 the normal rational curve c3 describes a 
conic in PG(2,R) and we obtain a model of the classical flat, Laguerre 
plane as in Subsection 5.1.1. 


7.1.2.2 The Polynomial Geometry 


The following map defines an isomorphism between the geometry of non- 
trivial hyperplane sections described above and the geometry Poly(n, R) 
as we defined it in Subsection 1.1.4. 

TT 


(-3 | xR — (RU {oo})xR: 


yee 
(tana, atts) for ee(—5)S), 


(00, y) for z = =. 


(z,y) 


Here the circle that corresponds to the function (—5, 5] + R given by 


xz — ag cos”! ¢ +4, cos”? zsing +++» +an_ sin”! 2 
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gets mapped to the circle in Poly(n, R) that corresponds to the function 
R—R:traptayt+---+an_it??}. 


This means that Poly(n, R) is the ‘affine part’ of the classical tubular 
circle plane of rank n in the same sense as the geometry of nonvertical 
Euclidean lines and Euclidean parabolas with vertical symmetry axes is 
the affine part of the classical flat Laguerre plane. As in the case of the 
classical flat Laguerre plane this correspondence can also be established 
via a ‘stereographic projection’ whenever n > 3. 

Let Z be the (n — 3)-dimensional subspace 


Z = {(0:0: 29:-+++: 2-1:0) € PG(n,R) | 
Pa sxon tan © Ry (ajo 205 ani) F (O)-« 5 0)}; 
For n > 3 this subspace of PG(n, R) intersects the cone C;, only in the 
point p = (0:---:0:1:0) € c,. We now project C, from Z onto the 
plane 
E = {(2:21:0:---:0: 2) € PG(n,R) | 
20,21, 2n €E R, (20, 21, Zn) # (0, 0, 0)}. 
We identify E with PG(2,R) via the natural map 
(Zo: 21:0:-++:0: 2) > (20: 21: Zn). 


Under the above ‘stereographic’ projection from Z points on the line D 
in C, through v and p have the same image, but all other points of the 
affine part C;, \ LZ have exactly one image in E. Furthermore, all points of 
the plane & occur as images of points in C,, \ LZ except for the points on 
the projective line 29 = 0. We thus have, in fact, a bijection C, \L — R? 
given by 


Since for points of C, \ L we can assume that s = 1, the above map 
becomes (1,t,...,°~1,z) + (t,z). Clearly, a line of C,, is taken to a 
vertical of R?. Furthermore, the intersection of C,, with the hyperplane 


H = {(z0: 21: +++! Zn) € PG(n,R) | aoz + @121 +--+ + @n2Zm = 0} 


not passing through the vertex (that is, a, # 0) is taken to 


1 
1G 7, (a0 + ait $e tanat"™)) | te R}. 
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This is a circle of Poly(n,R) and, clearly, all such circles arise in this 
manner. Since the group of collineations of PG(n, R) that globally fix 
the cone C;, acts transitively on the points not the vertex, this shows 
again that the geometry Poly(n,R) ‘is’ the affine part of the classical 
tubular circle plane of rank n. 


7.1.2.3 Examples of (Ph)unisolvent Sets 


The two models of the classical tubular circle plane of rank n correspond 
to first examples of n-(ph)unisolvent sets. The geometry Poly(n, R) 
corresponds to the set of all polynomials of degree at most n — 1 


span{1, x, x7,...,2"—1}. 


This set is an n-unisolvent set on any interval. 
The geometry of nontrivial hyperplane sections corresponds to the 
n-phunisolvent set 


1 2 


span{cos”~! x, cos"~? zsinz,...,sin”~! x}. 
| ? > 


These first examples of n-(ph)unisolvent sets are n-dimensional real 
vector spaces. Any n-dimensional real vector space which is an n- 
(ph)unisolvent set is called a Chebyshev space and every basis for such a 
space a Chebyshev system. Chebyshev spaces give rise to fibrated circle 
planes that are the counterpart of the ovoidal flat Laguerre planes in the 
following sense. Given a Chebyshev system 


tiovdts Sareea day 


on the interval J, we can replace the normal rational curve in the model 
of nontrivial hyperplane sections by the curve 


{(fo(t) : fi(t) : fo(t): +--+: fr-1(f)) € PG(n — 1,R) | te D} 


to arrive at a model of the fibrated circle plane that corresponds to the 
Chebyshev system. 


7.1.3 Basic Properties 


In the following we prove a number of basic results about n-(ph)unisol- 
vent sets. We start with three obvious methods for constructing n-uni- 
solvent sets. In incidence-geometric terms these methods translate into 
various ways in which fibrated circle planes occur as subgeometries of 
other fibrated circle planes. Also, these constructions can be considered 
as extensions of the derived geometry construction. 
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THEOREM 7.1.1 (Basic Constructions) Let F be an n-unisolvent 
set on the interval I. Then the following hold. 


(i) If J is a subinterval of I, then Fy is an n-unisolvent set on J. 

(ii) Let (2i,y:) € Ix R, i = 0,1,...,m, m < n—1, be pairwise 
nonparallel points. Let J be a subinterval of I that does not 
contain any of the x:s and let G = {f | f € F,f(zi) = mi, 
i=1,2,...,m}. Then Gz is an (n— m)-unisolvent set on J. 


Let F be an n-phunisolvent set on [a,b] and let yo € R. Moreover, 
letG={f| fe¢F, f(b) =yo}. Then Gras) is an (n —1)-unisolvent set 
on the interval (a, b). 


We say that a continuous function f : J — R defined on an interval I 
changes sign at one of its zeros s if either 


e the zero s is one of the boundary points of J and there is a neigh- 
bourhood U CI of s such that f(z) #0 for x € U \ {s}, or 

e the zero s is contained in the interior of J and there is a neighbour- 
hood U CI of s such that f(t)f(u) < Ofort,ucU,t<s<u. 


Let f be (half)periodic on [a,b]. Then a is a zero of f if and only 
if b is. If f has a finite number of zeros including a, to change sign 
at a means that f has opposite sign or the same sign ‘close’ to a and b, 
depending on whether f is periodic or halfperiodic. As an element of a 
phunisolvent set on [a,b] we count a pair of zeros of f at a and b as one 
zero. Zeros at which a function changes sign are called nodal zeros. 


THEOREM 7.1.2 (Intersection) Let F be an n-(ph)unisolvent set 
on the interval I and let f,g € F be distinct. If f and g are equal inn—1 
distinct points of I, then the function f —g has exactly n —1 zeros and 
changes sign at every single one of these zeros. 


Of course, this just means that if two circles in a fibrated circle plane 
of rank n intersect in n — 1 points, then they intersect only in these 
points and they intersect transversally in every single one of the points. 
We have come across counterparts of this result in previous chapters. 


Proof of theorem. The first part of this result is an immediate conse- 
quence of the definition of unisolvent sets of functions and it therefore 
suffices to show that the function f — g changes sign at its n — 1 zeros. 

We first prove this for n-unisolvent sets defined on an interval J. Let ¢ 
be one of the zeros. We may assume that t is contained in the interior 
of I. 
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Let F be 2-unisolvent. Then ¢ is the only zero of the function f — g. 
Assume that f — g does not change sign at t. Then, without loss of 
generality, we may assume that f(x) > g(x) for x € I \ {t}. Choose two 
points s,u € I such that s <¢ <u. Then h = F(s,u, f(s), g(u)) isa 
function in F different from both f and g. However, it is easy to see 
that either f —h or g—h has at least two zeros. This is a contradiction, 
which proves our result for the case n = 2. 

Assume that the theorem is true for (n—1)-unisolvent sets on I, n > 2, 
and let F' be n-unisolvent. Then f —g has n—1 zeros. Let J be a subin- 
terval of J that contains ¢ in its interior and contains all the other zeros 
excepting one; let us call it s. Let G be the restriction of all functions 
in F which interpolate the point (s, f(s)) to the subinterval J. By The- 
orem 7.1.1, G is an (n — 1)-unisolvent set that contains the restrictions 
of f and g to J. Hence, f — g changes sign at t. 

The proof for n-phunisolvent sets on [a, }] is based on the fact that we 
can argue over open subsets of this interval. Whenever in an argument 
we are dealing with a point on the boundary, we can shift our point 
of view by a ‘rotation’ to an n-phunisolvent set that is topologically 
isomorphic to the set we started out with and in which these boundary 
points are moved into the interior of the interval. C 


THEOREM 7.1.3 (Existence) Periodic n-unisolvent sets exist if and 
only if n is odd. Half-periodic n-unisolvent sets exist if and only if n is 
even. 


See also Curtis [1959] Corollary on p. 1016. 


Proof of theorem. We know that periodic n-unisolvent sets exist for 
all odd n; see Subsection 7.1.2.3. Let F' be a periodic n-unisolvent set 
on [a,b]. Choose two distinct functions f and g such that f —g has n—-1 
zeros in (a,b). Since both functions are periodic, this difference takes on 
the same value at the interval ends. On the other hand, by the previous 
result, if n is even, this is not possible. This proves the first part of the 
theorem. The even case follows similarly. L] 


COROLLARY 7.1.4 (Maximal Orthogonal Arrays) Every tubular 
circle plane of rank n > 2 is a mazimal orthogonal array of rank n. 


Note that a tubular circle plane of rank 1 is not maximal; see Subsec- 
tion 1.1.4 for a definition of the term maximal. 
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Proof of corollary. Let C be a tubular circle plane of odd rank n > 2. 
Assume that there exists an extension of C by a parallel class to a larger 
orthogonal array of rank n. Then the set of all circles in C that get 
extended by a certain fixed point in this parallel class is a periodic (n—1)- 
unisolvent set. This contradicts Theorem 7.1.3. The even case can be 
dealt with in a similar manner. [ey 


THEOREM 7.1.5 (Continuity) Let F be an n-(ph)unisolvent set on 
the interval I and let D C R?” be the set 


{(x1, £2, +--+; Lny Y1s Y2s--+y Yn) | V1 < La < +++ < an, 2; EI, y; € R}. 
Then the function D x I > R defined by 


(21, £2,---,Lny Yl) Y2s-+ +) Yn, Z) > F(x, 22,.--, Ln, Yt) Y2)+++5 Yn) (2) 


is continuous. 


This result corresponds to the continuity results for the geometries 
on surfaces that we considered before. For detailed proofs of the n- 
unisolvent part of this result see Tornheim [1950] Theorem 5 and for the 
periodic n-unisolvent part Curtis [1959] Theorem 1. The half-periodic 
n-unisolvent part can be dealt with like the periodic n-unisolvent part. 

Let F be an n-(ph)unisolvent set on J. Fix n points t) < tg <---<tn 
in the interval J and identify the elements of F with the points of R” 
via the function 


FR”: f+ (f(t), f(te),..-, F(tn)). 


The corresponding topology on F is its natural topology as it is the finest 
topology on F' with respect to which the map that assigns n pairwise 
nonparallel points in J x R their interpolating function in F' is continu- 
ous. In particular, the natural topology is independent of the choice of 
the points ¢;. 


THEOREM 7.1.6 (Spaces of Functions and Continuity) Let F 

be an n-(ph)unisolvent set on an interval I and let D be defined as in 

Theorem 7.1.5. Then F’, equipped with its natural topology, is a topologi- 

cal space homeomorphic to R”. The set of functions interpolating k < n 

mutually nonparallel points in I x R. is homeomorphic to R"-*. 
Furthermore, the interpolating map 
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is continuous. 
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Of course, this translates into the fact that, equipped with its natural 
topology, the circle space of a fibrated circle plane of rank n is homeo- 
morphic to R” and that the operation of joining n pairwise nonparallel 
points is continuous. Furthermore, the flag space of a tubular circle 
plane can be described as follows. 


PROPOSITION 7.1.7 (Flag Space) The flag space F of a tubular 
circle plane of rank n is a connected manifold of dimension n+1. More 
precisely, F is homeomorphic to S! x R”. 


THEOREM 7.1.8 (More Constructions) Let F be an n-unisolvent 
set, n > 2, on the interval [a,b]. Then F’ = {f € F | f(a) = (-1)"f(b)} 
is a (half)periodic (n — 1)-unisolvent set on [a,b] for (odd) even n. 


Proof. Let n be even. Let (2;,y:) € [a,b6) x R, i = 1,2,...,n —1, be 
pairwise nonparallel points. We show that there exists a uniquely de- 
termined function f € F’ that interpolates these points. If the abscissa 
of one of the points is a, then this is clearly true. If this is not the 
case, let G be the set of all functions in F that interpolate these n — 1 
points. Let f,g € G,f # g. Then, by definition, the function f — g 
has n — 1 distinct zeros. By Theorem 7.1.2, these are all the zeros 
of f —g and f — g changes sign exactly n — 1 times. Since n — 1 is 
odd, we conclude that f(a) < g(a), f(a) = g(a), or f(a) > g(a) implies 
that f(b) > g(b), f(b) = g(b), or f(b) < g(b), respectively. Let f,,t € R, 
be the uniquely determined function in G with f,(a) = t. Define a 
mapA:R—R:tr f(b). From Theorem 7.1.5 it is clear that this 
map is strictly decreasing and bijective, that is, it is a strictly decreas- 
ing homeomorphism. Every such homeomorphism has exactly one fixed 
point to € R. Hence f,,(b) = to = ft,(a@) and f,, is the function we have 
been looking for. 

The case where 7 is odd is dealt with in a similar fashion. L) 


Note that if F in the above theorem is a Chebyshev space, then F’ is 
also a Chebyshev space. 

Given a periodic or half-periodic function on an interval [a,b], we de- 
fine the open neighbourhoods of the identified point @ = b to be the 
complements of proper closed subintervals of (a,b). A set of (periodic 
or half-periodic) continuous functions F' on an interval J is called locally 
n-(ph)unisolvent if for every point p € I there exists an open neighbour- 
hood J of p such that the restriction of F to J is n-unisolvent. 
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THEOREM 7.1.9 (Local Implies Global) Let F be a set of periodic 
or half-periodic continuous functions or a set of continuous functions on 
an open interval. Then F is n-(ph)unisolvent if and only if it is locally 
n-unisolvent and the difference of two distinct functions in the set has 
at most n — 1 zeros. 


For a proof of this result for n-unisolvent sets on open intervals see 
Hartman [1971] Theorem II 1.1. The respective result for periodic 
and half-periodic n-unisolvent sets is an easy corollary of Hartman’s 
result. Also see the corresponding result for flat projective planes The- 
orem 2.2.8. 


7.2 Nested (Ph)unisolvent Sets and Their Circle Planes 


Certain n-(ph)unisolvent sets and their associated circle planes have a 
richer local structure than suggested by the Axiom of Joining. These 
special mathematical objects have been investigated in both incidence 
geometry and the theory of interpolation in the guise of flat Laguerre 
planes (only rank 3) and as sets of functions which solve the Hermite 
interpolation problem (all ranks), respectively. 

We first have a closer look at these sets of functions and geometries be- 
fore we introduce ‘nested circle planes’ that are the natural ‘topological’ 
generalization of both concepts. 


7.2.1 Unrestricted (Ph)unisolvent Sets 
A SIC (set of initial conditions) S of order m € N on an interval J is an 
ordered triple (X,A,Y), where X = {21,%2,...,2,} is an ordered set 
of distinct points in J, A = {Aj,2,..-, Ax} is an ordered set of positive 
integers such that Ay +Agt::-+A, =m, and Y = {Y,Yo,..., ¥,} is an 
ordered set of ordered sets Y; = fy, y™, si ace y i= 1,2,...,k, 
of real numbers. We abbreviate all this by writing 


S= {Sty +) 2k | Ai,+++)Ak | go) yr D3. 
An m-—1 times continuously differentiable function f : J — R satisfies S 
if 
f(a) =uP?, 
for alli = 1,2,...,4,7 =0,1,...,A; —1. Here f = f and f®,j>1 
denotes the jth derivative of f. 
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We call a set F of n—1 times continuously differentiable functions on I 
an unrestricted n-unisolvent set if every SIC of order n on J is satisfied 
by exactly one f € F. A (half-)periodic function f on an interval {a, }] 
is n times continuously differentiable if it is so at every point of the 
open interval (a, b) and if f(a) = (-1)"*! f(b) for i=0,1,...,n-1 
where f(a) and f(b) are the one-sided ith derivatives of f at a 
and b, respectively. A set F of n — 1 times continuously differentiable 
(half-)periodic functions on [a, }] is called a (half-)periodic unrestricted 
n-unisolvent set if the restriction of F' to the half-open interval [a, b) is 
an unrestricted n-unisolvent set. 

Note that an unrestricted n-(ph)unisolvent set is automatically an 
n-(ph)unisolvent set since a function satisfying a SIC of the form 


0 0 
AC, 3s Gyn | 1,1,...,1 | yf ) ys Me ee 


interpolates the n points 


(x1, y6 iS (xo, 4 a ree ., (tn, yo). 


For F to be an unrestricted n-(ph)unisolvent set just means that it 
solves the Hermite interpolation problem of order n; see Lorentz—Jetter— 
Riemenschneider [1983]. 

The n-(ph)unisolvent sets in Subsubsection 7.1.2.3 are unrestricted 
n-(ph)unisolvent. The Chebyshev systems that give rise to unrestricted 
n-(ph)unisolvent sets of functions are called extended Chebyshev sets and 
their bases extended Chebyshev systems. 

A set G of n — 1 times continuously differentiable functions on the 
interval J is said to have the property of unique n initial values if all 
SICs of the form 


1 1 
{x1 |n| y!° Mt as ane 5 


on J are satisfied by exactly one f € G. 


THEOREM 7.2.1 (Unisolvent + Initial Values = Unrestricted) 
Let F be a set of n—1 times continuously differentiable functions on an 
open interval or a set of n—1 times continuously differentiable periodic 
or half-periodic functions. Then F is an unrestricted n-(ph)unisolvent 
set if and only if it is an n-(ph)unisolvent set and it has the property of 
unique n initial values. 


In the case that F' is unisolvent on an open interval this important 
result is due to Hartman [1958]. The second part of this result follows im- 
mediately from Hartman’s result; see also Polster [1998d] Corollary 4.4. 
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7.2.2 Integrating Unisolvent Sets 


Let F be an n-unisolvent set on J. We denote by S(F) the set of all 
functions 


I>Rize [ f (t)dt +b, 
a 


whereae€ J,bER, fe F. 

We call S(F) the integral of F. Note that if F is the set of all poly- 
nomials of degree at most n — 1, then S(F) is the set of all polynomials 
of degree at most n. 


THEOREM 7.2.2 (Integral I) Let F be an n-unisolvent set on the 
open or half-open interval I. Then S(F) is an (n + 1)-unisolvent set 
on I. 


For a proof of this result see Polster [1998c] Theorem 1 and Pol- 
ster [1995c] Proposition 2.1. Clearly, this result also remains true if we 
are dealing with an n-unisolvent set F' on a closed interval J as long as 
there are an n-unisolvent set F and an open or half-open interval J such 
that J C I and F is the restriction of F to I. See also Subsections 2.7.9 
and 5.3.4 for important applications of this result. 


THEOREM 7.2.3 (Integral II) Let F be an unrestricted n-unisolvent 
set on the open interval I. Then S(F) is an unrestricted (n + 1)- 
unisolvent set on I. 


For a proof of this result see Polster [1998c] Theorem 2. As above we 
note that this result also stays true if we are dealing with an unrestricted 
n-unisolvent set F on a half-open or closed interval J as long as there are 
an unrestricted n-univolvent set F and an open interval I such that I c I 
and F is the restriction of F to I. 


7.2.8 Nested Tubular Circle Planes 


Remember that the derived geometry of a fibrated circle plane C at a 
point p consists of all the points of C not parallel to p and all circles of C 
through p that have been punctured at p. Furthermore its derived plane 
at p is the derived geometry to whose circle set all parallel classes not 
through p have been added. Now it is clear that the derived geometry 
of a cylindrical circle plane C (= tubular circle plane of rank 3) at a 
point is a strip circle plane of rank 2 and the derived plane at a point 
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is an R?-plane. Remember that C is a flat Laguerre plane if and only 
if the derived plane at every point is a flat affine plane. This implies 
that any derived geometry of a flat Laguerre plane can be extended, 
in an essentially unique way, by a ‘parallel class at infinity’ such that 
nonvertical parallel lines in the corresponding affine plane get extended 
by a common point at infinity and such that the resulting geometry is 
topologically isomorphic to a tubular circle plane of rank 2. This means 
that associated with any point of a flat Laguerre plane is a tubular circle 
plane of rank 2; see Figure 7.1. 

Now, let C be a tubular circle plane of rank 2, that is, a point Mébius 
strip plane from which the verticals have been removed. Then the de- 
rived geometry of C at a point is a strip circle plane of rank 1 on an open 
interval which can also be extended by a ‘parallel class at infinity’ such 
that the resulting geometry is a tubular circle plane of rank 1. 

These considerations show that both flat Laguerre planes and rank 2 
tubular circle planes are nested structures. In the following we will define 
what it means for a tubular circle plane of rank n to be ‘nested’. 


rank | tubular rank 2 tubular flat Laguerre plane 


circle plane circle plane 


ee ee 


i 


rank 2 strip rank 3 strip 
circle plane circle plane circle plane 


Fig. 7.1. Nested tubular circle planes 


Let C be a tubular circle plane of rank n and let p be one of its points. 
Let C, be the derived geometry of C at p and let C? be the geometry 
whose point set is the same as that of Cp, and whose lines are the circles 
of C that have been punctured at the vertical through p. We call C? the 
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restricted geometry of C at p. Note that in the case that C is a cylindrical 
circle plane, the restricted geometry is essentially one of the affine parts 
of this cylindrical circle plane. 


THEOREM 7.2.4 (Unique Extension) Let C; and Cz be two tubu- 
lar circle planes whose restricted geometries at the two points p, € Cy 
and po € C2 are topologically isomorphic. Then the tubular circle planes 
themselves are topologically isomorphic. More precisely, every continu- 
ous isomorphism from the restricted geometry CP: to the restricted ge- 
ometry Ch? extends to a continuous isomorphism from C, to C2. 


This result implies that if a strip circle plane can be extended to 
a tubular circle plane (by attaching one parallel class), then this can 
be done in an essentially unique way. For a proof of this result see 
Polster [1998d] Proposition 3.3. 

A tubular circle plane D of rank n—1 is called a derived tubular circle 
plane of C at p if there exists a point g € D such that C, is topologically 
isomorphic to D?, that is, there is a homeomorphism of the point set 
of C, to the point set of D% that induces an isomorphism of the two 
geometries. If a derived tubular circle plane exists, then Theorem 7.2.4 
guarantees that it is uniquely determined up to topological isomorphism. 
It therefore makes sense to speak of the derived tubular circle plane at 
a point. 


THEOREM 7.2.5 (Derived Classical Plane Is Classical) The 
derived tubular circle planes at all points of the classical tubular circle 
plane of rank n > 1 exist, are isomorphic, and are themselves classical. 


Proof. The derived geometry of the tubular circle plane Poly(n, R) at the 
point (00,0) is Poly(n —1,R). Hence the derived tubular circle plane at 
this point exists and is classical. By Theorem 7.2.14 the automorphism 
group of Poly(n, R) acts transitively on the point set. Hence the derived 
tubular circle planes at all points exist and are isomorphic. L] 


Nested Tubular Circle Planes 


A tubular circle plane C of rank n is nested either if n = 1 or if the 
derived tubular circle planes at all its points exist and are nested 
themselves. 
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With this recursive definition we can summarize everything that we 
said at the beginning of this subsection. 


THEOREM 7.2.6 (Nested Lower-Rank Circle Planes) Every 
tubular circle plane of rank 2 is nested. A tubular circle plane of rank 3 
is nested if and only if it ts a flat Laguerre plane. 


Note that the ‘only if’ part follows from the fact that all derived planes 
of a cylindrical circle plane are flat affine planes only if the cylindrical 
circle plane is a flat Laguerre plane. 


THEOREM 7.2.7 (Unrestricted Implies Nested) Tubular circle 
planes that correspond to unrestricted n-phunisolvent sets are nested. 


Proof. We start with an unrestricted n-unisolvent set F on the open 
interval J = (a,b) and let O be the strip circle plane associated with it. 
With every SIC S = {2),---,2% | A1,---,Ak | yo). yh P} on I of 
order m < n—1 we will associate a strip circle plane Og of rank n — m 
that has the same point set as O. Let us assume that 21 < tq < ++: < Zp. 


[In the course of this construction it helps to keep one specific example 
in mind. Comments about this specific example will always be inserted 
in square brackets. In our example 


n=5,I =(0,3),k =2, 
w= 4g) = 129221 Ap=lAs=2 | yO = 1,y = 1, yS? = 0}. 
So in this case m = A, + Ap = 3 and Og will be a strip circle plane of 


rank 2.] 
Let 


Fs ={feF| f(a) =y,i=1,2,...,4,7 =0,1,...,A%-1}, 


that is, Fs is the set of all f € F that satisfy S. Let I‘ = I\{21,...,2%} 
and let F% be the restriction of Fs to J’. All graphs of functions in Fs 
pass through the k points (21, y0), (x2, yo”), ..., (wey). Now we 
choose €; > 0,1 = 1,2,...,k, such that the & intervals I; = [x;—€;, x;+€i] 
are disjoint and all contained in J. 


[To illustrate the following transformations of the set Fs we concen- 
trate on two typical functions f,g € Fs, f 4g. We choose f and g such 
that f(1) = f@(2) =1 ¥ -1 = g(1) = g@(2). Then f —g has a 
nodal zero at 1 and a nonnodal zero at 2; see Figure 7.2 (left).] 

It is possible to construct a homeomorphism 7 of J’ x R. that leaves 
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Fig. 7.2. 


all verticals in this set globally fixed and if a vertical is not contained in 
one of the strips I; x R, y leaves this vertical pointwise fixed. Note that 
in between two adjacent strips there always exists such a vertical. This 
means that + is orientation-preserving when restricted to the connected 
components of I’ x R. In addition, we will choose ‘y such that the images 
under +¥ of the restrictions to I’ x R of the graphs of the functions in F's 
are aligned in a special way. Aligned in this special way these graphs 
can then be easily extended and combined into the circles of the strip 
circle plane Og that we are trying to construct. 

For arbitrary 6; with 0 < 6; < €;,i =1,2,...,k, the homeomorphism -y 
can be constructed in such a way that restricted to the strip 


((a; — 6;, 24) U (a4, 25 + 6;)) xR 


it looks as follows. 


Ai-1 y{) ee zou 
Pe ag ee 
1a) = | 2, (sgn(e ~ 2,))*— #2 
mi! 
Note that the factor (sgn(x — 2;))** makes sure that this map is really 
orientation-preserving. Here sgn is the function R — R that maps 
the number x € R to —1, 0, 1 if < 0, x = 0, x > 0, respectively. 
Furthermore, for f € Fg we find 


_ lim, te, F()) = (ei, CE1)S f(z). 


[Let us have a look at what is happening in our example; see Fig- 
ure 7.2 (right). We note that if we flip both the strip (1,2) x R and 
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Fig. 7.3. 


the strip (2,3) x R about the z-axis, both the dotted line and the solid 
line can be completed to continuous curves by adding two points; see 
Figure 7.3.] 


As in our example, the images of all graphs of functions in F's under 
the map y are still discontinuous. But by starting from the left and 
working towards the right, we can match up the ends on both sides 
of the verticals {z;} x R by flipping connected components of I’ x R 
about the z-axis whenever necessary. This flipping operation amounts 
to an involutory homeomorphism 7’ of I’ x R. Let sig; = TTj-1(-1) 
fori =1,2,...,k and let z,4; = 6. Then 7’ looks as follows. 


WTKR TKR: (oy) | OY Se See 
(z,sig;y) for 2 <2 < i414. 

The image of a graph of a function in Fg under yy can be completed 
to a continuous curve by adding to it all its boundary points in J x R; 
see Figure 7.3 (right). Let Ls be the set of all curves that have been 
completed in this manner and let Og be the strip circle plane with point 
set I x R and line set Lg. 

To show that Os is a strip circle plane of rank n — m it is necessary 
to prove that the set E of continuous functions J — R that corresponds 
to Og is (n — m)-unisolvent. Given a set of n — m pairwise nonparallel 
points in J x R the problem of finding a function in EF that interpolates 
these points can be translated in a straightforward manner into the 
problem of finding a function in our original unrestricted n-unisolvent 
set F that satisfies a certain SIC of order n that ‘extends’ our original 
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SIC S. Since there is a unique solution to the latter problem, the same 
is true for the first problem, which shows that Og is indeed (n — m)- 
unisolvent. For details see Polster [1998d] Proposition 4.7. 

Let us go back, for the moment, to general nested tubular circle planes 
of rank n. Deriving at a point p, that is, constructing the derived 
tubular circle plane at p, means concentrating on the circles through 
the point p, removing the parallel class p is contained in, ‘twisting’ the 
strip (—5, 5) x R, that is, flipping the strip on just one side, in order 
to move from cylinder to Mobius strip, or the other way around, and 
finally gluing in another parallel class to fit the left and right sides of the 
strip together. It is convenient to ‘identify’ the parallel class that gets 
removed with the parallel class that gets added. In this way it makes 
sense to say: ‘We derive at m points of the same parallel class’, that is, 
we choose a point and derive, choose another point and derive again, 
and so on, m times. All this sounds very much like what we just did. 

So let F' be an unrestricted n-phunisolvent set and let O be the tubular 
circle planes of rank n associated with it. Let 


S = {a1,...,2% | Ary. Aw | yO, ge} 


be a SIC of order m < n—1 on [—§,}). Then we can construct a 
tubular circle plane Og of rank n — m in exactly the same manner as 
before when F was an unrestricted n-unisolvent set. The only difference 
in our picture is that the left and right sides of the interval I = [—5, 5 
get identified and therefore, when we are busy flipping the strips, we 
may actually have to introduce a twist at the last flip in order to be able 
to glue respective sides together (thereby forming a Mobius strip). Note 
that odd A;s introduce a flip (or un-flip) and every even 2; introduces 
no flip at all. Furthermore, if mn —m =n -— (A, +A2+---+Ax) is even, 
we end up with a Mobius strip and if n — m is odd, with a cylinder. 
Now, clearly, if O is nested, then for p = (%1,y1) € [-$,5) xR 
and S = {z, | A, = 1| yo = yi}, Og is the derived tubular circle 
plane at the point p. We already know that Og is a tubular circle 
plane of rank n — 1. We just have to check that it is nested. The 
possible candidates for all the derived tubular circle planes of rank n —2 
of this tubular circle plane are the tubular circle planes of rank n — 2 
that correspond to SICs of order 2 on [—3, 5) that extend S. Again it 
remains to check that all these rank n—2 tubular circle planes are nested. 
Let S’ be a SIC of order 2 that extends S. Then the possible candidates 
for all the derived (nested) tubular circle planes of rank n — 3 of the 
tubular circle planes of rank n — 2 associated with S’ are the tubular 
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circle planes of rank n —3 that correspond to SICs of order 3 on [—4, 5) 
that extend S$’. Again it remains to check that all these tubular circle 
planes are nested. We can continue to argue in this manner until we are 
left with tubular circle planes of rank 1, which are automatically nested. 
This, of course, shows that all the tubular circle planes of rank n — m 
that we encountered on the way are nested themselves. O 


COROLLARY 7.2.8 (Laguerre Planes) The tubular circle plane 
that corresponds to an unrestricted 3-phunisolvent set is a flat Laguerre 
plane. 


It is also possible to define nested strip circle planes of rank n. This 
definition is messy but basically the same as that for nested tubular 
circle planes. With this definition it is possible to extend Theorem 7.2.7 
to show that, in general, fibrated circle planes that correspond to unre- 
stricted n-(ph)unisolvent sets are nested; see Polster [1998d]. 

We have already observed that all fibrated circle planes of rank 1 
or 2 are nested. On the other hand, it is easy to construct nonnested 
higher-rank fibrated circle planes using Theorem 7.1.8. 


—1 1 —!1 1 


Fig. 7.4. 


THEOREM 7.2.9 (Nonnested Planes Exist) There exist tubular 
circle planes of rank n, n > 3, that are not nested. 


Proof. In Theorem 7.1.8 let F be the set of polynomials P, of degree 
at most n — 1 for some odd n > 3, and let J = [—1,1]. We show that 
the tubular circle plane that corresponds to the half-periodic (n — 1)- 
phunisolvent set F’ is not nested. For this we have a closer look at 
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the set G of all polynomials in F’ that interpolate the point (1,0). 
Clearly, G = (x—1)(x+1)P,~2. This means that the restriction G(_1,1) 
is topologically isomorphic to the restriction of the set P,_2 to the in- 
terval (—1,1). The corresponding strip circle plane S of rank n — 2 is 
not topologically isomorphic to the restriction at a point of a tubular 
circle plane of rank n — 2 (living on the cylinder). To see this, consider 
the left diagram in Figure 7.4. 

If there were an extension of S to a tubular circle plane, every pair of 
intersecting line segments in the diagram would have to be extended by 
the same point. This diagram is supposed to be continued indefinitely 
above and below. Because of the way line segments in the infinitely 
extended diagram intersect, all of them would be extended by the same 
point. In fact, every single element in S would be extended by the same 
point. This is a contradiction. 

The even case is dealt with in a similar manner using the diagram on 
the right. CO 


7.2.4 Automorphisms of Nested Tubular Circle Planes 


As a consequence of the iterated derivation process in a nested tubular 
circle plane NV = (P,C) of rank n > 1, we can define the multiplicity 
with which two circles intersect at a point. Let C and D be distinct 
circles of NV that have the point p in common. We form the derived 
tubular circle plane VV’ at p. Both planes share the set P, of all points 
not parallel to p. The circles C and D give rise to circles C’ and D’ 
such that CN P, = C’N Py and likewise DN P, = D'N Py. Let p’ 
be the point on C’ the set CM Pp gets extended with in the derived 
plane N’, that is, {p'} = C’\ P, . If p’ € D’, we derive at p’ to obtain 
another tubular circle plane NV” and circles C” and D” and a point p”, 
where {p’} = C” \ P,. We can continue in this way until, say after k 
steps, we obtain a tubular circle plane NV' (*) and circles C™ and D(*) 
such that C(*) \ P, and D™) \ P, are different points. Since circles in a 
tubular circle plane of rank 1 are disjoint, we conclude that k < n. Note 
that CNP, = C(™ NP, and likewise DOP, = D(™ MP, forl<m<k. 
We then say that the circles C and D intersect in p with multiplicity k. 
We say that C’ intersects itself at p with multiplicity n. 

Assume that the rank of NV is greater than 2 and fix a point p € P and 
a circle C € C through p. Let Cyc be the collection of all circles in C 
that intersect C in p with multiplicity at least n — 2. Note that we can 
obtain the set C,.¢ by deriving N successively n—2 times at the ‘infinite 
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point’ of C. For example, in the derived tubular circle plane NV’ at p the 
restriction C' \ |p| is extended by an infinite point p’ to give a circle C’ 
in N’. Then one derives N’ at p’ and so on. That means that C,.¢ when 
restricted to P\|p| ~ R? plus the parallel classes contained in P\|p| form 
the line set of an R?-plane R. More precisely, because Cyc essentially is 
the circle set of a tubular circle plane of rank 2, or equivalently, a point 
Mobius strip plane, F is a flat affine plane. 


LEMMA 7.2.10 (Affine Planes from Tubular Circle Planes) 
Let N = (P,C) be a nested tubular circle plane of rank n > 2. For 
a flag (p,C) of N let Cyc be the collection of all circles in C that in- 
tersect C in p with multiplicity at least n ~ 2. Then Cp.¢ is the set of 
nonvertical lines of a flat affine plane on P \ |p| when circles in Cyc are 
punctured at p. 


For all the circle planes that we encountered in the previous chapters 
we know that isomorphisms are continuous. The same is true for nested 
tubular circle planes whose rank is greater than 1. To see this first note 
that isomorphisms between tubular circle planes of rank 2 are also iso- 
morphisms of the corresponding point Mobius strip planes and therefore 
continuous; see Theorem 2.4.2. Note also that any tubular circle plane 
of rank 1 admits automorphisms that are not continuous. For example, 
given any permutation of the circles in such a plane, there is an auto- 
morphism that induces this permutation. Of course, any such plane also 
admits a large group of continuous automorphisms. 

Now let NV = (P,C) and N’ = (P’,C’) be two nested tubular circle 
planes of the same rank n > 2 and let ~ : P — P’ be an isomorphism 
from NV to N’. We fix a flag (p,C) of VN. By Lemma 7.2.10 we can 
associate a flat affine plane R with (p,C). The isomorphism + induces 
a bijection from P \ |p| onto P’ \ |y(p)|. In fact, induces an isomor- 
phism from F onto a flat affine plane living on P’ \ |y(p)|. But such an 
isomorphism is continuous by Theorem 2.4.2. Changing the point p we 
see that must be continuous everywhere. 


THEOREM 7.2.11 (Isomorphisms Are Continuous) An isomor- 
phism between nested tubular circle planes of the same rank n > 1 is 
continuous. In particular, every automorphism of such a nested tubular 
circle plane is continuous. 


Using Lemma 7.2.10 and Corollaries 2.4.3 and 2.4.4 one readily obtains 
the following result. 
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COROLLARY 7.2.12 (Stabilizers) An isomorphism between two 
nested tubular circle planes of the same rank n > 1 is determined by 
a circle C, two distinct points p,, po on C, a third point p3 off C paral- 
lel to neither p, nor po, and the images of these four objects under the 
isomorphism. 

In particular, an automorphism of such a nested tubular circle plane 
that fixes the circle C' and the points p,, po, and p3 chosen as above is 
the identity. 


Just note that for n > 2 in the projective extension of the flat affine 
plane associated with the flag (p1, C’) the points po and ps and the infinite 
points of the verticals and of C' form a nondegenerate quadrangle. 

The collection of all automorphisms of a nested tubular circle plane V 
forms a group I’ with respect to composition. If the rank n of NV is at 
least 2, then [ is an effective topological transformation group of the 
point set. (the cylinder or the Mobius strip for n odd or n even, re- 
spectively), when I carries the compact-open topology (or, equivalently, 
the topology of uniform convergence on compact sets). For T to be a 
Lie group we essentially need that I is locally compact; compare The- 
orem A2.3.5. This condition can be verified for nested tubular circle 
planes; see Polster-Steinke [20XXd]. 


THEOREM 7.2.13 (Automorphism Group) The collection I of 
all automorphisms of a nested tubular circle plane of rank n > 1 is 
a Lie group with respect to the compact-open topology of dimension at 
most n+ 4. 


The statement on the dimension of the automorphism group is an 
immediate consequence of the dimension formula A2.3.6 and Corol- 
lary 7.2.12. A flag (p,C) has an orbit of dimension at most n + 1; 
see Proposition 7.1.7. The orbit of a second point on C' is at most 1- 
dimensional under the stabilizer [’,,.¢ of (p,C) and a third point has an 
orbit of dimension at most 2. 

The maximum group dimensions are attained in the classical tubular 
circle planes. In fact, the classical tubular circle planes are characterized 
by this dimension; see Theorem 7.2.18. 


THEOREM 7.2.14 (Automorphism Group of Classical Planes) 
The automorphism group of the classical tubular circle plane Poly(n, R) 
of rankn > 1 with point set (RU {co}) x R is the (n + 4)-dimensional 
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Lie group consisting of the automorphisms 


(z,y) > (s ry + Dic. =) 


cx+d’> (cxr+d)r-} 


where r € R \ {0}, a,b,c,d € R, ad—be # 0, anda € R, 
i=0,1,2,...,n—1. 

This group is flag-transitive and thus acts transitively on both the point 
and circle sets of this plane. 


For a proof of this result see Luksch [1987]. 

The following useful result for the classification of nested tubular circle 
planes with respect to their group dimensions is an immediate conse- 
quence of Theorems 7.2.4 and 7.2.11. 


THEOREM 7.2.15 (Induced Automorphism) Let N be a nested 
tubular circle plane of rank n > 1 and let y be an automorphism of N 
that fixes a point p. Then y induces an automorphism of the derived 
tubular circle plane Np at p. 


The automorphism group I of a nested tubular circle plane NV has 
a distinguished subgroup, the kernel T of the action of I on the set of 
parallel classes, that is, T consists of all automorphisms that fix each 
parallel class globally. This collection of automorphisms is a closed nor- 
mal subgroup of the automorphism group of the circle plane. 

To calculate the dimension of the kernel one again uses the dimension 
formula A2.3.6 and Corollary 7.2.12. Note that now each point has an 
orbit of dimension at most 1 and that, if a circle is fixed, then it is fixed 
pointwise. 


THEOREM 7.2.16 (Dimension of Kernel) The dimension of the 
kernel of a nested tubular circle plane of rank n > 1 is at most n+ 1. 


The maximum dimension is attained in the tubular circle planes over 
nested Chebyshev systems, that is, Chebyshev systems that give rise to 
nested tubular circle planes. Indeed, if S = { fo, f1,---, fai} is such a 
nested Chebyshev system of rank n, then circles of the associated tubular 
circle plane V/(S) are the graphs of functions 

uv 1 
[-5 5] 2 Ri 2+ aofo(z) + a1fi(z) +--+ + @n—afn-a(2), 
where ap, @1,.-.,@n_1 € R, and the transformations 


(x,y) > (a, ry + cofo(z) + er filz) + +++ + Cn—-1fn—i(z)), 
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where 1, €g,€1,---;€n-1 € R, r # 0, are automorphisms in the kernel T 
of N(S). Hence T is (n + 1)-dimensional. In fact, the converse is also 
true; see Polster-Steinke [20X Xd]. 


THEOREM 7.2.17 ((n + 1)-Dim. Kernel Implies Chebyshev) 
Let N be a nested tubular circle plane of rank n > 1 and assume that 
the kernel of N is (n+ 1)-dimensional. Then N is isomorphic to a 
tubular circle plane N(S) over a nested Chebyshev system S. 


The above theorem follows by induction on the rank n. The derived 
tubular circle plane NV, of V at a point p is a nested tubular circle plane 
of rank n—1 and the stabilizer T, of p induces an n-dimensional group in 
the kernel of NV. Also note that n = 2 corresponds to the classical point 
Mobius strip plane and n = 3 corresponds to an ovoidal flat Laguerre 
plane; compare Theorem 5.4.8. Both planes can be described in terms of 
nested Chebyshev systems. For example, the rank 2 plane corresponds 
to the Chebyshev system {cos x, sin x}; see Subsubsection 7.1.2.1. 

We can now show that the maximum group dimensions are attained 
only in the classical tubular circle planes; compare Theorem 7.2.14. 


THEOREM 7.2.18 (Large Group Implies Classical) Let N be 
a nested tubular circle plane of rank n > 1 and let T be the automor- 
phism group of N. Assume that there is a parallel class 7 such that the 
stabilizer, of m is (at least) (n+ 3)-dimensional. Then N is classical. 
In particular, if T is (n + 4)-dimensional, then N is classical. 


Note that the derived tubular circle plane N, of V at a point p € isa 
nested tubular circle plane of rank n—1 and the stabilizer I’, of p induces 
an (n + 2)-dimensional group of automorphisms of \,. Furthermore, 
the kernel of such a plane VV must be (n + 1)-dimensional and transitive 
on 7. Also note that n = 2 and n = 3 yield the classical point Mobius 
strip plane and the classical flat Laguerre plane, respectively; compare 
Theorems 2.6.5 and 5.4.12. On can therefore use induction on the rank n 
to prove this result. 


7.38 Convexity and Cut-and-Paste Constructions 


We have already encountered a number of construction principles that 
allow us to derive new (ph)unisolvent sets from other (ph)unisolvent 
sets. In this section we introduce a notion of convexity in (ph)unisolvent 
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sets that extends the notion of convexity that we dealt with in Sec- 
tion 2.2. Based on this notion are a number of cut-and-paste construc- 
tions that allow us to combine different n-(ph)unisolvent sets into new 
n-(ph)unisolvent sets. Again, these cut-and-paste constructions extend 
and generalize the cut-and-paste constructions that we encountered in 
previous chapters. Apart from Theorem 7.3.7 this section is a summary 
of Polster [1998f]. For more background information see, in addition to 
the references mentioned at the beginning of this chapter, the articles 
by Moldovan [1959], [1964], [1965], [1966], and Popoviciu [1978], [1979]. 


7.3.1 Convexity 


In the following let F' be an n-unisolvent set on the open interval J. A 
function g: I > R is said to be convex (concave) relative to F if 


(-1)"“*(g(x) — F(21,22,..-,2n5g)(2)) 2 0 (< 0) 


for 2; < © < 241, 2 = 0,1,...,n, whenever the n + 2 points z; € I 
are chosen such that to < 21 < ++: < Zn41. The function g is strictly 
convex (concave) relative to F if all the above inequalities are strict. 

Clearly, if g is (strictly) convex or concave relative to F’ and J is an 
open subinterval of J, then gj is (strictly) convex or concave relative 
to F’, which, of course, is an n-unisolvent set on J. 

If n = 2 and the 2-unisolvent system under consideration is the set 
of all linear functions, a continuous function is (strictly) convex in the 
above sense if and only if it is (strictly) convex in the usual sense. 


THEOREM 7.3.1 (Transitivity of Convexity) Let H, and H2 be 
two n-unisolvent sets on the open interval I. 

If all elements of H are convex with respect to Hz andf:I ~ Risa 
continuous function that is (strictly) convex with respect to H,, then f 
is (strictly) convex with respect to Ho. 

If all elements of H, are concave with respect to Hy andf:I ~R 
is a continuous function that is (strictly) concave with respect to H, 
then f is (strictly) concave with respect to Hp. 


This result follows immediately from our definition of convexity; see 
also Polster [1998f] Proposition 1. 

If H is an (n — 1)-unisolvent subset of F, let F+(H) and F~(H) 
denote the sets of all strictly convex and concave functions, respectively, 
relative to H in F \ H. 
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COROLLARY 7.3.2 Let F be an n-unisolvent set, n > 2, on the open 
interval I and let H be an (n—1)-unisolvent subset of F. Then F is the 
disjoint union of the sets H, F+(H), and F~(H). 


Proof. Let g be one of the functions in F'\\H. As a consequence of Theo- 
rem 7.1.5, considered as a function in the n variables 2, %2,...,2n—1,2 


g(x) — H(z, 22,...,2n—139)(Z) 


is continuous. Furthermore, by Theorem 7.1.2, as a function of z alone, 
this function has exactly n— 1 zeros (the z;s) and changes sign at every 
single one of these zeros. As we continuously vary %),%2,...,%n—1,2n 
in such a way that at all times 2) < rg < +++ < Zn_} < Zn, the sign of 


9(Zn) = AGA, Ba «5 Cae t7 9) (Zn) 


does not change. Hence, as a consequence of Theorem 7.1.2, if this sign 
is positive or negative, then g is strictly convex or concave with respect 
to H, respectively. O 


7.3.2 Different Ways to Cut and Paste 


Remember that, given n distinct fixed points t) < tg <--: < t, in the 
open interval J, we can identify an n-unisolvent set F on I with R” by 
mapping the function f € F to the point (f(t1), f(te),...,f(tnr)) € R®; 
see Theorem 7.1.6. Under this identification an (n — 1)-unisolvent sub- 
set H of F corresponds to a closed subset of R” homeomorphic to R™—! 
that separates R” into two open components. These two open com- 
ponents correspond to F+(H) and F~(H). On top of this topological 
separating property, H also separates F in a geometrical way. 


THEOREM 7.3.3 (Cut and Paste I) Let F, and Fz be n-unisolvent 
sets, n > 2, on an open interval and let H be a common (n—1)-unisolvent 
subset of F, and Fy. Then F3 = HUF‘ (H)UF, (H) is an n-unisolvent 
set. If F\, Fy, and H are unrestricted, then F3 is unrestricted as well. 


As a consequence of Theorem 7.1.3, n-phunisolvent sets do not have 
any (n — 1)-phunisolvent subsets. This means that this theorem does 
not have a ‘phunisolvent counterpart’. 

For the proof of the second part of this result, we require the following 
lemma. 
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LEMMA 7.3.4 Let F be an unrestricted n-unisolvent set, n > 2, on 
the open interval I and let H be an unrestricted (n—1)-unisolvent subset 
of F. Furthermore, let K be the set of all functions in F that satisfy a 
given SIC {x, | n—-1| yo), yD, “J yf} of ordern—1 onI. Then K 
has the following properties. 
(i) Every point (s,t) € I x R, s # 2 is interpolated by exactly one 
element in K. 
(ii) There is exactly one element h € H that is contained in K. 
(iii) A function f € K \ {h} is contained in F*(H) (F~(H)) if and 
only if f(x) — h(x) is positive (negative) for any and therefore 
alla > 2. 
(iv) If f € F*(H)OK and x < 1, then f(x) — h(z) is positive 
(negative) if n is odd (even). 
(v) If f € F-(A)NK and z < x, then f(z) — h(x) is negative 
(positive) if n is odd (even). 


Proof. Parts (i) and (ii) follow immediately from the definition of unre- 
stricted unisolvence. Furthermore, (iii), (iv), and (v) are corollaries of 
Mathsen [1982] Corollary 1 and the remark following that corollary. O 


Proof of Theorem 7.3.3. It follows from Theorem 7.1.2 that for any 
choice of distinct points 2), 2%2,...,2n € I with 2) < 42 <--: < 2p and 
real numbers yj, Y2,---, Yn the sign of 


Uni A (0; Baye ce nary Hay Yay +5 9n-1) (2a) 


alone determines whether Fj(11,22,...,2n,Y1, Y2)-++» Yn) is Strictly con- 
vex with respect to H, belongs to H, or is strictly concave with respect 
to H. 

Theorem 7.3.3 and Theorem 7.2.1 show that for the second part of 
this result we have to prove that the following holds. Given any SIC 


S= {r1 | n | Wh wea 
of order n, and any unrestricted n-unisolvent set F' that contains H, 
looking at H alone suffices to determine whether the uniquely deter- 
mined function f € F satisfying S will be contained in F*(H), H, 
or F-(H). 
Let h € H be the uniquely determined (by Lemma 7.3.4) function 
that satisfies the SIC 


{a, |n—1[ yy, ...,y?} 
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of order n — 1. Both yr) —h@-Y (21) and f(x) — h(x), x > 2 have 
the same sign. Hence, by Lemma 7.3.4, f will belong to Ft(H), H, 
or F’~ (#1) if and only if yr) —h'-1)(z1) is positive, zero, or negative, 
respectively. 


Example. Let F; = span{1,z,27,...,2"~?, f;(x)}, 1 = 1,2, such that 
the function f; : R — R is n — 1 times continuously differentiable 
and its (n — 1)st derivative is a positive function. Then F; is an unre- 
stricted n-unisolvent set on R and H = span{1,z,2?,...,2"~*} is an 
unrestricted (n — 1)-unisolvent set contained in both F, and Fo. Using 
Theorem 7.3.3, we can combine these two sets into an n-unisolvent set 
that, in general, is no longer linear. 


Because of the last theorem, given an n-unisolvent set F', we are in- 
terested in constructing (n — 1)-unisolvent subsets of F’ as well as other 
subsets that separate F’ in a similar way. A separating set such as this 
can then be used to construct a new n-unisolvent set from two given 
n-unisolvent sets that share this subset, as demonstrated above. 

Let F be an n-(ph)unisolvent set on the open interval J. Furthermore, 
let p = (s,t) be a point in J x R. Let F(p), F*(p), F~(p) denote the 
set of all functions f € F' such that t = f(s), t < f(s), and t > f(s), 
respectively. The following obvious result gives one way of finding (n—1)- 
unisolvent subsets of n-unisolvent sets. 


LEMMA 7.3.5 (Unisolvent Subsets of Unisolvent Sets) Let F be 
an n-unisolvent set on I, n > 2, let J be a proper open subinterval of I, 
and let p = (s,t) € (I\J) x R. Then F(p)y is an (n — 1)-unisolvent 
subset of F';. Furthermore, if the value of s is greater than all elements 
of J, then 


FF (F(p)s) = Ft (p)z, 
F; (F(p)s) = Fo (p)s- 


Similar equations hold in the case that s is less than all elements of I. 


This means that if we want to construct an (n — 1)-unisolvent subset 
of an n-unisolvent set on the interval J, we can first try to embed it in 
a larger n-unisolvent set on an interval J, and then concentrate on the 
functions that interpolate a point p € (I\ J) x R. 

It is not known whether all n-unisolvent sets on open intervals can 
be embedded into larger n-unisolvent sets in this way. If G is an n- 
phunisolvent set, n > 2, on [a,6], then the restriction of G to [a, b) 


7.3 Convexity and Cut-and-Paste Constructions 425 


is an example of an n-unisolvent set on a half-open interval that can- 
not be embedded into a larger n-unisolvent set. This is an immediate 
consequence of the fact that n-phunisolvent sets, n > 2, are maximal 
orthogonal arrays; see Corollary 7.1.4. 

Now, instead of concentrating on the functions that interpolate an 
‘exterior’ point p € (I \ J) x R, let us focus on the functions that 
interpolate an ‘interior’ point p € I x R. 


THEOREM 7.3.6 (Cut and Paste II) Let Fi and Fo be n-(ph)uni- 
solvent sets, n > 2, on the interval I, and let p = (s,t) € Ix R. 
Furthermore, let F,(p) = Fo(p). Then F3 = F,(p) U Fj*(p) U Fy (p) is 
an n-(ph)unisolvent set. If both F, and Fz are unrestricted, then F3 1s 
unrestricted, too. 


Note that, unlike Theorem 7.3.3, this result also applies to n-phuni- 
solvent sets. 


Proof of theorem. The first part is a corollary of a more general result on 
separating sets; see Theorem 7.3.7. See also Polster [1998f] Theorem 2. 

For the second part we have to prove that the following holds. Given 
any SIC 

Saqaiela a we od 

of order n, and any unrestricted n-unisolvent set F that contains F(p), 
looking at F'(p) alone suffices to determine whether the uniquely deter- 
mined (by Lemma 7.3.4) function f € F satisfying S will be contained 
in F+(p), F(p), or in F~(p). 

Ifs=2, andt>y,’,t= y, ort< y, then it is easy to check 
that f € F*(p), f € F(p), or f € F7(p), respectively. Let x, < s 
and let h be the uniquely determined function in F(p) that satisfies 
the SIC S = {x | n | yoy, yl} of order n — 1. Then f 
will be contained in F+(p), F(p), or F~(p) depending on whether the 
value yr) — h'-1)(z1) is positive, zero or negative. For s < 2 a 
similar argument applies. O 


In the following it is again important to remember that n-(ph) unisol- 
vent sets of functions provided with their natural topology (see p. 404) 
are topological spaces homeomorphic to R”. 

All separating sets that we looked at so far have the property that, 
considered as subsets of such an R”, they separate this space into two 
path-connected components. The following result states that this is 
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basically all that is necessary for a subset of an n-(ph)unisolvent set to 
be a separating set. 


THEOREM 7.3.7 (General Cut and Paste) Let F, and Fp be 
two n-(ph)unisolvent sets, n > 2, on I and let S C FiO Fo. Suppose 
that Fy \ S and Fz \ S each have two nonempty path-connected compo- 
nents Fy", FY and FS, Fy, respectively. Furthermore, the labelling of 
the components Be and Fy agrees, that is, there are n pairwise nonpar- 
allel points in I x R such that the functions in F, and F2 interpolating 
these points are contained in F; and Fj’. Then F3 = SUF{ UF is 
an n-(ph)unisolvent set. 


Proof. We only prove this for n-unisolvent sets over an interval J. The 
proof for n-phunisolvent sets runs along the same lines. 

Let 21 < 22 < -++ < a E€ I and let yj, Yo,...,Yn € R be such 
that the function fj = Fi(r1,22,..-,2n,Y1; Y2)+++; Yn), 2 = 1,2, be- 
longs to F; \.S and f; € F,*. Furthermore, let uy < ug < +--+ < un ET, 
let ¥1,V2,---;0n € R, and let gj = Fi(ui,wve,..., tn, V1, V2,-.-,Un) 
belong to F;*. This means that gi and g2 are ‘labelling’ functions. 
Since Fj‘ is path-connected, there is a path in FY from g; to fi, that 
is, there is a continuous map y : [0,1] — F,* such that y(0) = gi 
and 7(1) = fi. 

We now let w;(t) = 7(t)[ui] and z(t) = ui(1—t)+a,t fori = 1,2,...,n, 
and 0 <t <1. We define the function hi : J > R, i = 1,2, to be equal 
to 


F;(u1, U2;,.- . Un, Wi (2t), we(2t), see , Wn (2t)) 
forO<t< 5 and 


F;(z1(2t — 1), zo(2t — 1),...,zn(2t- 1), 
fi(zi(2t- 1), filze(2t — 1)),-- +1 filen(2é — 1))) 


for 5 <¢t < 1. Then the map x : [0,1] — Fi : t + hj is com 
tinuous. In fact, 7 defines essentially the same path as y, that is, 
a path connecting g; and f, that is completely contained in Fr or, 
equivalently, hi ¢€ Fit for all t € [0,1]. Clearly, h3 = go is a func- 
tion in Fy. In fact, ht € Fy for all t € [0,1] as well. This fol- 
lows from the connectedness of the interval [0,1] and the fact that the 
sets {t € [0,1] | h& € Ft} and {t € [0,1] | hb © Fy} form a partition 
of [0,1]. The set {t € [0,1] | h5 € S} is empty because, by construc- 
tion, {t € [0,1] | h{ © S} is empty. Since the first of the partitioning 
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sets is nonempty, we must have that hS € 1 for all ¢ € [0,1]. By 
exchanging the réles of F; and Fo, we see that n pairwise nonparallel 
points can be interpolated in F; by a function in Fy‘ if and only if they 
can be interpolated in F2 by a function in Ee ; 

It now readily follows that any n pairwise nonparallel points in J x R 
are interpolated by a unique function in F3 = SU Fj’ UF. O 


7.4 Open Problems 


The theory of n-(ph)unisolvent sets of functions, n > 3, and their corre- 
sponding geometries is nowhere near as developed as the theories of the 
lower-rank circle planes as described in the previous chapters. As we 
have seen, many results about the lower-rank circle planes have counter- 
parts for the higher-rank geometries. Many more such counterparts are 
waiting to be proved. In particuar, the group-dimension classifications 
of higher-rank tubular circle planes should prove a rich source of prob- 
lems for future research. In the following we only list some problems 
that aim at expanding the results mentioned in this chapter. 


PROBLEM 7.4.1 Which of our results about unrestricted n-(ph)uni- 
solvent sets can be extended to results about nested n-(ph)unisolvent sets? 


For example, Theorem 7.2.3 suggests checking whether the integral 
of a nested n-unisolvent set is a nested (n + 1)-unisolvent set. Theo- 
rem 5.3.13 implies that this is the case for n = 2. 

There are many more shades of unisolvence and corresponding notions 
of convexity in between n-unisolvence and unrestricted n-unisolvence; 
see, for example, the papers by Mathsen [1969], [1972], [1982] and Uma- 
maheswaram [1978a], [1978b]. For many of these it should be possible 
to generalize the results in this chapter. Are any of these other shades 
of unisolvence of any importance for incidence geometry? 


PROBLEM 7.4.2 Apart from the tubular circle planes, are there any 
other fibrated circle planes of rank n > 2 that are maximal orthogonal 
arrays of rank n? 


If you think about this problem for a second, you will probably come 
up with the following examples. Let F be an n-phunisolvent set on [a, )]. 
Then the strip circle plane associated with Fj, ,») is a maximal orthogonal 
array of rank n. Of course, this does not really tell us anything new. Are 
there any other examples? If you are interested in this question, first 
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check out some of the literature that deals with extending Chebyshev 
systems to larger Chebyshev systems; see Zalik—Zwick [1989] and the 
references given there. Compare also the results about maximal stable 
planes listed in Subsection 2.8.4. 


PROBLEM 7.4.3 Are (n — 1)-unisolvent subsets of unrestricted or 
nested n-unisolvent sets automatically unrestricted or nested. 


This problem is inspired by Theorem 7.3.3. Note that the 2-unisolvent 
set span{1, 2°} is not unrestricted and is a subset of the unrestricted 4- 
unisolvent set span{1, x, x7, x}. 


Appendix 1 


Tools and Techniques from Topology and 
Analysis 


The geometries encountered in this book all live on point and line sets 
that are well-behaved topological spaces. In most cases these spaces 
can be shown to be metric spaces or even manifolds. In this section we 
list some basic results about these special kinds of topological spaces 
for easy reference. For more information about topological and metric 
spaces we refer to Dugundji [1966] and Schubert [1968]. 


A1.1 Metric Spaces 


A metric space (X,d) consists of a nonempty set X together with a 
function d: X x X — R, called a metric, satisfying the following axioms. 


Axioms for Metric Spaces 


> 0 for all z,ye X. 
= 0 if and only ifz =y. 


= d(y,z) for allz,y eX. 
d(x,y) + d(y,z) for all z,y,z € X (triangle in- 


The Euclidean space R” is a metric space with respect to the Fu- 
clidean metric given by 


d(z,y) = (Se -»") 


a 
2 
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We always assume that R” is equipped with this metric. We further 
carry over this metric to subspaces of R”. More generally, if (X, d) is a 
metric space and Y is a nonempty subset of X, then by restricting the 
metric of X to Y we obtain a metric space (Y,dly xy), called a subspace 
of X with respect to the induced metric. We always use the metric 
induced by the Euclidean metric of R” when dealing with subsets of 
Euclidean spaces such as the sphere S*, the cylinder S! x R, and the 
torus S! x S! in R?. 

A neighbourhood of a point p in a metric space (X, d) is a subset U 
of X that contains an open ball centred at p, that is, there exists r > 0 
such that the open ball B,(p) = {x € X | d(x,p) <r} of radius r and 
centre p is entirely contained in U. A subset V of X is called open if it is 
a neighbourhood of each of its points. A subset W of X is called closed, 
if X \ W is open. Note that the empty set @ and the entire space X are 
open sets and also closed sets of X. 

A subset A of a metric space X is closed if and only if A contains all 
its accumulation points, that is, if (a,) is a sequence of points in A that 
converges toa € X, thenaeé A. 

For each subset Y of a metric space X there are a smallest closed 
subset Y of X containing Y, called the closure of Y, and a largest open 
set Y° contained in Y, called the interior of Y. The boundary OY of Y 
then is OY = Y \ Y°. In terms of sequences, the boundary of Y is the 
collection of all points that occur as accumulation points of sequences 
in X each element of which belongs to Y as well as sequences in X no 
element of which belongs to Y. 

Let (X, d) be a metric space with bounded metric d, that is, there is a 
positive number b such that d(z,y) < 6 for all z,y € X. For nonempty 
closed subsets A and B of X let 


d'(A, B) = SUPge apes (infuead(u, b), infyepd(a,v)}. 


Then d’ is a metric on the collection of nonempty closed subsets of X, 
called the Hausdorff metric. 

We can use this construction to obtain a metric on the real projective 
plane, which is not a subset of R*. Points of the real projective plane 
are obtained from the sphere by identifying antipodal points on S?, 
that is, each point of this topological space can be identified with the 
set {x,—az} C S* for some x € S?. Since the sets {x,—x} are closed 
subsets of S?, the Hausdorff metric 


d'({z, —z}, {y, —y}) = min{d(z, y), d(x, =o) }; 
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where d is the Euclidean metric on S?, yields a metric on the real pro- 
jective plane. 

The assumption of a bounded metric is no real restriction since we 
can always replace a metric by a bounded metric without changing the 
open sets. 


LEMMA A1.1.1 (Bounded Metric) Let (X,d) be a metric space 
and let 

a(x, y) 
1+ d(z,y) 
Then (X,d’) is a metric space that has the same open subsets as (X,d). 
(That is, (X,d) and (X, d’) are homeomorphic; for a definition of ‘homeo- 
morphic’ see the end of this section.) 


d:XxX oR: (a,y)r 


When dealing with topological geometries we are dealing not only with 
topologies on the point sets but also with topologies on the line/circle 
sets. For the topological geometries we are interested in these topologies 
coincide with the topologies induced by Hausdorff metrics on the sets 
of lines/circles. Note that in our geometries lines and circles are closed 
subsets of the respective point sets. 

In the following we list some of the most important properties metric 
spaces can have. In fact, many of these properties do not use the metric 
but only refer to the topology of the metric space, that is, the collection 
of open subsets. Most of these properties can therefore be defined for 
the larger class of topological spaces, that is, sets that have a topology 
specified. We do not want to give a formal definition of topological 
space, because in the spaces we encounter in this book we always have 
an underlying metric and also the most useful topological spaces require 
certain separation axioms. For more information on topological spaces 
we refer to Dugundji [1966] or Schubert [1968]. We just mention that a 
nonindiscrete topological space has at least one proper nonempty open 
subset and that there are various ways to describe the open subsets in 
a topological space. 

For example, instead of all open subsets one can just specify a basis 
for the topology, that is, a family of open sets such that every open set 
is the union of a certain number of sets belonging to this family, or a 
subbasis for the topology, that is, a family of open sets such that the 
collection of finite intersections of its elements is a basis. 

One can also use the collection of neighbourhoods of points to define 
the topology. Clearly, every set that contains a neighbourhood of a 
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point p is again a neighbourhood of p. A neighbourhood basis of p then 
is a family of neighbourhoods of p such that every neighbourhood of p 
contains one of its elements. 

A metric space X is called connected if there does not exist a pair 
of nonempty open sets A, B such that X = AUB and ANB = 9. 
Equivalently, X is connected if and only if X and @ are the only subsets 
of X that are both open and closed. A subset A of X is connected if 
and only if A is a connected metric space relative to the induced metric. 
A metric space X is called locally connected if for each point x € X and 
each neighbourhood U of z there is a connected neighbourhood V of x 
that is entirely contained in U. 


LEMMA A1.1.2 (Connected Subsets) If C is a connected subset 
in a metric space X, then the closure C of C is also connected. 


A maximally connected subset C’ of a metric space X, that is, one such 
that every connected subset D of X containing C’ equals C, is called a 
connected component of X. The 1-sphere S! is connected and locally 
connected and so are R and the closed interval [0,1]. However, R \ {0} 
is not connected (but still locally connected). Its connected components 
are R* and R-. 

By the above lemma, each maximally connected subset must be closed. 


PROPOSITION A1.1.3 (Connected Components) The connected 
components of a metric space X form a partition of X into closed subsets 
of X. 


A subset S of a metric space X is called a separating set of X if X\S 
is not connected. 

A metric space (X,d) is called separable if X contains an at most 
countable subset D such that every nonempty open subset contains a 
point of D, that is, D is dense in X. For example, R” with the Euclidean 
metric is separable; D = Q” is a countable dense subset of R”. 

Using a different characterization of separable metric spaces in terms 
of a basis for the topology one obtains the following. 


PROPOSITION A1.1.4 (Subspaces of Separable Spaces) Every 
subspace of a separable metric space is separable. 


A set of subsets of X is a covering of X if X is the union of these 
subsets. A metric space X is called compact if for every covering C’ 
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of X consisting of open sets there exists a finite subset F C C that is 
a covering of X. Using sequences, a metric space X is compact if and 
only if every sequence in X has an accumulation point in X. 

A subset A of X is compact if and only if A is a compact metric space 
relative to the induced metric. The compact subsets of R” with the 
Euclidean metric are precisely the closed and bounded subsets. 

A metric space X is called locally compact if and only if every point 
in X has a compact neighbourhood. The Euclidean n-space R” with the 
Euclidean metric is locally compact. The closed balls B,(p), r € R*, 
are compact neighbourhoods of a point p € R”. 


PROPOSITION A1.1.5 (Compact Metric Spaces) Every compact 
metric space is separable. 


Let (X),d)) and (X2,d2) be metric spaces. There are many ways to 
introduce a metric on the product set X = X, x Xz. One such way is 
to define 


XxX—->R: ((21, £2), (41, ¥2)) am! dy (21, 41) + d2(x2, y2). 


Then X equipped with this metric is called the direct product of (X,,d,) 
and (X2,dz2). Note that the direct product R x R is a metric space with 
a metric different from the Euclidean metric of R?. However, the two 
spaces with the respective metrics are homeomorphic (see the definition 
below), that is, both metrics describe the same open sets. 

Let (X1,d)) and (X2,d2) be metric spaces. A map f : X; > X2 
is called continuous at a point py € X, if and only if f~!(U2) is a 
neighbourhood of p; for every neighbourhood U2 of f(p,). The map f 
is called continuous if the inverse image f—'(U2) of any open subset U2 
of X2 is open in X}. It readily follows that a map between metric spaces 
is continuous if and only if it is continuous at every point and that the 
composition of continuous maps is continuous. 

A metric space X is called pathwise connected or path-connected if 
any two of its points can be joined by a path, that is, if 29,2, € X, 
then there is a continuous map f : [0,1] > X such that f(0) = zo and 
f(1) = 2). Since the unit interval [0,1] is connected, it readily follows 
that a pathwise connected space is connected; the converse is not true 
however. Both R” and S” for n > 1 are pathwise connected. 

A pathwise connected metric space X is called simply connected if 
for each point zp) € X and each continuous map f : [0,1] — X such 
that f(0) = f(1) = zo there is a continuous map F from the unit 
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square [0,1] x [0,1] into X such that F(s,0) = f(s) and such that, 
furthermore, F(0,t) = F(1,t) = F(s,1) = 2o for all s,t € [0,1]. This 
just means that every loop at Zo can be continuously contracted to the 
point zo. Examples of simply connected spaces are R”, n > 1, and 8S” 
for m > 2. However, S! is not simply connected. 

A bijection f : X; > X2 is called a homeomorphism if f and f-! 
are continuous. If such a map exists two spaces X; and X2 are called 
homeomorphic. 

Note that homeomorphic spaces have the same topological proper- 
ties. More generally, many topological properties are preserved under 
continuous maps. For example, the continuous image of a compact or 
connected space is compact or connected, respectively. 

Using the canonical projection from S? onto the real projective plane 
that identifies antipodal points, many topological properties of S? can 
be carried over to the real projective plane. In particular, it is easy to see 
that this space is compact, connected, locally connected, and pathwise 
connected. However, it is not simply connected; any loop that comes 
from a great circle on the sphere S? cannot be continuously contracted 
to a point. 


Al1.2 Manifolds 


We are mostly dealing with topological manifolds, but occasionally we 
refer to differentiable manifolds as well, and, of course, the automor- 
phism groups of many of the geometries in this book are Lie groups 
and, as such, fall into this category. Therefore we include the wider 
definition of smooth (differentiable) manifolds. For more information 
about manifolds we refer to Warner [1983]. 

A separable metric space M is called an m-dimensional (topologi- 
cal) manifold or simply an m-manifold if there exist collections of 
sets (U;);e7, (Vj)jez, and maps (~;)j;¢y such that the following hold. 

e Each U; C M is open in M and U,,., U; = M. 

e Each V; C R”™ is open in R”. 

e Each y; : U; — V; is a homeomorphism. 

A topological manifold M is called a smooth m-dimensional (differen- 


tiable) manifold where the collections (U;);e7, (Vj)jes, (Ys )jes Of sets 
and maps have the following additional property. 
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e The map iP, : pe(U; NU) — p;(U; NU,) is infinitely differen- 
tiable for all j,k € J whenever U; MU; is nonempty. 


Each triple (U;,;, Vj)je7 is called a coordinate system of M. The 
collection (U;, ~;, Vj);¢7 of coordinate systems forms an atlas of M. The 
metric and an atlas define the differentiable structure of the manifold. 
Each map ; is a coordinate map of M and its inverse ~,: > Ve Up 
is called a local parametrization. 

The concept of a manifold is a local notion. Every nonempty open 
subset of a manifold is a manifold. The separability of a manifold implies 
that at most countably many coordinate maps are needed in order to 
describe the manifold completely. 

It is easy to verify that the 2-sphere S?, the cylinder S! x R, and the 
torus S! x S$! are 2-dimensional smooth manifolds. Coordinate maps can 
be obtained by stereographic projection from points of these sets onto a 
plane not passing through the point from which we project by restricting 
to suitable subsets. Restricting coordinate maps of S? to open subsets 
of hemispheres we further see that the real projective plane is also a 
2-dimensional smooth manifold. 

These manifolds and many of the classical Lie groups can also be 
described in a different way. To this end let U C R” be a nonempty 
open set and let f : U — R*, k < n, be a differentiable map. A 
point a € f(U) C R* is called a regular value of f if the derivative D, f 
of f at z has maximum rank (that is, rank k, or equivalently, the linear 
map D,f is surjective) for all x € f—*(a). 


PROPOSITION A1.2.1 (Regularity Theorem) Let U C R” be 
a nonempty open set, let f : U > R*, k < n, be a smooth map, and 
let a € R* be a regular value of f. Then the set M = f-1(a) C R” is 
an (n — k)-dimensional smooth manifold. 


For example, the sphere S?, the cylinder S! x R, and the torus S$! x S! 
can be obtained in this way from the maps f : R? —~ R, g: RR? — R, 
and h: R* > R? given by f(z, y,z) =z? +y? +27, g(z,y,z) =z? +y’, 
and h(w, z, y, 2) = (w*+z?, y?+2z7), respectively, such that S? = f-1(1), 
S! x R.=g71(1), and 8S! x S' = A71(1,1). 

Let M, and M2 be smooth manifolds with respective dimensions mj, 
and mz and let f : M, — M2 be a continuous map. Then f is said to 
be smooth if for all coordinate maps yi; : U; — V, and ye : U2 — V2 
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of M, and Mp, respectively, such that Uj = UN f~!(U2) #0, the map 
y20 fog): yi(U;) >R™ 


between open subsets of Euclidean spaces is smooth. A (smooth) dif- 
feomorphism from M, to Mo is a bijection f : M, — Mo such that f 
and f—! are smooth. 

For submanifolds of Euclidean spaces differentiability of maps between 
them can be recognized more easily. If M, C R™ and Mz C R™ are 
smooth submanifolds of dimensions m; and me, respectively, and the 
function f : M,; — Mg is continuous, then f is smooth if and only if f 
can be locally extended to a smooth map between open subsets of R™ 
and R”. 

Manifolds constructed by using the Regularity Theorem are subsets of 
some Euclidean space. In fact, there is no loss of generality in considering 
only submanifolds of Euclidean spaces. 


THEOREM A1.2.2 (Whitney Embedding Theorem) For every 
smooth manifold M of dimension m there is a map f : M > R?™*! such 
that f : M — f(M) is a diffeomorphism and f(M) is closed in R?™+! 
(so that f(M) is a smooth submanifold of R?™*?). 


The 2-dimensional connected manifolds are referred to as surfaces. A 
surface locally looks like R?, but globally it may be very different. The 
compact surfaces are classified; see Seifert-Threlfall [1980] Chapter 6. 
They come in two different infinite families. One family, comprising the 
so-called orientable compact surfaces, is based on the 2-sphere S?; the 
other family, comprising the so-called nonorientable compact surfaces, is 
based on the real projective plane. One then successively adds more and 
more ‘handles’ to these two basic surfaces to obtain the other compact 
surfaces. The number of handles then uniquely determines the respective 
surface. The compact surfaces we are dealing with as point sets of 
geometries are the 2-sphere, the torus (= 2-sphere with one handle) and 
the real projective plane. The other surfaces in these two families do 
not seem to admit nice geometries. 

In the previous section Al.1 we introduced the notions of connected 
and pathwise connected spaces. For manifolds these two classes can be 
shown to coincide. 


PROPOSITION A1.2.3 (Connected = Pathwise Connected) 
A topological manifold is connected if and only tf tt is pathwise connected. 
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We conclude this section by having a look at embeddings of 1-spheres 
into 2-spheres. The following result is a special case of the Jordan— 
Brouwer Separation Theorem; see Spanier [1966] Theorem 4.8.15. 


THEOREM A1.2.4 (Jordan—Schoenflies Separation Theorem) 
A 1-sphere S! embedded in a 2-sphere S* separates S? into two compo- 
nents of which it is the common boundary. There is a homeomorphism 
of S? onto itself that takes S’ onto the equator. 


Note that for the real projective plane the corresponding result is not 
true. Here are two different embeddings of S! in this surface. One 
embedding occurs as a line L in the classical flat projective plane; here 
the complement of L & S! is homeomorphic to R? and thus connected. 
A different embedding occurs as a conic C in the classical flat projective 
plane; here the complement of C & S! has two connected components, 
one homeomorphic to R? and the other homeomorphic to a M6bius strip. 


A1.3 Topological Dimension 


A dimension function assigns each space in a certain class of topologi- 
cal spaces a ‘number’, its dimension, and measures in some sense how 
‘big’ the space is. There are several] notions of dimension for topological 
spaces. In particular, the inductive dimensions ‘ind’ and ‘Ind’ and the 
covering dimension ‘dim’ are widely used. These dimension functions 
agree on nice spaces such as separable metric spaces or locally com- 
pact groups. The dimension theory for the former class of spaces was 
developed in Hurewicz—Wallman [1948]. 

Since we are not interested in general spaces, we just mention the 
definition of the small inductive dimension of a separable metric space 
because this is one of the most easily visualizable dimension functions. 
We set ind(X) = —1 for a separable metric space X if and only if X = 9. 
We then define ind(X) inductively as follows. If n is a non-negative 
integer and X a separable metric space, then we say that ind(X) < n 
if and only if every point has arbitrarily small open neighbourhoods U 
whose boundaries OU = U\U have inductive dimension ind(OU) < n—1. 

A separable metric space is 0-dimensional if and only if it is totally 
disconnected, that is, no connected subset contains more than one point. 

Clearly, every subset of a separable metric space X has dimension at 
most the dimension of X. 
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PROPOSITION A1.3.1 (Sum Theorem) Let M be a topological 
manifold of dimension n and suppose that M is the union of countably 
many closed subsets A; of M. Then there is at least one i such that A; 
has dimension n. 


It readily follows by induction that ind(R”) < n. In fact, one has 
equality; see Hurewicz—-Wallman [1948] Theorem IV.1. This carries 
over to manifolds and to open subsets therein. Conversely, Hurewicz— 
Wallman [1948] Theorem IV.3 shows the following. 


THEOREM A1.3.2 (Subsets of Maximal Dimension) Let M be 
a topological manifold of dimension n. If U C M is a subset of dimen- 
sion n, then U contains a nonempty open subset of M. 


Separating sets in connected manifold cannot be too small. Hurewicz- 
Wallman [1948] Theorem IV.4 shows the following. 


PROPOSITION A1.3.3 (Separating Sets) A separating set in a 
topological n-dimensional connected manifold is at least (n — 1)-dimen- 
sional. 


An application of Theorem A1.3.2 is the following. 


THEOREM A1.3.4 (Brouwer Theorem: Invariance of Domain) 
If U and V are homeomorphic subsets of a topological manifold M of 
finite dimension and U is open in M, then V is open in M. 


We conclude this section with a topological version of Whitney’s em- 
bedding theorem A1.2.2; see Hurewicz—Wallman (1948| Theorem V.3. 


THEOREM A1.3.5 (Topological Embedding Theorem) A sepa- 
rable metric space X of finite dimension at most n is homeomorphic to 
a subset of R?"+}, 


A1.4 Continuous Maps and Fixed Points 


When verifying the geometric axioms in the geometries we are dealing 
with in this book, one often reduces this task to one where one has to 
determine the number of fixed points of certain functions. There are a 
number of fixed-point theorems to help in this situation. Usually these 
general theorems are obtained using methods from algebraic topology 
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and, in particular, homology groups of spheres. However, some of the 
most useful ones require only elementary calculus. 

We begin with the 1-dimensional case. An orientation-preserving 
(orientation-reversing) permutation of R. is just a strictly increasing 
(strictly decreasing) permutation f : R — R, that is, f(z) < f(y) 
(f(z) > f(y)) for all z,y € R, « < y. Note that an orientation- 
preserving (orientation-reversing) permutation of R. must be continuous 
and thus a homeomorphism from R onto itself. If f is even differen- 
tiable, one can determine whether or not f is orientation-preserving by 
using its derivative f’. In this case f is orientation-preserving if and 
only if f’(z) > 0 for all z € R and f is injective and unbounded. 

The notion of orientation-preserving (orientation-reversing) permuta- 
tions of R extends to one for homeomorphisms of S!. Given a homeo- 
morphism h : S! — S! we can always find a rotation p of S! such 
that poh fixes a particular point p of S!. Hence poh gives rise to a ho- 
meomorphism of R by restricting poh to S!\ {p} and identifying S!\ {p} 
with R. We then say that h is orientation-preserving (orientation- 
reversing) if and only if the above restriction is an orientation-preserving 
(orientation-reversing) of R. Intuitively, we can move around on a circle 
in two ways; this gives rise to two possible orientations of S?. 


a b g(a) g(b) 


Fig. Al.1. The images of two points determine whether a homeo- 
morphism R — R_ preserves orientation 


PROPOSITION A1.4.1 (Homeomorphisms of R and S!) For 
homeomorphisms of R. and S} the following hold. 


(i) Letg: R — R be a homeomorphism. Then the images of any 
two distinct points a and b determine whether g is orientation- 
preserving or orientation-reversing; see Figure A1.1. 

(ii) If g is orientation-reversing, then it has exactly one fixed point. 

(iii) Let h: S' — S! be a@ homeomorphism. Then the images of any 
three distinct points determine whether h is orientation-preserving 
or orientation-reversing. 

(iv) If the homeomorphism h is orientation-reversing, then it has ex- 
actly two fixed points. 

(v) If h has exactly one or at least three fixed points, then it is 
orientation-preserving. 
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For a proof of this result see Polster [1998a] Lemma 2.1.1. 

Involutions play a prominent role in the investigation of the automor- 
phism groups of geometries. A (continuous) involution of S? is called 
elliptic if it has no fixed points. It is called hyperbolic if it has exactly 
two fixed points. 


PROPOSITION A1.4.2 (Involutions of R and S*) For involutions 
of R and S? the following hold. 


(i) Every involutory homeomorphism R. > R. has exactly one fired 
point and is topologically equivalent to a reflection of R. about one 
of its points. 

(ii) Every involutory homeomorphism h : S' — S! is topologically 
equivalent to a reflection of S! about its centre or a line through 
the centre. In the first case it is an elliptic involution and orient- 
ation-preserving. In the second case it is a hyperbolic involution 
and orientation-reversing. 


~ 


Let p and q be two distinct points in S' that do not get exchanged 
by h. If p or q is fixed, then h is hyperbolic. Otherwise, the 
set S! \ {p, h(p)} has two connected components. The involution 
is elliptic (hyperbolic) if and only if the two points q and h(q) are 
contained in different components (the same component). 


(iii 


For higher-dimensional manifolds orientation-preserving and orienta- 
tion-reversing homeomorphisms are more difficult to define. We just 
mention that for a differentiable homeomorphism f one can use its 
derivative f’. Then f is orientation-preserving if and only if the de- 
terminant |f’| of f’ is always nonnegative. 

We finally list some results that do not require this notion. A partic- 
ularly nice result that always guarantees a fixed point is the following; 
see Spanier [1966] Theorem 4.7.5. 


THEOREM A1.4.3 (Brouwer Fixed-Point Theorem) Every con- 
tinuous map from the closed n-ball 

By (0) = {t € R" | d(z,0) < 1}, 
where n > 0, to itself has a fired point. 


The above theorem does not apply to spheres. For example, the an- 
tipodal map z ++ —z is a fixed-point-free homeomorphism. However, 
for S? we obtain the following. 
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THEOREM A1.4.4 (Homeomorphisms of S*) Every homeomor- 
phism from S? to itself has a fixed point or exchanges a pair of antipodal 
points. Every homeomorphism from the real projective plane to itself has 
a fixed point. 


Finally, involutions of S? can be classified as follows; see Brouwer [1919]. 


THEOREM A1l.4.5 (Involutions of S?) Every involutory homeo- 
morphism of S? to itself is topologically equivalent to a reflection of S? 
about its centre, a line through the centre, or an equatorial plane. 


We conclude this section with a summary of ‘nice’ homeomorphisms 
of R or S! that we frequently encounter in the construction of our 
topological geometries and in the classification of these geometries with 
large group dimensions. These homeomorphisms usually satisfy cer- 
tain functional equations and are obtained as the general solutions of 
these functional equations. To begin with an additive function of R is a 
map f :R—R such that 


f(a+y) = f(z) + fly) 


for all z,y € R. There are many additive functions of R; most of them 
are ‘wild’. However, if we restrict ourselves to additive functions that are 
homeomorphisms, only a few can occur. Clearly, the restriction of such 
an additive function f to the rational numbers Q is of the form f(x) = sz 
for some s € R\ {0} and all z € Q. Since Q is dense in R, the continuity 
of f then implies that f(z) = sz for allz € R. We call a function of this 
form a multiplication and usually denote it by us. In generalization, a 
semt-linear function is one that is made up of two multiplications, that 
is, it is of the form 


rx forz>0, 


R-R: 
a on for x < 0, 


where r,s € R*. Multiplications are obtained for s = r. 
An affine function of R is a map of the form 


R-R:2rcrazts, 
where a,b € R, a # 0. A fractional linear map of S' ~ RU {ov} is a 
map of the form 
az+b 
>, ? 
cro +d 
where a,b,c,d € R, ad — be # 0; compare Subsubsection 2.9.2.1. Of 
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course, the above expression only makes sense as long as cr +d # 0 
and z € R. The exceptional values for x are determined as follows. 
If c = 0, we just obtain an affine map and we let the special point oo 
be taken to 00. For c # 0 the point oo is taken to ¢ and -4 is taken 
to oo. We always make these conventions when dealing with fractional 
linear maps. In fact, fractional linear maps are homeomorphisms of S!, 
the inverse of the above map is given by 

dz —b 


—co+a 


A homeomorphism h: R — R is called semi-multiplicative if 
(zy) = h(x)h(y) 


for all z,y € R, z > 0. The homeomorphism is called multiplicative if 
the above identity is satisfied for all z,y € R. We further extend the 
notion of (semi-)multiplicative homeomorphisms to homeomorphisms of 
the circle S' ~ R.U {oo} by requiring that 00 is fixed. 

Clearly, h(0) = 0 and h(1) = 1 for every semi-multiplicative homeo- 
morphism h. Furthermore, h must be orientation-preserving. In par- 
ticular, h(z) > 0 for z > 0. Taking the natural logarithm of h for 
positive x one obtains a function that satisfies ‘half’ the identity of an 
additive function. It then readily follows that this combined function 
looks like the restriction of a multiplication to R+ and, consequently, 
that a semi-multiplicative homeomorphism is of the form 


a for z > 0, 
Fae) = —s|x|" for z < 0, 
foe) for Z = 00, 


where r,s € Rt. The multiplicative homeomorphisms are obtained 
precisely for s = 1. 

We say that a homeomorphism h of S! to itself is inversely semi- 
multiplicative if h(co) = 0, h(0) = oo, and 1/h is a semi-multiplicative 
homeomorphism. Clearly, an inversely semi-multiplicative homeomorph- 
ism h of S! has the form 


a” for z > 0, 

_ Jj -s|z|" for 2 <0, 

Ma) fore) for z= 0, 
0 for Z = 00, 


where r€ R-,s € R?. 
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Finally, a skew parabola function f on R almost looks like a semi- 
multiplicative homeomorphism. It satisfies the same functional equation 
but is no longer a homeomorphism. More precisely, f is of the form 


$e) a” for x > 0, 
Zji= 
s|z|" for x <0, 
where r,s € R*, r > 1. The restriction r > 1 implies that a skew 
parabola function is differentiable with derivative given by 
a rari for x > 0, 
—rs|z|"- for x <0, 
that is, the derivative is a positive multiple of a semi-multiplicative 


homeomorphism. In particular, a skew parabola function is strictly con- 
vex. 


Appendix 2 


Lie Transformation Groups 


When dealing with the automorphism groups of geometries on sur- 
faces as considered in this book we usually obtain Lie groups. Fur- 
thermore, these Lie groups are of dimension at most 8 except in the case 
of the tubular circle planes of rank greater than 3. In this appendix we 
compile some useful results on lower-dimensional Lie groups. For gen- 
eral information on Lie groups we refer to Freudenthal-de Vries [1969], 
Hochschild [1965], and Varadarajan [1974]. 

We begin with topological groups, which are the basic objects under- 
lying Lie groups, and list some of their properties. 


A2.1 Topological Groups 


A topological group G is a group G equipped with a Hausdorff topology 
such that the two basic group operations G x G > G: (2,y) % zy 
and G— G:z++27! are continuous. Most of the groups we encounter 
in this book operate on some manifold. It then follows that such a group 
can be equipped with a metric and that it is separable; see Section A2.3. 
So, if you are unfamiliar with the more general setting of topological 
spaces, you can always assume you are dealing with a metric space. 

A topological group G is called (locally) compact, (locally) connected, 
finite-dimensional, etc., if the underlying topological space G has the 
corresponding property. 

For each element a in a topological group G left translation by a, that 
is, the map Ag : G ~ G: x # az, is a homeomorphism of G. This 
implies that G looks the same at each point. 

For a topological group G we denote by G! the connected component 
that contains the identity element. 
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PROPOSITION A2.1.1 (Connected Component) The connected 
component G? of a topological group G is a closed normal subgroup of G. 
If G is connected, then G is generated, as an abstract group, by each 
neighbourhood of the identity element. 


Therefore neighbourhoods of the identity element contain most of the 
information about a connected topological group. 


PROPOSITION A2.1.2 (Factor Groups) If H is a closed nor- 
mal subgroup of a locally compact topological group G, then the quotient 
or factor group G/H can be equipped with a Hausdorff topology such 
that G/H becomes a locally compact topological group. 


There are many more results that can be stated in the more general 
context of locally compact topological groups. However, in this book we 
only need more detailed information about topological groups that are 
Lie groups. 


A2.2 Lie Groups 


The collection M,,(R) of all nxn matrices with real entries can be viewed 
as the Euclidean space R”. Groups of matrices therefore inherit a dif- 
ferentiable structure from M,(R). Furthermore, matrix multiplication 
is differentiable with respect to this differentiable structure. One can 
similarly equip the collection M,,(C) of all n x n matrices with complex 
entries with a differentiable structure by canonically embedding M,,(C) 
into Men(R) by replacing each complex entry a+ bi by the matrix 


a —b 
(Sv). 

A (real) Lie group G is a group G that is equipped with a differenti- 
able smooth manifold structure such that the two basic group opera- 
tions Gx G>G:(z,y) zy and G+ G:2++ 27! are smooth. 

The prototype examples of Lie groups are the so-called general linear 
groups GL, (R) and GL, (C) as well as their closed subgroups the special 
linear groups SL,(C) and SL,,(C), the special orthogonal groups SOn(R) 
and SO,(C), and the special unitary groups SU,(C) and SU,(C,k). 
These groups are defined as follows. 


446 Lie Transformation Groups 


GL,A(R) = {A€M,(R) | |A| 49}, 

GLp(C) = {Ae€M,(C) | |A| #0}, 

SL,(R) = {A€M,(R)||A| =}, 

SL»(C) = {A€M,(C) | |Al= 1}, 

SO,(R) = {A€SL,(R)| A‘A=In}, 
SO,(C) = {A€SL»(C)| AtA= In}, 
SUn(C) = {A€SLn(C) | AA =1,}, 
SU,(C,k) = {A€SLa(C) | A Bred = Bra}, 


where |A| denotes the determinant of A, J, is the n x n identity matrix 
and By x is an n X n diagonal matrix with the first n — k entries on 
the diagonal being 1s followed by k entries of (—1)s. The underlying 
sets are smooth manifolds since they are open subsets of a Euclidean 
space or by the Regularity Theorem A1.2.1. Note that the determinant 
function and the maps At A’ and A} A are smooth. Furthermore, 
the group GL,,(R) is canonically a subgroup of GL,(C) and GL,,(C) is 
canonically a subgroup of GL2,(R). 

The centre C of each of the above groups G is a normal subgroup 
consisting of all scalar matrices in G and the factor group G/C can be 
canonically made into a Lie group. One correspondingly obtains the pro- 
jective linear groups PGL,(R) and PSL,,(C) as well as their closed sub- 
groups the projective special linear groups PSL, (R) and PSL,,(C), and 
the projective special unitary groups PSU,(C) and PSU,(C,k). These 
groups are defined as follows. 


PGL,(R) = GL,(R)/{rI,|reR,r 4 0}, 
PGL,(C) = GL,(C)/{el, | c€ C,c 4 0}, 

PSL, (R) = Slag (R) tri, |e thr" = 4), 
PSL, (C) = SL,(C)/{el, | ¢€ C,c” = 1}, 
PSUA(C): ~=--8U,(C) fel. ce Clee" = 1}, 


( 
PSU,(C,k) = SUn(C,k)/{el, | ¢ € C, |e| = c” = 1}. 


Note that PGL,(C) = PSL,(C) but PSL,(R) is only the connected 
component of PGL,(R) that contains the identity. 

The assumptions in the definition of a Lie group that the manifold is 
smooth and that the group operations are smooth are overly restrictive. 
In fact, for most purposes one can make do with manifolds for which all 
coordinate changes 9; Y, and the group operations are twice continu- 
ously differentiable; see Freudenthal-de Vries [1969]. One can drop even 
differentiability conditions altogether. The famous Hilbert Fifth Prob- 
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lem asks for a characterization of Lie groups without differentiability 
assumptions; see Montgomery-—Zippin [1955] Section 4.10. 


THEOREM A2.2.1 (Solution to Hilbert’s Fifth Problem) Let G 
be a locally compact topological group. If G is locally connected and of 
finite dimension, then G is a Lie group. 


For each a € G the left translation A, : G - G: 2+ az is a (smooth) 
diffeomorphism of G. 

Usually, when dealing with a Lie group that is an automorphism group 
of a geometry, we use not only the entire automorphism group but also 
certain subgroups. Subgroups of Lie groups are again Lie groups. How- 
ever, one has to be careful about the differentiable manifold structure. 
For example, the group 


e2tit 0 
c= {( 0 oe) jeer}, 


where c € R, is a subgroup of GL2(C). It is a manifold with respect to 
the differentiable structure obtained by carrying over the differentiable 
structure of R via the map 


e2rit 0 
tr 0 e2tict > 


If cis arational number, then G, is a closed (in the topological sense as a 
subset of GL2(C)) subgroup of GL2(C) and the differentiable structure 
induced from GL2(C) and the one obtained from R agree. However, if c 
is not rational, then the differentiable structure obtained from R is finer 
than the one induced from GL2(C). In this case, G. winds around the 
torus 


& 


ey ) | s,t€ R| ~ §O2(R) x SO2(R) 


and forms a dense subgroup. 

Let G be a Lie group. A Lie subgroup H of G is a subgroup H < G 
of G that is a manifold with respect to a differential structure that is pos- 
sibly finer than the differential structure inherited from G. Then FH is a 
Lie group with respect to this finer differentiable structure, the so-called 
Lie topology of H. However, if H is a closed subgroup of G, then H isa 
Lie group with respect to the differentiable structure inherited from G. 
Therefore one usually only looks at closed subgroups of a Lie group. 
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PROPOSITION A2.2.2 (Closed Subgroups) Let H be a closed 
subgroup of a connected Lie group G. Then the following hold. 


(i) If the coset space G/H is simply connected, then H is connected. 
(ii) If dim H = dim G, then H =G. 
(iii) If H, in addition, is a normal subgroup of G, then the factor 
group G/H can be equipped with a manifold structure so that G/H 
becomes a Lie group. Furthermore, 


dim G = dim(G/H) + dim H. 


In fact, part (iii) in the above theorem can be reversed. If G is a 
topological group and H is a closed normal subgroup of G such that 
both H and G/H are Lie groups, then G is also a Lie group. 

Let G; and G2 be two Lie groups and let U; and U2 be open neigh- 
bourhoods of the identities in G1; and Gz respectively. Then a diffeo- 
morphism vy : U, — Uz is called a local isomorphism from G to Go, if 
for all x,y,z € Uy; 


zy = z if and only if y(x)y(y) = y(z). 


If Uy = G, and U2 = Go, then y is called an isomorphism from G 
to G2. 

Two Lie groups are called (locally) isomorphic if there exists a (local) 
isomorphism between them. The relation of being (locally) isomorphic 
is an equivalence relation on the collection of all Lie groups. Isomor- 
phic Lie groups are locally isomorphic. The converse is not true. For 
example, the groups SL2(R) and PSL2(R) are Lie groups. The canoni- 
cal homomorphism a : SL2(R) — PSL2(R) is a local isomorphism, but 
the two groups are not isomorphic. To see this just note that the centre 
of SL2(R) is a cyclic group of order 2 generated by —I2 whereas PSL2(R) 
has trivial centre. 

A (linear) representation of a Lie group G on R™ is a continuous 
homomorphism y : G > GL,,(R). 


THEOREM A2.2.3 (Lie Groups As Linear Groups) Every Lie 
group is locally isomorphic to a Lie subgroup of GLm(R) for some posi- 
tive integer m. Every subgroup of GLn(R) is a Lie subgroup of GL,(R). 


An important tool in the investigation of the structure of Lie groups 
and their representations is the Lie algebra associated with a Lie group. 
We do not want to formally introduce Lie algebras because the Lie groups 
that occur as automorphism groups of the geometries we are looking at 
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in more detail have small dimensions and their structures are well doc- 
umented. However, when dealing with higher dimensions Lie algebras 
provide a convenient and frequently used path to the investigation of 
the associated Lie groups. The Lie algebra of a Lie group G uniquely 
determines the local structure of G, that is, two Lie groups are locally 
isomorphic if and only if their Lie algebras are isomorphic. Furthermore, 
continuous homomorphisms between Lie groups give rise to homomor- 
phisms between their Lie algebras and conversely a homomorphism be- 
tween Lie algebras can be lifted to a continuous local homomorphism 
between the associated Lie groups. This close relationship extends to 
representations of Lie groups and Lie algebras. 

For example, this correspondence between Lie groups and their Lie 
algebras can be applied to obtain the following result. 


THEOREM A2.2.4 (Low-Dimensional Connected Lie Groups) 
A connected Lie group of dimension at most 2 is isomorphic to one of 
the groups R, SOo(R), R?, Le, R x SO2(R), and SO2(R) x SO2(R), 
where La is the connected component of the affine group on R, that is, 
Lp = {x ar+b|a,be€R,a> 0}. 


Note that the two 1-dimensional Lie groups R and SO2(R) have the 
same Lie algebra so that the two groups are locally isomorphic; the map 


cost ae 


Ba Bs SO a(ES) ii ey cos t 


is a local isomorphism. Similarly, the Lie groups R?, R x SO2(R), 
and SO2(R) x SO2(R) are locally isomorphic and share the same Lie 
algebra. So we usually have to take extra care and effort to go from the 
Lie algebra to the group. 

A homomorphism h : G — H between Lie groups G and H is a cov- 
ering map if h is surjective and has discrete kernel. If such a homomor- 
phism h exists, then G is called a covering group of H. In particular, G 
and H are locally isomorphic. For example, the homomorphism y from 
above is a covering map of SO2(R) and R is a covering group of SO2(R). 
A simply connected covering group is called a universal covering group. 


THEOREM A2.2.5 (Universal Covering Groups) Every connected 
Lie group G has a universal covering group G and G is unique up to 
isomorphism. Moreover, the kernel K of a covering map h: G — G is 
a discrete central subgroup of G and is isomorphic to the fundamental 
group of G. 
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See Hochschild [1965] Section IV. 

The simply connected covering groups of the groups SO2(R), SO3(R), 
and PSL2(C) are isomorphic to R, SU2(C), and SL2(C), respectively. 
The group SL2(R) is a covering group of PSL2(R) but it is not sim- 
ply connected. In fact, the simply connected covering group PSL2(R) 
of PSL2(R) has no representation in terms of matrices and cannot easily 
be written down. See Subsection 2.7.3 for a geometry that admits this 
group as a group of automorphisms. 

Every Lie group that is locally isomorphic to some Lie group G can be 
obtained from the simply connected covering G as a factor group with 
respect to some subgroup in the centre of G. For example, PSL2(R) has 
an infinitely cyclic centre C. The factor group of PSL2(R) with respect 
to a subgroup of C yields a Lie group locally isomorphic to SL2(R). 
In fact, every connected Lie group that is locally isomorphic to SL2(R) 
is isomorphic to precisely one of the groups PSLS*)(R) ~ PSL2(R)/C; 
for k = 1,2,...,00, where C;, is the cyclic subgroup of C' = (c) generated 
by ke, for k # oo and Cy = {1} is the trivial subgroup. In particu- 
lar, PSL") (R) has cyclic centre of order k and PSL‘) (R) = PSL.(R). 

A noncommutative connected Lie group is called almost simple if it 
has no nontrivial connected proper closed normal subgroup. An almost 
simple Lie group may not be simple in the abstract group-theoretic 
sense. However, any nontrivial normal subgroup in such a Lie group 
is contained in its centre and is discrete. 

Almost simple Lie groups are all classified. For small dimensions one 
obtains the following groups. 


THEOREM A2.2.6 (Almost Simple Groups) Let G be an almost 
simple connected Lie group of dimension n < 8. Then n € {3,6,8} 
and G is locally isomorphic to precisely one of the following simple 
groups. 


n = 3: S03(R), PSL9(R) 
n=6: PSL2(C) 
n =8: SL3(R), PSU3(C), PSUs(C, 1) 


Using the simply connected covering groups of the above groups one 
obtains all almost simple connected Lie group of dimension at most 8. 
For example, the almost simple connected Lie groups in dimensions 3 
and 6 are the groups SO3(R), PSU2(C) (this group is locally isomor- 
phic to SO3(R)), PSL{)(R) for k = 1,2,...,00 (this group is locally 


A2.8 Transformation Groups 451 


isomorphic to PSL2(R)), and PSL2(C), SLe(C) (this group is locally 
isomorphic to PSL2(C)). 

Almost simple Lie groups are fundamental building blocks of Lie 
groups in general. The locally direct product of almost simple Lie groups 
gives rise to the so-called semi-simple Lie groups. 

The other fundamental building blocks are the solvable Lie groups. 
Every Lie group of dimension at most 2 is solvable. The radical of a Lie 
group G is the largest connected solvable normal subgroup of G. Every 
Lie group can be built up from semi-simple and solvable Lie groups; see 
Hochschild [1965] Sections XI and XVIII and Varadarajan [1974]. 


THEOREM A2.2.7 (Levi’s Theorem) Let G be a connected Lie 
group. Then G has a unique radical R and R is closed in G. 

There is a mazimal semi-simple Lie subgroup S of G, called a Levi 
complement of R, andG = SR. Furthermore, any two Levi complements 
are conjugate by an element in R. 

If G is simply connected, then S is closed in G and G is the semi-direct 
product of S and R. 


Compact subgroups play a prominent role in the theory of Lie groups 
and as automorphism groups of our geometries. A compact subgroup of 
a Lie group G is called mazimal compact if it is not properly contained 
in any compact subgroup of G. 


THEOREM A2.2.8 (Mal’cev-Iwasawa Theorem) Let G be a con- 
nected Lie group. Then there exists a maximal compact subgroup C of G, 
and each maximal compact subgroup is connected and conjugate to C’. 
Moreover, each compact subgroup of G is contained in a mazimal one. 

As a topological space the connected group G is homeomorphic to the 
space C' x R™ for some integer m > 0. 


See Iwasawa [1949]. 

The maximal compact subgroups of the simple Lie groups listed in 
Theorem A2.2.6 are isomorphic to SO3(R), SO2(R), SO3(R), SO3(R), 
PSU3(C), and SO3(R) x SO2(R), respectively. 


A2.3 Transformation Groups 


Not only are automorphism groups of geometries abstract groups, their 
elements also act as transformations on the point sets and line/circle 
sets. 
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A (topological) transformation group (G, M) is a topological group G 
together with a topological space M and a homomorphism y from G 
into the group of homeomorphisms of M such that the map 


Gx MM: (g,2) % ((g))(z) 


is continuous. We say that G acts or operates on M and often write gx 
or g(x) for (y(g))(x) for g € G and z € M. One frequently omits M 
and refers to G as a transformation group when it is clear what space 
it operates on. Two transformation groups (G, M) and (H, N) are said 
to be equivalent if there are a homeomorphism h : M — N and a 
topological isomorphism y : G — H such that h(gr) = y(g)h(x) for 
allg€éGandzre M. 

If G is a topological group and H is a closed subgroup, then G acts 
on the coset space G/H by left translation cH +> gxH and (G,G/H) is 
a transformation group. 

For each z € M we can form the orbit G(x) = {gz | g € G} of z 
under G and the stabilizer G, = {9g € G | gx = x} of x. Note that G(z) 
is a subset of M whereas G, is a subgroup of G. Moreover, the orbits 
of G form a partition of M. There is a natural bijection from the coset 
space G/G, to the orbit G(x) induced by the map g ++ gx. We say 
that G acts freely on M if each stabilizer G, is trivial, that is, consists 
of the identity only. In this case each orbit is in bijection to the group G. 

The intersection of all stabilizers G, for c € M is the kernel of the 
action of G on M. If this kernel is trivial, that is, consists of the identity 
element only, we say that G acts effectively on M. 


LEMMA A2.3.1 (Stabilizers and Kernels) Let (G, M) be a trans- 
formation group and let x € M. Then G, is a closed subgroup of G and 
the kernel is a closed normal subgroup of G. 


If (G, M) is a transformation group and K is the kernel of the action 
of G on M, then G/K is a transformation group that acts effectively 
on M. 

Let G be a group of homeomorphisms acting on a manifold M. The 
compact-open topology on G is generated by the subbasis consisting of 
all sets {g € G | g(C) C U}, where C is is a compact set and U is an 
open subset of M. 
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PROPOSITION A2.3.2 (Groups of Homeomorphisms) Let G be 
a group of homeomorphisms acting on a manifold M. If G is equipped 
with the compact-open topology, then G becomes a separable metric space 
and (G,M) is a topological transformation group. 


Under the assumptions of the above proposition, the compact-open 
topology on G can also be described by sequences as follows. A se- 
quence (g,,) converges to g € G if and only if the sequence (g,2) con- 
verges to gx whenever (x,) is a sequence in M that converges to x € M; 
see Dugundji [1966] Section XII. 

A transformation group G is transitive on M if G has only one orbit, 
that is, G(x) = M for one (and thus any) z € M. 


LEMMA A2.3.3 (Transitive Groups) Let G be a transitive topologi- 
cal transformation group on a separable locally compact metric space M. 
If G is locally compact, then the canonical map from G/G, to G(x) = M 
is @ homeomorphism and (G, M) is equivalent to (G,G/Gz). 


Locally compact transformation groups acting on manifolds are often 
very close to being Lie groups. In fact, the most difficult part in the 
verification of automorphism groups on surfaces being Lie groups is to 
show that these groups are locally compact. 


THEOREM A2.3.4 (Szenthe’s Theorem) /f G is a locally compact, 
connected, effective and transitive transformation group on a connected 
manifold, then G is a Lie group. 


See Szenthe [1974] Theorem 4. For surfaces special features imply 


THEOREM A2.3.5 (Transformation Group on Surface Is Lie) 
If G is a locally compact effective transformation group on a surface, 
then G is a Lie group. 


If G is a group of homeomorphisms acting on a surface M, then (G, M) 
is a topological transformation group when G is equipped with the 
compact-open topology by Proposition A2.3.2. Usually G is effective 
on M so that we only have to show that G is locally compact in order to 
verify that G is a Lie group. Since G is a topological group, G is locally 
compact if and only if the identity has a compact neighbourhood. 

For a Lie transformation group (G,M) we require that G is a Lie 
group, that M is a smooth manifold and that the action of G on M is 
smooth. 
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Orbit and stabilizer of a point determine each other. In particular, 
their dimensions and the dimension of the transformation group are 
linked by the following formula; see Halder [1971]. 


THEOREM A2.3.6 (Dimension Formula) Jf the Lie group G acts 
on a manifold M, then 


dim G = dim G, + dim G(p), 


where Gp and G(p) are the stabilizer and orbit, respectively, of the 
point pe M. 


The dimension formula is valid for a larger class of topological trans- 
formation groups; see Salzmann et al. [1995] 96.10. 

A frequent and typical application of Theorem A1.3.2 and the dimen- 
sion formula is the following; compare Salzmann et al. [1995] 96.11. 


COROLLARY A2.3.7 (Actions on Manifolds) Let G be a Lie 
transformation group acting on an n-dimensional manifold M. 

(i) If p € M is a point whose orbit G(p) has dimension n, then G(p) 
is open in M. If, in addition, G is compact and M is connected, 
then G(p) = M and G is transitive on M. 

(ii) If G is transitive on M and M is connected, then G' is transitive. 


As we have already seen, transitive and effective transformation groups 
are a distinguished class of transformation groups. We describe the clas- 
sification of transitive and effective transformation groups on 1-mani- 
folds; see Brouwer [1909] or Hofmann—Mostert [1968]. 


THEOREM A2.3.8 (Brouwer’s Theorem) Let G be a locally com- 
pact, connected, effective and transitive transformation group on a con- 
nected 1-dimensional manifold M. Then G has dimension at most 3. 

(i) If M & S!, then G is isomorphic and acts equivalently to the 
rotation group SO2(R) or a finite covering group PSL") (R), l<k<o, 
of the projective group PSL2(R). 

(ii) If M = R, then G is isomorphic and acts equivalently to R, 
the connected component L2(R) of the affine group of R, or the simply 
connected covering group of the projective group PSL2(R). 


Immediate and useful consequences of Brouwer’s Theorem are the 
following two corollaries. 
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COROLLARY A2.3.9 (Actions on R and S! I) Let G be a locally 
compact, connected transformation group on a connected 1-dimensio- 
nal manifold M. If G is at least 4-dimenstonal, then G cannot be both 
effective and transitive on M. 

If G is effective and at least 4-dimensional, then G fixes a point of M. 
Furthermore, if M ~ S}, then G fizes at least two points of M. 


COROLLARY A2.3.10 (Actions on R and S! II) Let G = SO2(R) 
be a transformation group acting on a connected 1-manifold. 

(i) If MR, then G acts trivially on R. 

(ii) If M &S!, then G acts either trivially or transitively on S!. 


All transitive and effective transformation groups on S? are also com- 
pletely classified; see Mostow [1950]. 


THEOREM A2.3.11 (Transitive Actions on S?) A locally com- 
pact, connected transitive and effective transformation group G of the 
2-sphere S? is isomorphic and acts equivalently to PSL3(R), PSL2(C), 
or SO3(R) in their respective standard actions on S?. 

In particular, if G acts 2-transitively and effectively on S*, then G 
is isomorphic and acts equivalently to PSL2(C) in its standard action 
on S* as the group of fractional linear transformations. 


There are many Lie transformation groups that are transitive on R?. 
For 2-transitive groups however there are only a few possibilities; see 
Tits (1952], [1956]. 


THEOREM A2.3.12 (2-Transitive Actions on R*) Let G be a lo- 
cally compact, connected 2-transitive and effective transformation group 
of R?. Then G is isomorphic and acts equivalently to 


e Lo(C) = {zH az+b|a,be CaF}, 

e {r+ Ar+t | A € SLe(R),t € R’}, the semi-direct product of 
the groups R? and SL2(R), or 

e {c+ Ax+t| Ae GL2(R)!,t € R?}, the semi-direct product of 
the groups R? and GL2(C)!, 


in their respective standard actions on R?. 


For the dimension of orbits of compact Lie groups see Montgomery— 
Zippin [1955] 6.3 Theorem 2. 
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THEOREM A2.3.13 (Orbits of Compact Groups) Let G be a 
compact connected effective Lie transformation group on a connected 
manifold M of dimension n. Then 


(i) dim G < n(n +1)/2 if G is transitive on M; 

(ii) dim G < n(n —1)/2 tf G is not transitive on M. 
In particular, a compact connected effective Lie transformation group on 
a surface can have dimension at most 3. 


As we already mentioned in Section A2.2, R can wind around the 
torus S! x S? infinitely often without ever closing back in on itself, 
that is, the transformation group R can have a dense orbit on S! x S!. 
For the 2-sphere and the real projective plane this cannot occur; see 
Halder [1973]. 


THEOREM A2.3.14 (Halder’s Theorem) Let G be a locally com- 
pact connected transformation group of S? or the real projective plane. 
Then G has a closed orbit. Every closed G-orbit in S? is a manifold so 
that G fixes a point, has an orbit that is homeomorphic to S', or acts 
transitively on S?. 


The group SO2(R) can act on S? only trivially or equivalently to the 
standard rotation group; see Montgomery-—Zippin [1955] p. 260. This 
implies the following for the orbits of such a group. 


THEOREM A2.3.15 (SO2(R) Acting on S”) Let G & SO2(R) be a 
transformation group acting effectively on S?. Then G acts equivalently 
to the rotation group. 

In particular, the group G fixes precisely two points a and b of S? and 
operates on every orbit G(c), c # a,b, effectively and sharply transitively. 
Furthermore, the orbits G(c) separate the points a and b. 


We conclude this section with the classification of the closed subgroups 
of the group PSL2(C) of dimension at least 4; see Coolidge [1916] Sec- 
tion VIL3. 


THEOREM A2.3.16 (Subgroups of PGL2(C) Acting on S”) Let G 
be the 6-dimensional connected Lie group PGL2(C) = PSL2(C) acting 
on S? in the standard way as the group of fractional linear maps. 

The group G is the only 6-dimensional subgroup of G and does not 
contain any 5-dimensional closed connected subgroup. 

A 4-dimensional closed connected subgroup of G is conjugate to the 
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group Lo(C) = {z- az+b|a,b€ C,aF 0}, the stabilizer of oo under 
the standard action. 

A connected 8-dimensional subgroup of G is conjugate to one of the 
three groups SO3(R), PSLo(R), and {z+ e*“z+b|beEC,t € R} for 
somecE€R,c#0. 
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3-ovals, 206 


A3GQ, 361 
Ang 65 
action 
effective, 452 
free, 452 
transitive, 453 
affine part 
of cylindrical circle plane, 300 
of spherical circle plane, 146 
of toroidal circle plane, 230 
affine plane, 5; see also flat affine plane 
axioms, 5 
classical, 5 
derived, 145, 229, 299, 376 
ambient, 121 
antiflag, 20 
antiregular, 360 
Apollonius, see problem of Apollonius 
arc, 31 
maximal, 31 
topological, 31 
arc plane, 70 
exponential, 72 
hyperbolic, 72 
Artzy—Groh plane 
flat Laguerre plane, 326 
flat Minkowski plane, 247, 249, 255, 
263 
atlas, 435 
automorphism, 21; see also collineation 
central 
of flat Laguerre plane, 342 
of flat Minkowski plane, 268 
of flat Mobius plane, 185 
automorphism group, 21 
of cylindrical circle plane, 329 
of flat linear spaces, 44, 56 
of generalized quadrangle, 364 


of nested tubular circle plane, 416 
of spherical circle plane, 169 
of toroidal circle plane, 255 


axiom, 1 


Al, A2,5 

affine plane, 5 

B1, B2, B3, B4, 7 
Benz plane, 7 
coherence, 150, 235, 303 
flat circle plane, 14 
generalized quadrangle, 360 
J, 14 

joining, 14, 16 

K1, 150, 235 

K2, 235 

Laguerre plane, 7 
M1, M2, M3, M4, 429 
metric space, 429 
Minkowski plane, 7 
Mobius plane, 7 

P1, P2, 2 

projective plane, 2 
O1, 02, 8 

orthogonal array, 8 
Q1, Q2, 360 
semibiplane, 125 

$1, $2, S3, 125 


basis, 431 
Beck model, 226 
Benz plane, 6 


axioms, 7 
classical, 7 


biaffine plane, 375 
block, 1 

boundary, 430 
brother, 371 
Buekenhout oval, 120 
bundle involution 


483 


centre, 175 


484 


of cylinder, 314 

of hyperbolic quadric, 286 

of oval, 120 

of ovoid, 166 

w.r.t. two points, 175 
bundle of circles, 20 


carrier, 20 
Cartesian plane, 58, 77 
proper, 78 
proper projective, 78 
centre 
of bundle involution, 175 
of triad, 360 
characterizations 
of classical flat Laguerre plane, 351 
of classical flat Minkowski plane, 280 
of classical flat Mobius plane, 200 
Chebyshev space, 401 
Chebyshev system, 401 
c-homology, 343 
circle, 1 
oriented, 292, 367 
topological, 22 
circle plane, 2; see also cylindrical circle 
plane, fibrated circle plane, flat 
circle plane, spherical circle plane, 
strip circle plane, toroidal circle 
plane, tubular circle plane 
nested, 16, 406 
circle space 
of cylindrical circle plane, 303 
of flat Mobius plane, 151 
of toroidal circle plane, 237 
classification 
of flat affine planes, 59 
of flat Laguerre planes, 336 
of flat Minkowski planes, 262 
of flat Mobius planes, 178 
of flat projective planes, 57 
of Mobius strip planes, 61 
of R?-planes, 60 
closure, 430 
collinear, 20 
collineation, 21; see also automorphism 
axial, 110 
central, 110 
collineation group, 21; see also 
automorphism group 
collineation-preserving, 21 
component 
connected, 432 
concircular, 20 
configuration 
closes, 22 
Desargues, 4, 27 
Miquel, 196 
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Pappus, 3 
rectangle, 276 
convergence in the sense of Hausdorff, 
37 
convex, 17, 28, 420 
coordinate 
pentacyclic, 140, 219 
coordinate map, 435 
coordinate system, 435 
covering group, 449 
universal, 57, 449 
covering space, 432 
curve 
convex, 31 
hyperbolic, 230 
parabolic, 300 
cut and paste in 
cylindrical circle planes, 312 
flat linear spaces, 80, 83 
generalized quadrangles, 387 
spherical circle planes, 163 
toroidal circle planes, 241 
tubular circle planes, 422 
cycle, 367 
cycle pencil 
extended, 368 
cylinder plane, 12 
modified real dual, 103 
real, 12 
cylindrical circle plane, 289 
automorphism group, 329 
circle space, 303 
cut and paste, 312 
flag space, 303 
flock, 322, 356 
ovoidal, 304 


daughter, 371 
dense, 432 
Desargues’ configuration, 4, 27 
dilatation, 110 
dimension 
of space, 437 
small inductive, 437 
topological, 437 
disk 
topological, 22 
disk Mobius strip plane, 26, 55, 202; see 
also Mobius strip plane 
distance 
pseudo-Euclidean, 218 
double cover, 204, 286, 355 
dual, 21 
duality, 21 
dual numbers, 296 


Ec,d, see Skew parabola plane 
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E(v, a, GB), see exponential arc plane 
elation, 110, 334 
elation group, 334 
elliptic part, 122 
Euclidean plane, 1 
Ewald’s plane, 157 
extension 
projective, 5, 15, 44 


Fano plane, 3 
fibrated circle plane, 397 
fix-configuration, 57 
flag, 20 
flag space 
of cylindrical circle plane, 303 
of flat Mobius plane, 151 
of toroidal circle plane, 237 
of tubular circle plane, 405 
flat affine plane, 11; see also affine plane 
classification, 59 
group of projectivities, 112 
integral, 317 
semi-classical, 65 
flat biaffine plane, 375 
flat circle plane, 9, 13; see also circle 
plane 
axiom, 14 
classical, 14 
flat homology semibiplane, 127, 375; see 
also homology semibiplane and 
semibiplane 
flat Laguerre plane, 16, 289; see also 
Laguerre plane 
circle space, 303 
classical, 15, 290 
characterizations, 351 
classification, 336 
cut and paste, 312 
differentiable, 352 
flag space, 303 
flock, 322, 356 
group of projectivities, 341 
kernel, 332 
locally Miquelian, 352 
Miquelian, 352 
of generalized shear type, 324 
of modified skew parabola type, 325 
of shift type, 328 
of skew parabola type, 325 
of translation type, 325 
ovoidal, 304 
rigid, 309, 352 
semi-classical, 306 
flat linear space; see also linear space 
automorphism group, 44, 56 
cut and paste, 80, 83 
ideal, 11 


485 


integral, 316 
locally classical, 36 
flat Minkowski plane, 16, 212; see also 
Minkowski plane 
circle space, 237 
classical, 14, 213 
characterizations, 280 
classification, 262 
differentiable, 282 
flag space, 237 
flock, 283 
group of projectivities, 266 
half of, 238 
locally classical, 275 
locally Miquelian, 276 
kernel, 258 
Miquelian, 275 
modified classical, 251 
rigid, 281 
semi-classical, 242 
flat Mébius plane, 16, 137; see also 
Mobius plane 
circle space, 151 
classical, 14, 137 
characterizations, 200 
classification, 178 
differentiable, 201 
flag space, 151 
flexible, 198 
flock, 206 
group of projectivities, 183 
locally classical, 196 
locally Miquelian, 196 
Miquelian, 196 
ovoidal, 154 
rigid, 201 
semi-classical, 159 
flat projective plane, 12; see also 
projective plane 
classical, 24 
classification, 57 
differentiable, 106 
flexible, 51 
group of projectivities, 111 
recycled, 202, 353 
rigid, 98 
semi-classical, 65 
flock 
bilinear, 207 
linear, 207, 283, 357 
of cylindrical circle plane, 322, 356 
of spherical circle plane, 206 
of toroidal circle plane, 283 
function 
additive, 441 
affine, 441 
concave, 421 
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convex, 421 
coordinatizing, 317 
parabolic, 69, 305 
planar, 67 
pre-parabolic, 305 
semi-linear, 254, 441 
skew parabola, 69, 443 
strictly concave, 421 
strictly convex, 421 
strictly parabolic, 69 
strongly parabolic, 325 


generalized quadrangle, 360 
automorphism group, 364 
axioms, 360 
compact, 361 
cut and paste, 387 
topological, 361 

general linear group, 445 

geometry, 1 
derived, 20, 376 
extended derived, 410 
finite, 22 
infinite, 22 
isomorphism, 21 
Lie, 366 
lifted, 368, 370 
of chains, 141, 222, 296 
of Euclidean lines and circles, 138 
of Euclidean lines and hyperbolas, 214 
of Euclidean lines and parabolas, 290 
of group of fractional linear maps, 

143, 220 
of oriented lines and circles, 292 
of plane sections, 137, 213, 290 
of trigonometric polynomials, 292 
pseudo-Euclidean, 217 
rank, 14 
restricted, 410 
thick, 1 
topological, 18, 53 
GLn(C), GLn(R), 446 
group; see also automorphism group, 
covering group, Lie group, and 
transformation group 
covering, 449 
elation, 334 
general linear, 445 
of affine maps, 112 
of affine projectivities, 112 
of fractional linear maps, 111 
of piecewise projective 
homeomorphisms, 114 
of projectivities 
of abstract oval, 124 
of flat affine plane, 112 
of flat Laguerre plane, 341 
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of flat Minkowski plane, 266 
of flat Mobius plane, 183 
of flat projective plane, 111 
projective linear, 446 
projective special linear, 446 
projective special unitary, 446 
special linear, 445 
special orthogonal, 445 
special unitary, 445 
topological, 444 
group dimension, 19, 51 
group-dimension classification, see 
classification 
g-translations, 269 


H(d,r,s,t), see hyperbolic arc plane 
Hz, see skew hyperbolic plane 
half of toroidal circle plane, 238 
half-plane, 12 
closed, 28 
open, 28 
upper, 12 
Hartmann plane, 244 
generalized, 244 
Hausdorff convergence, 37 
Hausdorff limit, 37 
Hausdorff metric, 430 
Hering types, 185 
classification, 188 
Hermite interpolation, 17, 407 
Hilbert’s nonclassical plane, 107 
homeomorphism, 434 
equivalent, 311 
inversely semi-multiplicative, 442, 442 
projectively equivalent, 162 
semi-affine, 308 
semi-multiplicative, 162, 442 
homology, 110 
homology semibiplane, 126, 375; see 
also flat homology semibiplane 
homothety, 110 
hyperbolic part, 122 
hyperbolic plane 
real, 12 
skew, 58, 76 


incidence relation, 21 
incident, 21 
integral 
of flat affine plane, 317 
of flat linear space, 316 
of foliation, 79 
of point Mobius strip plane, 321 
of R2-plane, 168, 244 
of unisolvent set, 408 
interpolating set of functions, 395 
interpolation, 16, 395 
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Hermite, 17, 407 

Lagrange, 16, 396 
intersection 

stable, 41, 54 

transversal, 17, 22 
interval, 28 
interval Mobius strip plane, 55, 61; see 

also MObius strip plane 

inversion at circle 

flat Minkowski plane, 277 

flat Mébius plane, 171 
involution 

bundle, see bundle involution 

elliptic, 121 

exterior, 243, 286 

hyperbolic, 121 

inner, 166, 204, 314, 355 

Minkowski, 370, 375 

Mobius, 368, 374 

outer, 166, 205, 356, 314 
isomorphism 

local, 448 

of geometries, 21 

of Lie groups, 448 

topological, 21 
isotopy, 133 


kernel, 452 

of flat Laguerre plane, 332 

of flat Minkowski plane, 258 

of nested tubular circle plane, 419 
Kleinewillinghofer types, 342 
Klein—Kroll types, 268 


Le, 70 
L(f), see ovoidal cylindrical circle 
plane, Artzy-Groh (flat Laguerre) 
plane, and flat Laguerre plane of 
shift type 
L(f,g), see flat Laguerre plane of 
translation type 
L(f,g9,h,k), see flat Laguerre plane of 
generalized shear type 
L(ho, hi, ha), see semi-classical flat 
Laguerre plane 
Lagrange interpolation problem, 16, 396 
Laguerre plane, 7; see also flat Laguerre 
plane 
axioms, 7 
classical, 7 
of generalized shear type, 324 
of modified skew parabola type, 325 
of shift type, 328 
of skew parabola type, 325 
of translation type, 325 
topological, 302 
Laguerre translation, 344 
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Lenz-Barlotti types, 110 
Levi’s enlargement theorem, 131 
Lie geometry, 366 
Lie group, 19, 445 

almost simple, 450 

covering, 449 

isomorphism, 448 

radical, 451 

representation, 448 

semi-simple, 451 

solvable, 451 

topology, 447 
Lie transformation group, 453 
line, 1 

absolute, 52 

exterior, 31 

generating, 63 

rigid, 54 

secant, 31 

supporting, 31 

tangent, 31 

topological, 22 

variable, 54 
line set, 1 
linear space, 2; see also flat linear space 
linear space on surface, 10 
lineation, 115 


M(f), see ovoidal spherical circle plane 
and modified classical flat 
Minkowski plane 

M(f,g), 239; see also semi-classical flat 
Mobius plane 

M'(f,g), see Artzy—Groh plane (flat 
Minkowski plane) 

M"'(f,g), see proper toroidal circle 
plane 

Meg, see original Moulton plane 

M(O), see ovoidal spherical circle plane 

M(ri, $1; 72, $2), see generalized 
Hartmann plane 

M(s), see radial Moulton plane 

manifold, 434 

metric, 429 

Euclidean, 429 
Hausdorff, 430 
induced, 430 

metric space, 429 

Minkowski involution, 370, 375 

Minkowski plane, 7; see also flat 
Minkowski plane 

axioms, 7 

classical, 7 

cut and paste, 241 

topological, 234 
Miquelian plane 

flat Laguerre plane, 352 
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flat Minkowski plane, 275 
flat Mobius plane, 196 
Miquel’s configuration, 196 
Mobius involution, 368, 374 
Mobius plane; see also flat Mébius plane 
axioms, 7 
classical, 7 
cut and paste, 163 
topological, 149 
Mobius strip plane, 12, 55; see also disk 
Mobius strip plane, interval Mobius 
strip plane, and point Mobius strip 
plane 
classical, 12, 27, 55 
classification, 61 
modified classical (flat Minkowski) 
plane, 251 
modified real dual cylinder plane, 103 
Moulton plane, 63, 66 
generalized, 65 
original, 63 
radial, 66 
multiplication, 441 


neighbourhood, 430 

neighbourhood basis, 432 

n-gon, 29 

n-transitive set, 116 
invertible sharply, 120 
sharply, 116 

numbers 
anormal(-complex), 222 
dual, 296 

n-unisolvent set 
half-periodic, 396 
integral, 408 
locally, 405 
periodic, 396 
unrestricted, 406 


opposite plane, 55 
orbit of transformation group, 452 
order 
of finite projective plane, 3 
of interpolation problem, 16 
orthogonal array, 8 
axioms, 8 
classical, 9 
maximal, 9, 403 
rank, 8 
oval, 31 
abstract, 120 
projective, 121 
Buekenhout, 120 
topological, 31 
ovoid 
topological, 155 
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Pa,f,e, see Cartesian plane 
Png, see generalized Moulton plane and 
semi-classical flat projective plane 
P(S), see tubular circle plane over a 
Chebyshev system 
Pappus’ configuration, 3 
parabola model, 67 
parallel class, 20 
at infinity, 9, 291 
extended, 366 
in affine plane, 5 
parallelism, 20 
parametrization 
local, 435 
part 
elliptic, 122 
hyperbolic, 122 
partition 
transversal, 86 
pasted plane, 88 
pasting sum, 88 
affine, 58, 91, 92, 93 
of exponential arc planes, 89 
of hyperbolic arc planes, 90 
path-connected, 433 
pathwise connected, 433 
pencil, 20 
pentacyclic coordinates, 140, 219 
perp, 360 
perspectivity, 111, 183 
PGL2(C), 112, 141 
PGL2(F), 112 
involution in, 121 
PGLa(R), 112, 117, 141, 143, 220, 226, 
237, 342 
PGL,(R), 446 
phunisolvent set, 396 
plane; see also arc plane, Artzy—Groh 
plane, Benz plane, biaffine plane, 
Cartesian plane, circle plane, 
cylinder plane, cylindrical circle 
plane, disk Mobius strip plane, 
Euclidean plane, Ewald’s plane, flat 
affine plane, flat biaffine plane, flat 
circle plane, flat Laguerre plane, 
flat Minkowski plane, flat Mobius 
plane, flat projective plane, interval 
Mobius strip plane, Hartmann 
plane, Laguerre plane, Minkowski 
plane, Mobius plane, Mobius strip 
plane, modified classical (flat 
Minkowski) plane, modified real 
dual cylinder plane, Moulton plane, 
point Mobius strip plane, projective 
plane, R?-plane, radial plane, 
semi-oval plane, shift plane, skew 
parabola plane, spherical circle 


plane, stable plane, stretchshift 
plane, strip circle plane, toroidal 
circle plane, translation plane, 
tubular circle plane 
derived, 21, 144, 228, 299 
opposite, 55 
pasted, 88 
symmetric plane 
flat Minkowski plane, 277 
flat Mobius plane, 198 
tangent, 154 
universal, 132 
point 
absolute, 52 
exterior, 31 
interior, 31 
point Mobius strip plane, 12; see also 
Mobius strip plane 
integral, 321 
point set, 1 
polarity, 22 
elliptic, 52 
hyperbolic, 52 
Poly(n, F), see classical orthogonal 
array 
Poly(n, R), see strip circle plane 
(p, ¢)-homothety 
of flat Laguerre plane, 347 
of flat Minkowski plane, 272 
of flat Mobius plane, 188 
problem of Apollonius, 388 
projectable, 71 
projection 
stereographic, 138, 215, 290 
projective linear group, 446 
projective plane, 2; see also flat 
projective plane 
axioms, 2 
classical, 2, 24 
derived, 145, 229, 299 
Desarguesian, 5 
Pappian, 5 
real, 12, 24 
projective special linear group, 446 
projective special unitary group, 446 
property of unique initial values, 407 
pseudo-Euclidean distance, 218 
pseudo-Euclidean geometry, 217 
pseudoline arrangement, 129 
PSLn(C), PSLn(R), 5 
PSUn(C), PSUn(C, k), 446 


q-translations 
of flat Minkowski plane, 271 
of flat Mobius plane, 186 
quadrangle; see also generalized 
quadrangle 
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nondegenerate, 48 
quasi-sharply-2-transitive set, 120 


R-line, 10 
R?-plane, 11 
classical, 12 
classification, 60 
integral, 168, 244 
radial plane, 58, 66 
radical of Lie group, 451 
rank 
of geometry, 14 
of orthogonal array, 8 
real hyperbolic part, 122 
real hyperbolic plane, 12 
real projective plane, 12, 24 
rectangle configuration, 276 
regular value of a function, 435 
representation 
of Lie group, 448 
standard, 231 
resolution 
of cylindrical circle plane, 356 
of spherical circle plane, 206 
of toroidal circle plane, 283 


self-dual, 21 
semibiplane, 125, 375, 385 
axioms, 125 
connected, 125 
cylinder, 127 
divisible, 125 
flat homology, 127, 375 
homology, 126, 375 
split, 385 
tactical, 125 
semigroup of continuous lineations, 115 
semioval 
plane, 58, 98 
topological, 57, 98 
separating set, 432, see also cut and 
paste 
X-embedded, 164, 312 
set, see interpolating set, n-transitive 
set, n-unisolvent set, (ph) unisolvent 
set, unisolvent set and separating 
set 
shift plane, 58, 67 
sister, 371 
skew hyperbolic plane, 58, 76 
skew parabola plane, 58, 69 
S-line, 10 
SLn(C), SLn(R), 446 
slope 
disjoint, 71 
of a function, 63 
of a line, 71 
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490 


slope supply, 71 
slp, see slope of a function 
smal] inductive dimension, 437 
son, 371 
SOn(C), SOn(R), 446 
space 
compact, 432 
connected, 432 
covering, 432 
dimension, 437 
direct product, 433 
linear, 2; see also flat linear space. 
locally compact, 433 
locally connected, 432 
metric, 429 
nonindiscrete, 431 
path-connected, 433 
pathwise connected, 433 
separable, 432 
simply connected, 433 
topological, 431 
spear, 226, 373 
special linear group, 445 
special orthogonal group, 445 
special unitary group, 445 
sphere 
topological, 22 
spherical circle plane, 14, 137 
automorphism group, 169 
cut and paste, 163 
flock, 206 
ovoidal, 154 
spread 
of lines, 285 
of pseudolines, 134 
stable plane, 54 
stereographic projection, 138, 215, 290 
Strambach’s SL2(R)-plane, 78 
stretchshift plane, 58, 74 
strip circle plane, 397 
nested, 415 
structure 
derived, 365 
subbasis, 431 
subgroup 
maximal compact, 451 
stabilizer, 452 
SUn(C), SUn(C, k), 446 
sub-R?-plane, 29 
surface, 436 
orientable, 436 
symmetric plane 
flat Minkowski plane, 277 
flat Mobius plane, 198 


tangent pencil 
extended, 366 
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topology, 431 
compact-open, 48, 452 
final, 39 
interval join, 39 
natural, 39, 366, 404 
of convergence, 48 
open join, 39 
open meet, 39 

toroidal circle plane, 14, 212 
automorphism group, 255 
circle space, 237 
cut and paste, 241 
flag space, 237 
flock, 283 
half of, 238 
proper, 254 

touching 
proper, 372 
topological, 17, 22 

trace, 360 

transformation group, 451 
equivalent, 452 
Lie, 453 

translation, 110 

translation plane, 52 

translation with centre 
MObius plane, 186 

triad, 361 

triangle, 29 

triangle plane, 58, 94 

triode, 149, 233, 301 

tripod, 45 

tubular circle plane, 15, 397 
automorphism group, 416 
classical, 401; see also classical 

phunisolvent set 
cut and paste, 422 
flag space, 405 
kernel, 419 
nested, 408 
over a Chebyshev system, 419 


unisolvent set, 396 
universal plane, 132 


von Staudt’s point of view, see group of 
projectivities 
zero 
nodal, 402 


